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Foreword

Punjab School Eduveation Board has been Continuously engaged in prepa-
ration and review of syllabi and text books. In today's scenario. imparting right
education to students is the joint responsibility of teachers as well as parents,
With 4 view to carry out entrusted responsibility, some important changes
pertaining to present day educational requirements have been made in textbooks
and syllabus in accordunce with NCF 2005.

Mathematics has an important place in school curriculum and a good textbook
is the first requisite to achieve desired learning outcomes. Therefore, the content
matter of Mathematics — X has been so arranged so as develop reasoning power
of the students and to enhance their understanding of the subject. Graded questions
and exercises have been given to suit the mental level of the students. This book
1s prepared by NCERT: New Delhi lor class X and is being published by Punjab
School Education Board, with the permission of NCERT, New Delhi.

Every effort has been made to make the book useful for students as well
as for the teachers. However, constructive suggestions for its further improve-
ment would be gratefully acknowledged.
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POLYNOMIALS

2.1 Introduction

In Class IX. you have studied polynomials in one variable and their degrees. Recall
that if p(x) is a polynomial in x, the highest power ol x in p(x) is called the degree of
the polynomial p(x). For example, 4x + 2 is a polynomial in the variable x of

degree 1, 2y" = 3v+ 4 is a polynomial in the variable y of degree 2, 5x' - 4 + x— 2

3‘ d a
is 4 polynomial in the variable x of degree 3 and Tu" - Su 4t” + i — 8 isa polynomial

l
in the variable u of degree 6. Expressions like l ; JT 1% ————— &fg., are
xi=] x4+ 2x+ 3

not polynomials,
A palynomial of degree 1 is called a linear polynomial. For example, 2v - 3,

. 2 2 ¢ ; .
Br+s; y+flix=Z;3:44 30 + 1 .ete., are all linear polynomials. Polynomials
1 E

such as 2y + 5 — ¥°, x* + 1, etc., are not linear polynomials,

A polynomial of degree 2 is called a quadratic polynomial. The name *quadratic”

i 3
has been derived from the word ‘quadrate’. which means ‘square’. 23" + 3y — =
3

1 2 i ¥ a 2 b ]
¥ -2 2B S-S, VAT =gyl 4o 00 Gk examples of
guadratic polynomials (whose coellicients are real numbers). More generally, any
quadratic polynomial in x is of the form ax’ + by + ¢, where a, b, ¢ are real numbers
and g = (. A polynomial of degree 3 is called a cubic polynomial. Some examples of
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a cubic polynomial are 2 -3, 8, 27, 3 -2+ 43, 39— 2%2 4 ¢ — 1. In fact, the most
generdl form of a cubic polynomial is

@+ bxt + ox + d,
where, a, b, c. d are real numbers and a # 0.

Now consider the polynomial p(x) = * — 3x — 4. Then. putting x = 2 in the
polynomial, we get p(2) =2 - 3 x 2 —4 = 6. The value ‘- 6, obtained by replacing
x by 2 in x* — 3x— 4, is the value of x* — 3x —4 at x = 2. Similarly. p(0) is the value of
plxy at x =0, which is - 4,

If p{xyis a polyvnomial in x, and if & is any real oumber, then the value obtained by
replacing x by k in p(x), is called the value of p(x) at x = k, and is denoted by p{k).

What is the value of pix) = 2! -3x—4 at x =—17 We have :

=) =(=1P—3x=1)) —4=0
Also, note that p{d)=42—(3x4)-4=0.

As pi—1) = 0 and p(4) = 0, =1 and 4 are called the zeroes of the quadratic
polynomial x* — 3x — 4. More generally, a real number k is said to be a zero of a
polynomial p(x), if p(k) = 0.

You have already studied in Class IX. how to find the zeroes of a linear
polynomial. For example, if kis a zero of p(x) = 2x + 3, then p(k) = 0 gives us

3
2k+3=0,ie.,.k=—
i.e 5 y

In general, if k is a zero of p{x) =ax + b, then p(Ry=ak + b =0, i.e., k=—

a

. j i . —b —(Constant term
So, the zero of the linear polynomial ax + bis — = { ,

a Coelficient of x

Thus, the zero of a linear polynomial is related to its coefficients. Does this
happen in the case of other polynomials too? For example, are the zeroes of a quadratic
polynomial also related to its coefficients?

In this chapter, we will try to answer these questions, We will also study the
division algorithm for polynomials,

2.2 Geometrical Meaning of the Zeroes of a Polynomial

You know that a real number k is a zero of the polynomial p(x) if p(k) = (0. But why
ure the zeroes of a polynomial so important? To answer this, first we will see the
geometrical representations of linear and quadratic polynomials and the geometrical
meaning of their zeroes,



12 MaTHEMATICS

Consider first a linear polynomial ax + b, a # 0. You have studied in Class IX that the
graph of y =ax + b is a straight line. For example, the graph of y = 2x + 3 is a straight
line passing through the points (= 2, ~1 ) and (2, 7).

From Fig. 2.1, you can see
that the graph of y = 2x + 3
intersects the r-axis mid-way
between ¥ = —1 and x = -2,

that is, at the point [—.%,ﬂ] v
¥ou also know that the zero of

2xr + 3 is —E. Thus, the zero of

2
the polynomial 2x + 3 is the
x-coordinate of the point where the
graph of y = 2x + 3 intersects the Fig. 2.1
T-Axis,
In general, for a linear polynomial ax + b, @ # 0, the graph of y=ax + b is a

straight line which intersects the x-axis at exactly one point, namely, (Lb.ﬂ).
o

Therefore, the lincar polynomial ax + b, @ # (. has exactly one zero. namely, the
x-coordinate of the point where the graph of ¥ = ax + b intersects the x-axis.

Now, letus look for the geometrical meaning of a zero of a quadratic polynomial.
Consider the quadratic polynomial * — 3x — 4. Let us see what the graph* of
y=x—3x — 4 looks like, Let us list a few values of y = 42— 3x — 4 corresponding to

a few values for x as given in Table 2.1,

* Plotting of graphs of quadratic or cubic polynomials is not meant to be done by the students,
nor is to be evaluated,
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If we locate the points listed
above on a graph paper and draw
the graph, it will actually look like
the one given in Fig. 2.2,

In faet, for any guadratic
polynomial @ + bx + ¢, a# 0, the
graph of the corresponding
equation y = ax” + bx + ¢ has one
of the two shapes either open
upwards like \J or open
downwards like /7\ depending on
whether a = 0 or ¢ =< (L (These
curves are called parabolas.)

You can see from Table 2.1
that =1 and 4 are zeroes of the
quadratic pelynomial. Also
note from Fig. 2.2 that —I and 4
are the x-coordinates of the poinis

where the graphof y =3 - 3y —4 =

intersects the x-axis. Thus, the
zeroes of the quadratic polynomial

& — 3x — 4 are x-coordinates of |}

the points where the graph of
¥y = %' = 3x - 4 intersects the
X-axis.

Fig. 2.2

This Fact is true for any quadratic polynomial, i.e., the zeroes of a quadratic
polynomial ax? + by + ¢, a = 0. are precisely the x-coordinates of the points where the
parabola representing y = ax® + &x + ¢ inlersects the x-axis.

From our observation earlier about the shape of the graph of y = ax® + br + ¢, the

following three cases can happen:
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Case (i) : Here, the graph cuts x-axis at two distinct points A and A’
The x-coordinates of A and A" are the two zeroes of the quadratic polynomial
ax® + bx + ¢ in this case (see Fig. 2.3).

(i) (i)
Fig. 2.3
Case (ii) : Here, the graph cuts the x-axis at exactly one point, i.e.. at two coincident

points. So, the two points A and A’ of Case (1) coincide here to become one point A
(see Fig, 2.4).

(1 (1)
Fig. 2.4

The x-coordinate of A is the only zero for the quadratic polynomial ax® + bx + ¢
in this case.
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Case (iii) : Here, the graph is either completely above the x-axis or completely below
the x-axis. So. it does not cut the x-axis at any point (see Fig. 2.5).

0] (ii)
Fig. 2.5

So. the quadratic polynomial ax* + bx + ¢ has no zero in this case.

So. you can see geometrically that a quadratic polynomial can have either two
distinct zeroes or two equal zeroes (i.e., one zero), or no zero. This also means that a
polynomial of degree 2 has atmost two zeroes.

Now, what do you expect the geometrical meaning of the zeroes of a cubic
polynomial to be? Let us find out. Consider the cubic polynomial . — 4x. To see what
the graph of y =31 — 4x looks like. let us list a few values of y corresponding o a few
values for x as shown in Table 2.2,

Table 2.2

Locating the points of the table on a graph paper and drawing the graph, we see
that the graph of y = x* — 4x actually looks like the one given in Fig, 2.6,
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We see from the table above °
that — 2, 0 and 2 are zeroes of the
cubic polynomial x* — 4x. Observe
that =2, 0 and 2 are, in fact, the -
x-coordinates of the only points
where the graph of y = x¥ — 4x
intersects the x-axis. Since the curve

meets the x-axis in only these 3

points, their x-coordinates are the -

only zeroes of the polynomial,

Let us take a few more =
examples. Consider the cubic i
polynomials +* and x° — x*. We draw
the graphs of y = and y = — 22

in Fig. 2.7 and Fig. 2.8 respectively.

Fig. 2.7

Fig. 2.8



Ponynomiais )

Note that 0 is the only zero of the polynomial 3. Also, from Fig. 2.7 you can see
that 0 is the x-coordinate of the only point where the graph of ¥ = x* intersects the
x-axis. Similarly, since & = x* = ¢ (x— 1), O and | are the only zeroes of the polynomial
x — x% Also, from Fig. 2.8, these values are the x-coordinates of the only points
where the graph of y = x* — 2% intersects the x-axis.

From the examples above, we see that there are at most 3 zeroes for any cubic
polynomial. In other words, any polynomial of degree 3 can have at most three zeroes,

Remark : In general, given a polynomial p(x) of degree n, the graph of ¥ = p(x)
intersects the x-axis al atmost i points, Therefore, a polynomial plx) of degree » has
AL MOSL 11 Zeroes,

Example I : Look at the graphs in Fig. 2.9 given below. Each is the graph of y = p(x),
where p(x) is a polynomial, For each of the graphs, find the number of zeroes of p(x).

(iv) {v) (vi)
Fig. 2.9

Solution :
(i) The number of zeroes is | as the graph intersects the s-axis at one point only,
(i) The number of zeroes is 2 as the graph intersects the x-axis at two points,
(iii) The number of zeroes is 3. (Why?)
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{iv) The number of zeroes is 1. (Why?)
{v) The number of zeroes is 1. (Why?}
ivi) The number of zeroes is 4. (Why?)

EXERCISE 2.1

1. The graphs of v = p{x) are given in Fig, 2.10 below, for some polynomials p{x). Find the
number of zeroes of pix), ineach case.

) ' (v) (vi)
Fig. 2.10

2.3 Relationship between Zeroes and Coefficients of a Polynomial

You have already seen that zero of a linear polynomial ax + b is — E . We will now try

to answer the question raised in Section 2.1 regarding the relilt_iunsgip between zeroes
and coefficients of a quadratic polynomial, For this, let us take a quadratic polynomial,
say plx) = 2x* — 8x + 6. In Class IX, you have learnt how to factorise quadratic
polynomials by splitting the middle term. So, here we need to split the middle term
'~ 8x" as a sum of two terms, whose product is 6 x 22 = 122, S0, we write

22— 8r+6=22 - br—-Za+6=2xx-3) -2x—3)
=(2x-lx=3)=2x~Dix-3
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So, the value of p(x)=2¢'— Bx + G is zero whenx— | =0 orx—3 =0, i.e,, when
x=1orx=3. So, the zeroes of 22" — &x + 6 are | and 3. Observe that :

—(—¥)  —{Coefficient of x)
2 Coefficient of x*

; § Constant term
Product of its zeroes = [k 3=53=—= -
2 Coefficient of x

Sumof its zeroes = I+3=4=

Let us take one more quadratic polynomial, say, p(x) = 32 + 5x — 2. By the
method of splitting the middle term,
I+Sr—2=3"+bx=3=2=3xlx+ 2) =l{x + 2)

=(Bx=1x+2)
Hence, the value of 323 + 55— 2 1% zero when either 3x—1=00rx+2=10, i.e.

1 |
when x = — or r=-2. So, the zeroes of 368 + 5¢— 2 are 3 and - 2. Observe that :

_ —_‘5 —(Coefficient of x)

Sum of its zeroes = —+{=2)= = T .
* 3 Coefficient of x*

I -2 Constant lerm
Product of its zeroes = =% (=2)=—=
3 3 Coefficient of x*

In general, if or* and [i* are the zeroes of the quadratic polynomial p(x) =av® + bx + ¢,
a = 0, then you know that x — ot and x — P are the factors of p(x). Therefore,

ax’ + bx + ¢ = k{x — o) (x — B), where % is a constant
= k[x* — {0 + fix + & P
=k —kMo+Pur+kop
Comparing the coefficients of 2%, x and constant terms on both the sides, we get
a=kb=—ko+ ) and ¢ = kaf.

~b
This gives a+p= =
[
off = =

¥ o,p are Greek letters pronounced as “alpha’ and ‘beta’ respectively. We will use later one
more letter Y pronounced as ‘gamma’,
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b —(Coefficient of x)
sumof zeroes =+ f=——= - - 3
[ Coefficient of +*

o Constant lerm

product of zeroes =ofi = — = - —
a  Coefhicient ol x

Let us consider some examples,
Example 2 : Find the zeroes of the quadratic polynomial 22+ 7x + 10, and verify the
relationship between the zeroes and the coefficients,
Solulion : We have
2+Tx+10=(x+2)x+3)
So, the value of 2 + Tx + 10 is zero whenx + 2 =0o0r x+5=0, i.e., when x=~-2 or
x = —5. Therefore, the zeroes of 2 + 7x + 10 are — 2 and — 5. Now,

—7)  =(Coefficient of x)
sum of zerops = =24+ (=5 ==(T)= = *
> 1 Coefficient of x°

a—

10 Constant term
product of zeroes = (=2)x (=5)=10= T ' -

Coefficient of x? -

Exumple 3 : Find the zereoes of the polynomial »® — 3 and verify the relationship
between the zeroes and the coefficients.

Solution : Recall the identity &® - b* = (g — b)(a + b). Using it, we can write:
P»e_3= (x—q@)[.r+~.ﬁ]
So, the value of x2— 3 is zero when x = 3 orx= —f3.

Therefore, the zeroes of ¥ — 3 are f3 and /3.
Now,

—(Coefficient of x)
Coeflicient of +°

sum of zeroes = 3 —3=0 =

Constant term

product of zeroes = ('\.I'EJ (—\1"?:) == A

| Coefficient of xz-
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Example 4 : Find a quadratic polynomial, the sum and product of whose zeroes are
—3 and 2, respectively.

Salution : Let the quadratic polynomial be ax? + bx + ¢, and its zeroes be o and f.
We have

—h
c+f=-3= i

i
and [:c[j:E:;

Ha=Il. thend=3and c=2:
S0, one quadratic polynomial which fits the given conditions is +* + 3x + 2,

You can check that any other quadratic polynomial that fits these conditions will
be of the lorm k(s? + 3x + 2). where k iy real.

Let us now look at cubic polynomials, Do you think a similar relation holds
between the zeroes of a cubic polynomial and its coefficients?

Let us consider p(x) = 22% — 528 — 14 + 8.

You can check that plx) =0 forx =4, -2, % Since p(x) can have atmost three

-

zeroes, these are the zeores of 230 — 522 — 14x + 8. Now,

5 —(-5) —(Coefficient of
sum of the zeroes = 4+{—.’2-}+-i~==2-: E . SARE AL )

g = C‘nefﬁgjnent of &

product of the zeroes = 4 x (<2} }(l =—d= =B = =Satistant ey ;
! 2 Coefficient of x°

However, there is one more relationship here. Consider the sum of the products
of the zeroes taken two at a time. We have

1

AR (=D +(=2) K-+ x4

e }{{ z}{_z }
14 Coefficient of x

M 1 e e _
2 Coefficient of
In general, it can be proved that if a, 3, yare the zeroes of the cubic polynomial
ax® + bx?* + cx + d, then
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—b
a+Pry=—-.
a
c
oB + Py + o=,
—d
O = .
By=-,
Let us consider an example.
A . ; ! : :
Example 5% : Yerify that 3, —I, —— are the zeroes of the cubic polynomial

plx)=3x"—5x— l1x - 3, and then verify the relationship between the zeroes and the

coellicients.

Solution : Comparing the given polynomial with ax® + bx* + cx + d, we get
a=3b==5¢=-11, d = - 3. Further
=3P (G - (11x3)-3=81 -45-33-3=0,
pi=1)=3x(=1P=-5x(=1P -1l x(-1)-3=-3-5+11-3=0,

i 2
A g e
3 3 3 3

|
Therefore, 3. -1 and -3 ae the zeroes of 328 — 52 - 11x -3,

So.wetakea=3,B=-1and y= _E'

Mo,
| 1 5 —(-5 -b
=3 _1 e =2——=—=—=_-
I 1 1 1 e
i+ Py +ya=3x (- + (-DX| == |+]| == |XI==Ft ==l=z0—=—s
PERTHE }{J[SJ[EJ 3 3 a
I —(=3) -4
=3 xi-1 — | ml s g,
afiy=3x( }x( 3] > ;

* Mot from the examination point of view,
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EXERCISE 2.2

1. Find the zeroes of the following guadratic polynomaals and venfy the relationship between
the zeroes and the coelTicients:

() A*—2x-8 (i) 48245+ (iii) 6x* -3 —Tx
{iv) Aot + Bu {w) #—15 W) 3¢ —x—4
2. Find a guadratic polynomial cach with the given numbers as the sum and product of its

zeroes respeclively.

| |
I S5l
W i V2 5 (i) 0,3

{vi) 4,1

| =
| =

fivi 1.1 vy -

24 Summary
In this chapter, you have studied the following points:
L. Polynomials of degrees 1, 2 and 3 are called linear, quadratic and cubic polynomials
respectively,
2. Aquadratic polynomiaal inx with real coefficients is of the form as® + bx + ¢, where g, b, ¢
are real numbers with g 20,

3. The zeroes of a polynomial p{x) are precisely the x-coordinates of the points, where the
araph of ¥ = pix) intersects the x-axis,

4. A guadratic polynomial can have at most 2 zeroes and a cubic polynomial can have
at most 3 Zeroes,

5. Ifccand P are the zeroes of the guadratic polynomial ax® + bx + ¢, then

=0 e

6. TIfc, P, yare the zeroes of the cubic polynomial ax® + bx? + cx + d, then

o+ + oy = i

*

4
==y,

o+ By+ yoe = %

—d
and ofiy=—:
4



REAL NUMBERS

1.1 Introduction

In Class IX. you began your exploration of the world of real numbers and encountered
irrational numbers. We continue our discussion on real numbers in this chapter. We
begin with the Fundamental Theorem of Arithmetic.

The Fundamental Theorem of Arithmetic, on the other hand, has to do something
with multiplication of positive integers, You already know that every composite number
can be expressed as a product of primes in a unigue way — this important fact is the
Fundamental Theorem of Avithmetic. Again, while it is 4 result that is easy 1o state and
understand. it has some very deep and significant applications in the field of mathematics.
We use the Fundamental Theorem of Arithmetic to prove the irrationality of many of
the numbers you studied in Class IX, such as /2, /3 and /5.

1.2 The Fundamental Theorem of Arithmetic

In your earlier classes, vou have seen that any natural number can be written as a
product of its prime factors. For instance, 2=2,4 =22, 255 = 11 x 23, and so0 on.
Now, let us iry and look at natural numbers from the other direction, That is, can any
natural number be obtained by multiplying prime numbers? Let us see.

Tuke any collection of prime numbers, say 2, 3. 7, 11 and 23, 1If we multiply
some or all of these numbers, allowing them to repeat as many fimes as we wish,

we can produce a large collection of positive integers (In fact, infinitely many).
Let us lista few :
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PAIR OF LINEAR EQUATIONS
IN TWO VARIABLES

3.1 Introduction
You must have come across situations like the one given below :

Akhila went to a fair in her village. She wanted to enjoy rides on the Giant Wheel
and play Hoopla (a game in which you throw a ring on the items kept in a stall, and it
the ring covers any object completely, you get it), The number of times she played
Hoopla is halt the number of rides she had on the Giant Wheel, If each ride costs
3. and a game of Hoopla costs T 4, how would you find out the number of rides she
had and how many times she played Hoopla, provided she spent ¥ 2(0.

May be vou will try it by considering different cases. If she has one ride. is it
possible? 15 it possible to have two rides? And so on. Or you may use the knowledge
of Class IX, to represent such situations as linear equations in two variables.
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Let us try this approach.
Denote the number of rides that Akhila had by x, and the number of tires she
played Hoopla by y. Now the situation can be represented by the two equations:

1

y= ',E'I (1)
3x+4y=20 (2)

Can we find the solutions of this pair of equations? There are several ways of
finding these, which we will study in this chapter.

3.2 Graphical Method of Solution of a Pair of Linear Equations

A pair of linear equations which has no solution, is called an inconsistens pair of linear
equations. A pair of linear equations in two variables, which has a solution, is called a
congistent pair of linear equarions. A pair of linear equations which are equivalent has
infinitely many distinct common solutions. Such a pair is called a dependent pair of
linear equations in two variables. Note that a dependent pair of linear equations is
always consistent,

We can now summarise the behaviour of lines representing a pair of linear equations
in two variables and the existence of solutions as follows:

{i) the lines may intersect in a single point. In this case, the pair of equations
has a unigue selution (consistent pair of equations).

(ii) the lines may be parallel. In this case, the equations have no solution
(inconsistent pair of equations).

(iii) the lines may be coincident. In this case. the equations have infinitely many
solutions [dependent {(consistent) pair of equations].
Congider the following three pairs of equations.
i) x—2y=0and3x+4y-20=0 {The lines intersect)
(i) 2e+3y—9=0and 4x + 6y — 18 =10 (The lines coincide)
(i) x+2v—-4=0and 2x +4y - 12=0  (The lines are parallel)

. a b &y .
Let us now write down, and compare, the values of —-» " and E-L in all the
b 2

three examples. Here, @, b, ¢, and a,, b,, ¢, denote the coefficents of equations
given in the general form in Section 3.2,



26 MaTHEMATICE

Table 3.1

From the table above. you can observe that il the lines represented by the equation
ax+hby+e =0
and ax+by+ €y = 0
are (i) imlersecting, then 5'- #%v
a; L

3

(ii) coincident, then 2

4 _b g
(iii) parallel, then ) 5

In fact, the converse is also true for any pair of lines. You can verify them by
considering some more examples by yourself.

Let us now consider some more examples to illustrate it.
Exumple 1 : Check graphically whether the pair of equations

x+3y=06 (1)

and 2x-3y=12 (2)
is consistent. I so, solve them graphically.

Solution : Let us draw the graphs of the Equations (1) and (2). For this, we find two
solutions of each of the equations, which are given in Table 3.2
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Table 3.2

Plot the points A0, 2), B{6. 0),
P(0, — 4) and Q(3, — 2) on graph
paper, and join the points to form the
lines AB and P} as shown in
Fig.3.1.

We observe that there is a point
B (6, 0) common to both the lines
AR and P} So, the =olution of the _
pair of linear equations isx=6and =
y={i.e.. the given pair of equations
18 consistent.

Fig. 3.1

Example 2 : Graphically, find whether the following pair of equations has no solution,
unique solution or infinitely many solutions:

S5r-By+1=10 {n
3 =2 = 0 2)
Fr— 3 ¥+ rls {
Solution : Multiplying Equation (2) by 3 Wegel
Sk=-8y+1=10

But, this is the same as Equation (1). Hence the lines represented by Equations (1)
and (2) are coincident. Therefore, Equations (1) and (2) have infinitely many solutions.

Flot few points on the graph and verify it yourself.

Example 3 : Champa wenl to a ‘Sale’ to purchase some pants and skirts. When her
friends agked her how many of each she had bought, she answered. “The number of
skirts is two less than twice the number of pants purchased. Also, the number of skirts
is four less than four times the number of pants purchased™. Help her friends to find
how many pants and skirts Champa bought.
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Solution : Let us denote the number of pants by ¢ and the number of skirts by y. Then
the equations formed are :

y=2x-2 (h
and y=4-4 (2)
Let us draw the graphs of
Equations (1) and (2) by finding two
sp]nﬁnns for each n_f the equations.
They are given in Table 3.3.
Table 3.3

Fig. 3.2

Flot the points and draw the lines passing through them to represent the equations,
as shown in Fig. 3.2

The two lines intersect at the point (1, 0). S0, x =1, y =0 is the required solution
of the pair of linear equations, i.e., the number of pants she purchased is | and she did
not buy any skirL

Verify the answer by checking whether it satisfies the conditions of the given
problem.

EXERCISE 3.1

1. Form the pair of linear equations in the following problems, and find their solutions
graphically.
(1) 10 studenis of Class X ook part in a Mathematics quiz. If the number of girls is 4
more than the number of boys, find the number of boys and girls whe ook partin
the quiz.
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zl

3l

(i) 5 pencils and 7 pens together coat T 50, whereas 7 pencils and 5 pens together
cost T 46. Find the cosl of one pencil and that of one pen.

; : - TR T ; ;
On comparing the ratios —-- —L and =L, find out whether the lines representing the

a, b £
tollowing pairs of linear equations intersect at a point, are parallel or coincident:
i) Sx—dy+8=0 {ii} Qx+3y+12=0
Tr40y—-9=0 18x+6y+24=0
(i) Gx—3v+10=0
x-y+9=0
- .M b £ - : ;
On comparing the ratios I and —, find out whether the following pair of linear
1 O

equabons are consistent, or incongistent.
i) 3x+2=35; 2x-3y="7 (i) 2x=3y=8; dx-=0y=9

{iif) %.: +§_-,r—'? ;0 y=14 fiv) Sx=3y=11; = [0x+6y==-22

4
() ;x+ 2y =8 ; 2x+3y=12

Which of the following pairs of linear equations are consistentfinconsistent? If
consistent, obtain the solution graphically:

D x+y=35, 2+ 2y=10
(i) x-y=8, fx-3y=16
(i) 2r+y-6=0, 4r-2y-4=0
(iv) 2x-2y-2=0, dx-dy-5=0

Half the perimeter of a rectangular garden, whose length is 4 m more than its width, is
36 m. Find the dimensions of the garden.

Given the linear equation 2r + 3y — 8 = 0, wrile another linear equalion in two variables
guch thal the gedmetrical representation of the pair so formed 11:
(i1 intersecting lines (i} parallel lines
{ifl) coincident lines
Draw the graphs of the equations x — y + | = 0 and 3x + 2y — 12 = 0. Determine the

coordinates of the vertice2 of the triangle formed by these lines and the raxis, and
ghade the trisngular region.
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3.3 Algebraic Methods of Solving a Pair of Linear Equations

Inthe previous section, we discussed how to solve a pair of linear equations graphically.
The graphical method is not convenient in cases when the point representing the

solution of the linear equations has non-integral coordinates like (J’E : Q-J"_f}

N
(—1.75,3.3), (E ﬁ] . etc, There is every possibility of making mistakes while reading

such coordinates. Is there any alternative method of finding the solution? There are
several algebraic methods, which we shall now discuss.

3.3.1 Substitution Method : We shall explain the method of subgtitution by taking
some examples.
Example 4 : Solve the following pair of equations by substitution method:
Tx—15y =2 (1
K+2y=13 (2)
Solation :
Step 1 : We pick either of the equalions and wrile one variable in terms of the other.
Let us consider the Equation (2) ¢
k+2y=13
and wrile il as r=3-2y (3)
Step 2 : Substitute the value of x in Equation (1). We get
TE3-—15p=2

Le, 21 -1dy-15v= 2

1. - 20y =19
; 19

Therefore, = E’

Step 3 : Substimting this value of ¥ in Equation (3), we get
49
o 43)-5

Therefore, the solutionisx= — , v= —.
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49 19
Verification : Substitting x = 29 andy= 59+ youcan verily that both the Equations

(1) and {2} are satisfied.
To understand the substitution method more elearly, let us consider il stepwise:

Step 1 : Find the value of one variable, say y in lermg of the other variable, i.e., x from
either equation. whichever is convenient,

Step 2 : Substitute this value of v in the other equation, and reduce it to an eguation in
one variable. i.e.. in terms of x, which can be solved. Sormetimes. as in Examples 9 and
10 below, you can get statements with no variable. If this statement is true. you can
conclude that the pair of linear equations has infinitely many solutions, If the statement
is falze. then the pair of linear equations is inconsistent.

Step 3 : Substitute the value of x (or ¥) obtained in Step 2 in the equation nsed in
Step | to obtain the value of the other variable.

Hemark : We have substituted the value of one variable by expressing it in terms of
the other variable to solve the pair of linear equations, That 18 why the method is
known as the substituion method.

Example 5 : Solve the following question—Altab tells his daughter, “Seven years
ago, | was seven times as old as you were then. Also, three years from now, | shall be
three times as old as you will be.™ (Tsn't this interesting?) Represent this situation
algebraically and graphically by the method of substimtion,

Solotion : Let s and r be the ages (in years) of Altab and his daughter, respectively.
Then, the pair of linear equations that represent the situation is

s=T=T7(-7)ie,s-Tt+42=0 (0
and s+3=3{F+3Lie,5-3=0 {2}
Using Equation (2). we get s = 3¢+ 6.
Putting this value of 5 in Equation (1), we get

{(3t+6)-Tt+42= (),
Le., 4t = 48, which gives t = 12,
Putting this value of { in Equation {2}, we get
F=3(12)+6=42
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S0, Aftab and his daughter are 42 and 12 vears old, respectively.

Verify this answer by checking if it satisfies the conditions of the given problems.
FExample 6 : In a shop the cost of 2 pencils and 3 erasers is 9 and the cost of 4
pencils and 6 erasers is ¥18. Find the cost of each pencil and each eraser.

Solation : The pair of linear equations formed were:

2x+3v=10 (8]
dx+ 6y = 18 (2)
We first express the value of x in terms of y from the equation 25 + 3y =9, to get
9 -3y
= : 3
X 2 (3)
Now we substitute this value of x in Equation (2}, to get
49 -3
Q + ﬁ}’ = I8
2
ie.; 18 - 6y + 6y = 18
e, 18= 18

This statemeni is true for all valoes of y. However, we do not get a specific
value of y as a solution. Therefore, we cannot obtain a specific value of x. This
situation has arisen becausc both the given equations are the same. Therefore,
Equations (1) and (2) have infinitely many solutions. We cannot find a anique
cost of a pencil and an eraser, because there are many common solutions. to the
given situation.

Example 7 : Two rails are represented by the equations
x+2v—4=0and 2x +4v—-12 =0, Will the rails ¢ross each other?
Solution : The pair of linear equations formed were:

+2y-4=20 {n
2e+dy-12=0 (2)
We express x in terms of ¥ from Equation (1) to get
x=4-2y

Now, we substitute this value of x in Equation (2} o get
24-2)+d—-12=10
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LE.,
ie,

E-12=10
4=

which is a false statement

Therelore, the equations do not have a common solution. So, the two rails will nol
cross each other.

EXERCISE 3.2

1. Solve the following pair of linear equations by the substitution methiod.

W x+y=14 () s—t=3
§ !
7= =
r=yp=i Y
) 3x—y=3 {iv) U2r+03p=13
9r—3y=9 Udx+0.5p=23
x 5
{v) "I".-"-xh.ﬁ}':ﬁ {vi) E—?}':‘
x_ y I3
= P — e
Vix—+By=0 3 2 6

2. Solve Zr 4+ Ay = |1 and Zr — 4y = — 24 and hence find the value of ‘m” [or which
y=my+3

3

Form the pair of linear equations for the following problems and find their solution by
substitution method.

(1

(i)

(i)

{iv)

)

The ditference between tvio nmbers 8 26 and one nimber ig three times the other.
Find them.

The larger of (wo supplementary angles exceeds the smaller by 18 degrees. Find
them,

The coach of a cricket team buys 7 bats and 6 balls for ¥ 3800. Later, she buys 3
bats and 5 balls for T 1750, Find the cost of each bat and each ball.

The taxi charges in a city consist of a fixed charge together with the charge for the
distance covered. For a distance of 10 km, the charge paid is ¥ 103 and for a
journey of 15 km, the charge paid is ¥ 153. What are the fixed charges and the
charge per km? How much does a person have to pay for ravelling a distance of
25km? 9

A fraction becomes ﬂ . if 2 is added to Both the numerator and {he denominaior,

If. 3 15 added to both the numerator and the denominator it becomes % Find the
fraction.
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{vi) Five years hence, the age of Jacob will be three times that of his son. Five years
ago, Jacob's age was seven times that of hiz son, What are their present ages?

3.3.2 Elimination Method

Now let us consider another method of eliminating (i.c., removing) one variable. This
i5 sometimes more convenient than the substimtion method. Let ng see how this method
worls.

Example § : The ratio of incomes of two persons is 9 : 7 and the raiio of their
expenditures is 4 : 3. If each of them manages to save ¥ 2000 per month, find their
monthly incomes.

Solution : Let us denote the imcomes of the two person by ¥ 9x and ¥ 7x and their
expenditures by T 4y and T 3y respectively. Then the equations formed in the situation
is given by

Oy — dy = 2000 (n
and Tx — 3y = 2000 2

Step 1 : Multiply Equation (1) by 3 and Equation (2) by 4 to make the coefficients of
y equal. Then we get the equations:

27x = 12y = 6000 (3)
28x — 12y = BOOO (4

Step 2 : Subtract Equation (3) from Equation (4) to eliminare v, because the coefficients
of v are the same. So, we get

{28x — 27x) — (12y — 12y) = BODO-6000
ie., £ = 2000
Step 3 : Substituting this value of x in (1), we get
9(2000) — 4y = 2000
ic. ¥ = 4000
30, the solution of the equations is x = 2000, y = 4000, Therefore, the monthly incomes
ol the persons are ¥ 18,000 and ¥ 14,000, respectively.

Verification : 18000 : 14000 = 9 : 7. Also, the ratio of their expenditures =
18000 — 2000 : 14000 — 2000 = 16000 - 12000=4:3

Remarks :
1. The method used in solving the example above is called the elimination method,
because we eliminate one variable first, (o get & linear equation in one variable.
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In the example above. we eliminated v. We could also have eliminated x. Try
doing 1t that way.
2. You could also have used the substitution, or graphical method, to solve this
problem. Try doing so, and see which method is more convenient.
Let us now note down these steps in the elimination method :
Step 1 : First multiply both the equations by some suitable non-zero constants to make
the coefficients of one variable (either x or ¥) numerically equal.

Step 2 : Then add or subtract one equation from the other so that one variable gets
eliminated. If you get an equation in one variable, go to Step 3.

If in Step 2, we oblain a true staternent involving no variable, then the original
pair of equartions has infinitely many solutions.

If in Step 2, we obtain a false statement involving no variable, then the original
pair of equations has no salution, i.g., it is inconsistent.

Step 3 : Solve the equation in one variable (x or y) so obtained to get its value.

Step 4 : Substitute this value of x (or y) in either of the original equations o get the
value of the other variable.

Now to illustrate it, we shall solve few more examples.

Example 9 : Use elimination method to find all possible solutions of the following pair
of linear equations :
2x+3y=8§ {n
dy+by=7 (2)
Solution :

Step | : Multiply Equation (1) by 2 and Equation (2) by 1 to make the
coellicients of x equal. Then we get the equations as :

dx+6y= 16 {3

dy+by=T 4
Step 2 : Subtracting Equation (4) from Equation (3),

(dx —dx) + (6y —6y) = 16 -7

ie., 0= 9, which is a false statement.
Therefore, the pair of equations has no solution.

Example 10 : The sum of a two-digit number and the number obtained by reversing
the digits is 66. If the digits of the number differ by 2, find the number. How many such
numbers are there?
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Solution : Let the ten’s and the unit’s digits in the first number be x and y, respectively.
S0, the first number may be written as 10x + ¥ in the expanded [orm (for example,
36 =10(3)+6).

When the digits are reversed, x becomes the unit’s digit and y becomes the ten’s
digit. This number, in the expanded notation is 10y + x (for example, when 56 is
reversed, we get 65 = 10(6) + 5).

According 1o the given condition.

(LOx + ) + (10y + 2) = 66

ie, 1H{x+¥)= 66

iLe., t+y=6 (1
We are also given that the digits differ by 2, therefore,

either X=y=2 {(2)
or v—x=2 {3)

If x—y =2, then solving (1) and (2) by elimination, we get x=4 and v= 2.
In this case, we ger the number 42,

If y — x = 2, then solving (1) and (3) by elimination, we getx=2 and y=4.
In this case, we get the number 24.
Thus, there are two such numbers 42 and 24,
Verification : Here 42 + 24 =6bandd -2 =2 Also2d 4+ 42 =66and 4 - 2 =2,

EXERCISE 3.3
1. Solve the following pair of linear equatons by the elimination method and the substitution

method ;
i) x+y=5 and 2r-3y=4 (i} 3x+4y=10 and 2x-2y=2
X 2y
{i) 3x—5y—4=0 and 9% =2y+7 {iv) E+?)=—Iﬂf-d x—§=3

2. Form the pair of linear equations in the following problems, and find their solutions
{if they exisi) by the elimination method :

(i) Ifweadd | tothe mumerator and subtract 1 from the denominator, a fraction reduces
1
1o 1, It becomes 3 if we only add | to the dencminator. What is the fraction?

(i) Five years ago. Nuri was thrice as old as Sonw. Ten years later, Muri will be twice as
old as Sonu, How old are Nuri and Sonu?

{iily The sum of the digits of a two-digit number is 9, Also, nine times this number iz
twice the number obtained by reversing the arder of the digits. Find the number,
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{iv) Meena went to & bank to withdraw § 2000. She asked the cashier to give her
% 30 and ¥ 100 notes only, Meenn got 25 notes in all. Find how many notes of
T 50 and T 100} she received.

{v) A lending library has a fixed charge for the first three days and an additional charge
foreach day thereafter. Saritha paid ¥ 27 for a book kept for seven days, while Susy
paid ¥ 2] for the book she kept for five days. Find the fized charge and the charge
for each extra day.

A4 Summary
In this chapter, you have smdied the following points;
1. A pair of linear equations in two variables can be represented, and solved, by the:
(i) graphical method
(i) algebraic method
2. Graphical Method :
The graph of a pair of linear equations in two vaciables is represented by two lines,

i) If the lines miersect at a point, then that point gives the unique solution of the two
equations. In this ease, the pair of equadons is consistent.

(i If the lines coincide, then there are infinitely many solutions — each point on
the line being 3 solution. In this case, the pair of equations is dependent
{consistent).

{itiy If the lines are parallel, then the pair of equations has no solution, In this case, the
pair of equations 18 inconsistent.
3. Algebraic Methods ; We have discussed the following methods for finding the zolution(s)
ol a pair of linear squations ;
(i) Substitution Method
i) Eliminarion Method
4. Ifa pair of linear equations it givenby a x+ b y+¢ =0and ax + by +¢,=0, then the
following situations can ardse

Y : . . S .
i) — < — :In this case, the pair of linear equations i consistent,

th
s i 8 ; : : T .
(i ;L = E: * ; : In this case, the pair of linear equations is inconsistent
s B B
qesy 0 . ;. . : 5 4
{iiy —+= % =L ; In this case, the pair of linear equations is dependent and consistent,
3 3

5. There are several situations which can be mathematically represented by two equations
that are not linear to start with. But we alter them so that they are reduced to o pair of
linear equations.



QuaDRATIC EQUATIONS

4.1 Introduction

In Chapter 2, vou have studied different types of polynomials. One type was the
quadratic polynomial of the form ax? + bx + ¢, @ # (0. When we equate this polynomial
1o zeTo, we gel a quadratic equation. Quadratic equations come up when we deal with
many real-life situations. For instance, suppose a
charity trust decides to build a prayver hall having
a carpet area of 300 square metres with its length 300 m?
one metre more than twice its breadth. What
should be the length and breadth of the hall?

Suppose the breadth of the hall is.x metres. Then, 2v 41
its length should be (2x + 1) metres, We can depict 3

this information pictorially as shown in Fig. 4.1. Fig. 4.1
Now, area of the hall = (x4 Do xm* = (22 4 x) m?

So, 2t + x = 300 (Given)

Therefore, 2834+ x-30=10

So, the breadth of the hall should satisfy the equation 24 + x — 300 =0 which isa
quadratic equation.

Many people believe that Babylonians were the first to solve guadratic equations.
For instance, they knew how (o [ind two positive numbers with 4 given positive sum
and a given positive product, and this problem is equivalent to solving a quadratic
equation of the form x* — px + g = 0, Greek mathematician Euclid developed a
geometrical approach for finding out lengths which, in our present day terminology,
are solutions of quadratic equarions. Solving of gquadratic equations, in general form, is
often credited to ancient Indian mathematicians, In fact, Brahmagupta (C.E.598-663)
gave an explicit formula to solve a quadratic equation of the form ax® + bx = ¢. Later,
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Sridharacharya (C.E. 1023) derived a formula, now known as the quadratic formula,
(s quoted by Bhaskara I1) for solving a quadratic equation by the method of completing
the square. An  Arab mathematician Al-Khwarizmi (about C.IE. B00) also smdied
quadratic equations of different types. Abraham bar Hiyva Ha-Nasi, in his book
‘Liber embadorum” published in Europe in C.E. 1145 gave complele solutions of
different quadratic equations,

In this chapter, you will study quadratic equations, and various ways of finding
their roots. You will also see some applications of quadratic equations in daily life
situations.

4.2 Quadratic Equations
A guadratic equation in the variable x is an equation of the form @ + bx+ ¢ =0, where
. b, ¢ ate real pumbers, 4 # (). For example, 224+ x-d0=0isa guadratic equation.
Similarly, 27 - 3x+ 1 =0,4xr- 32+ 2=0and 1 - 2* + 300 = 0 are also quadratic
equations.

In fact, any equation of the form p(x) =0, where p(x) is a polynomial of degree
2, is a quadratic equation. But when we write the terms of p(x) in descending order of
their degrees, then we get the standard form of the equation. Thatis, g + bx + ¢ =10,
a # 0 iz called the standard form of a quadratic equation.

Quadratic equations arise in several situations in the world around us and in
different fields of mathematics, Let us consider a [ew examples,

Example 1 : Represent the following situations mathematically:

(i) Johnand Hvanti together have 45 marbles. Both of them lost 5 marbles each, and
the product of the mumber of marbles they now have is 124, We would like to find
out how many marbles they had to start with.

(i) A cottage industry produces a certain number of toys in a day The cost of
production of each toy (in rupees) was found to be 55 minus the namber of tys
produced in a day. On a particular day, the total cost of production was
T 750. We would like 1o find out the number of toys produced on that day.

Solution :
(i) Let the number of marbles John had be .
Then the number of marbles Iivanti had = 45 —x (Why?).
The number of marbles lefl with John, when he lost 5 mathles=x- 35
The number of marbles lef with Tivanti, when she lost 5 marbleg =45 - x -5
=40-x
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Therefore, their product = (x — 3) (40 — x)
=40x — 22— 200 + 5x

=— 2+ 455 - 200
So, —2* 4+ 45x —200= 124 (Given that product = 124)
e, -—-x+45x-324=0
Le., ¥ —d5x+324=10

Therefore, the number of marbles John had, satisfies the guadratic equation
A-43x+324=0
which s the required representation of the problem mathematically.
{ii) Let the number of toys produced on that day be x.
Therefores, the cost of production (i rupees) of each toy that day =35 —x
So, the total cost of production (in rupees) that day = x {55 —x)

Theretfore, X (35 —x)="T50
ie., 55x —x* = 750
Le.; -4 55x-750=10
ie., 2 -55x4750=0

Therefore, the number of toys produced that day sarisfies the quadratic equation
£-55x+750=0
which is the required representation of the problem mathematically.

Examnple 2 : Check whether the following are quadratic equations:
Mx-2P+1=2x-3 atx+ D+8=(x+2)(x-2)

fiii) x (2x+3)=2"+1 (ivi (x+2F =x5-4

Solution :
() LHS=(x-2F+ 1= —dr+4+1=x"—4x+5

Therelore, (x — 2¥+ 1 = 2¢ — 3 can be rewriiien ag
P—dr+5= -1
ie, wH-6xr+8=10
It is of the form ax®* + bx + ¢= 0.

Therefore, the given equation is a quadratic equation.
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(i)

(i)

{iv)

Sice iz + D4+ 8=+x+8and (x +2x- =24

Therelore, r+rrx+8=x"-4

e x+12=10

It is not of the form ax® + bx + c =10

Therefore, the given equation i3 not a quadratic equation.

Here, LHS =x(2x+3)=2x*+ 3x

So, #(2x+ 3) = 2 + 1 can be rewritten as
2+ 3 =014+ 1

Therefore, we gat x*+3x-1=10

Itis of the form ax® + bx + ¢ = 0.

So, the given equation is a quadratic equation.

Here, LHS =(x+ 2P =x"+6x2 + 12v + 8

Therefore, {x+ 2)° = ¥* = 4 can be rewritten as
P+l + 12x+8=x"-4

ie., e+ 12x+12=0 or, x»*+2x+2=0

It is of the form ax® + bx + c= 0.
%o, the given equation is a quadratic equation.

Remark : Be carefull In (ii) above. the given equation appears to be a quadratic
equation, but it is not a quadratic equation.

In (iv) above, the given equation appears (o be a cubic equation {an equation of

degree 3) and not a quadratic equation. But it turns out to be a quadratic equation. As
you can see, often we need to simplify the given equation before deciding whether it
is guadratic or not.

EXERCISE 4.1

1. Check whether the following are quadratic equaiions :

M (e+1F=2(x-3) (i) x-2x=-213-x
(i) (r—2Hr+ D=(x—1z+3 {iv) (x=32xr+)=xlx+3)
() (=D =3)=(r+ -1 (vi) #4+3e+ L=(x-27

(vii) (x+20=2x(2-1) (viii) -4t —x+1=(r-2F

2. Represent the following situations in the fomm of guadratic equagions ;

(i) The area of a rectangular plot is 528 m*. The length of the piot (in metres) is one
maore than twice its breadth. We need 1o find the length and breadth of the plot,
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(i) The product of two consecutive positive integers iz 306. We need to find the
integers.

{iily Rohan®s mother is 26 years older than him. The prodoct of their ages (in years)
3 years from now will be 360. We would like to find Rohan’s present age.

{iv) A train travels a distance of 480 km at 8 unifoom speed, If the speed had been
8 km/h less, then it would have taken 3 hoors more to cover the same distance, We
need 1o find the speed of the tain.

4.3 Solotion of a Quadratic Equation by Factorisation

Consider the quadratic equation 2x* — 3x + 1 = 0, If we replace x by 1 on the
LHS of this equation, we get (2 x 1% — (3 x 1) + | = 0 = RHS of the equation.
We say that 1 13 a root of the quadraric equation 25! - 3x + 1 = 0, This also means that
| is a zero of the quadratic polynomial 2x? —3x 4+ 1.

In general, a real number & i3 called a root of the guadratic eguation
arf+bx+c=0a#0if a 02 + bt + ¢ =0. We also say that x = o is a solution of
the guadratic equation, or that ¢ satisfies the guadratic equation. Note that the
zeroes of the quadratic polynomial ax? + bx + ¢ and the roots of the quadratic
equation ax* + bx + ¢ = 0 are the same.

You have observed, in Chapter 2, that a quadratic polynomial can have at most
two zeroes. So, any quadratic equation can have atmost two roots.

You have learnt in Class IX, how to factorise quadratic polynomials by splitting
their middle terms. We shall use this knowledge for fnding the roots of a quadratic
equation. Let us see how.

Exumple 3 : Find the roots of the equation 232 — 5x + 3 = 0, by factorisation.

Solution : Let us first split the middle term — 5x as —2x —3x [because (—2x) % (-3x) =
bt = () ae 3]

So, 282 -5x43=2¢-2-Fx+3=UGx-DBx-D=Cx=-3x-1

MNow, 2x? — 5% + 3 = (0 can be rewriiten as (2x - 3){x - 1) =0.

So, the values of x for which 2¢ - 5x + 3 = 0 are the same for which (2x - 3)x~ 1) =0,
ile,either2x—3=0crx—-1=0.

. 3 .
Now, 2x -3 =0 gives x=2 and x— 1 =0 gives r = 1.

)

3
S0, x=— and x=1 are the solutions of the equation.

3
In other words, 1 and 5 are the roots of the equation 22 —S5x+3=0.

Verify that these are the roots of the given equation.
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Note that we have found the roots of 242 — 5x + 3 = 0 by factorising
2x* — 55 + 3 into two linear factors and equating each factor to zero.

Example 4 : Find the roots of the quadratic equation 6x* —x - 2=0.
Solution : We have
by —x—2=622+3xr—4x-12
=3x(2x+ 1} -2(2x+ 1)
=(3x-2}2x+ 1)
The roots of 622 - x = 2 = () are the values of x for which (3x=2H2x+ 11=10
Therefore, 3x-2=0o0r2x+ 1=0,

1
or x=—7

2

Le, =

| B

2 |
Therefore, the roots of G5* —x — 2 = () are Y and =)

2 1
We verify the roots, by checking that 3 and — satisfy 6x' —x-2=10.

Example 5 : Find the roots of the quadratic equation 3% _’._tJE_v;-q-:: =0-

Solution :3x% —2J6x+2 = 3x* —J6x —Jox+2
= Sxiﬁx—ﬁ) —\E{xﬁx—ﬁ]

- (352
S0, the roots of the equation are the values of x for which

(Vx—v2)(Ex~3) =0
Now, ﬁI-JE:ﬂ tor I=E.

3o, this root is repeated twice, one for each repeated factor Jﬂ_,r— ﬁ ;

Therefore, the roots of 332 —2.Jgx+2=0 are \E \E
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Example 6 : Find the dimensions of the prayer hall discussed in Section 4.1,

Solution : In Section 4.1, we found that if the breadith of the hall is x m, then x
satisties the equation 2x* + x — 300 = 0. Applying the factorisation method, we write
this equation as

2 —24x 4+ 25c—-300=10
2r{x—1234+25c—12)=70
e, Z-122x4+235)=1)

S0, the roots of the given equation are ¥ = 12 or x=—12.5. Since v is the breadth
of the hall, it cannot be negative.

Thus, the breadth of the hall is 12 m. It$ length=2x + 1 =25 m.

EXERCISE 4.2
1. Find the roots of the following quadratic equations by factorisation:
i 2=-3x-10=0 (i) 2et+ r-6=10
i) V25472452 =0 (iv) H—né—:ﬂ

) 10023200+ 1 =0}
Solve the problems given inExample 1.
Find two numbers whose summ is 27 and product is 182,
Find two consecutive positive integers, sum of whoge squares is 363,
The altitude of a right triangle is 7 cin less than its base, If the hypotenuse is 13 cm, find
the other two sides.

6. Acoitage industey produces a certain number of potiery articles in a day. It was obgerved
on a particular day that the cost of production of each article {in rupees) was 3 more than
twice the number of articles produced on that day. If the total cost of production on that
day was T 90, find the number of articles produced and the cost of each article.

L A

4.4 Nature of Roots
The roots of equation ax* + bx + ¢ = () are given by

R L
= %
; b -4
Il b* — dac > (), we get two distinet real roots ; -+ > ac and
& X

kb dbj —dge

2a 2a
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b b b
~ dge = =—10, ie, ¥=—— 08 —:
If #* — 4qe =0, thenx .1 a %0

—h
S0, the roots of the equation ax® + bx + ¢ = 0 are both 2

Therefore, we say that the quadratic equation ax’ + bx + ¢ = () has two equal
teal roots in this case.
If &* — 4ac < 0, then there is no real number whose square is B* — dac. Therefore,
there are no real roots for the given quadratic equation in this case.
Since & - 4ac determines whether the quadratic equation ax® + bx + ¢ =0 has
real roots or not, &' — dge is called the discriminant of this quadratic equation.
So, a quadratic equation ax? + bx + ¢ = 0 has
(i) two distinet real roots, if »* - dac > 0,
{ii) two equal real roots, if 5* - dac = 0,
(iii) no real roots, if b* — dac < 0.

Let us conzider some examples.

Example 7: Find the discriminant of the guadratic equation 2x2 — dx +3 =0, and
hence find the nature of its roots.

Solution : The given equation is of the form ax? + br+ ¢ =0, wherea =2, b=—4 and
¢= 3. Therefore, the discriminant

b dac=1-4P-(dx2xH=16-24=—8=<0

50, the given equation has no real roots.

Example 8 : A pole has to be erected at a point on the boundary of a circular park of
diameter 13 metres in such a way that the differences of its distances from two
diametrically opposite fixed gates A and B on the boundary is 7 metres. Is it possible to
do so? If yes, at what distances from the two gates should the pole be erected?

Solution : Let us [irst draw the diagram
{see Fig. 4.2),

Let P be the required location of the
pole. Let the distance of the pole from the
gate B be x m, i.e.. BP = x m. Now the
difference of the distances of the pole from
the two gates = AP — BP (or, BP - AP) =
7 m. Therefore, AP = (x 4+ 7) m.

Fig. 4.2
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MNow, AB = 13m, and since AB is a diameter,
ZAPB = 90° {Why™)

Therefore, AP? + PB* = AB*  (By Pythagoras theorem)

i€, (x+ TP+ x= 13

1.8, X+ ldx+49 4 x4 = 169

ie., 2% 4 14y = 120 =D

S0, the distance "« of the pole from gate B satizfies the equation
r+Tx-60=10

So, it would be possible to place the pole if this equartion has real roots. To see if this
15 50 o1 not, let us consider ity discriminad, The discriminant 1s
B —dac=T"-4x 1 x(-60)= 289>0.

S0, the given quadratic equation has two real roots, and it is possible to erect the
pole on the boundary of the park.

Solving the quadratic equation x* + 7x — 60 = 0, by the quadratic formula, we get

~T+289  -T£17
2 2

Therefore, x =5 or = 12.
Since x is the distance between the pole and the gate B, it must be positive.
Therefore, x =— 12 will have to be ignored. So, x =3,

Thus, the pole has (o be erected on the boundary of the park at a distance of Sm
from the gate B and 12m from the gate A.

1
Example 9 : Find the discriminant of the equation 3 — 2y -+ T 0 and hence find the

nature of its roots. Find thern, if they are real.

1
Solution : Heze a =3, b =- 2 and rl'=§.

1
Therefore, discriminant & —dac =(- 2 -4 x 3 x i 4-4=10.

Hence, the given quadratic equartion has two equal real roots.

Th —b =k | y)
% - = 1B, =
£ rooLs are Sl T P

o o

| 2
lad | =
b | —
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EXERCISE 4.3

Find the nature of the roots of the folloving quadratic equations. 1f the real roots exist,
find them:

i) 2—3x+5=0 i) 3 443 x44=0
(i) 2x'-bx+3=0
Find the values of kior each of the following guadratic equations, so that they have two
equal roots.
) Ze*+ke+3=0 (i) kx(x—2Z)+b6=0
Is it possible to design a rectangular mango grove whose length is twice itz breadth,
and the area is 800 m*? If s0, find its length and breadth,
Is the following situation possible? If so. determine their present ages.
The surm of the ages ol vwo [tends iz 20 years. Four vears ago, the product of their ages
in years was 48,

Is it possible to design a rectangular park of perimeter 80 m and avea 400 m*? If so, find
its length and breadth.

4.5 Summary

In this chapter, you have studied the following peints:

1.

4-

A quadratic equation in the variablex is of the form axl+4 x4+ c=0, where g, b, ¢ ara real
nombers and a # 0.

A real number o = said 1o be a root of the guadratic equation a® + bxr + ¢ =0, if
it + bor + ¢ =0, The zeroes of the quadzatic polynomial e + br + ¢ and the roots of the
quadratic equation ax' + by + ¢ =0 are the same.

If we can factorise ax’ + bx + ¢, a= 0, into a product of two linear factors, then the roots
of the quadratic equation ax® + by 4+ ¢ =0 can be found by equating each factor to zero.

Quadratic formula; The roots of a quadratic equation ax® + by + ¢ = ) are given by

Z 3
—hEVE" —das “‘;‘—4**‘-  provided 52— 4ac = 0.
i

A quadratic equation ax® + bx + ¢ = has
(i) two distingt real roots, if P —4ac =10,
{i) two equal roots (i.e., coincident roots), if ' —4ac =0, and
(iily nozealroots, it —dac=0.
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ARITHMETIC PROGRESSIONS

5.1 Introduction

You must have observed that in nature, many things follow a certain pattern, such as
the petals of a sunflower, the holes of a honeycomb, the grains on a maize cob, the
spirals on a pineapple and on a pine cone, ete.

We now look for some patterns which eccur in our day-to-day life. Some such
examples are

{i) Reena applied for a job and got sclected. She
has been offered 4 job with a starting monthly
salary of ¥ 8000, with an annual increment of
T 500 in her salary. Her salary (in ¥) for the 1st,
2nd, 3rd, . . . years will be, respectively

28000, 8500, 9000,....

(ii) The lengths of the rungs of a ladder decrease
uniformly by 2 cm from bottom to top
{see Fig. 5.1). The bottom rung is 45 ¢m in
Iength, The lengths (in cm) of the 1st, 2nd,
3rd. . . ., 8th rung from the bottom to the top
are, respectively Fig. 5.1

45,43,41,39,37,35,33.31

<
(iii) In a savings scheme, the amount becomes p times of itself after every 3 years.

The maturity amount (in T) of an investment of T 8000 after 3, 6, 9 and 12 years
will be, respectively :

10000, 12500, 15625, 19531.25
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(iv) The number of unit squares in squares with side 1, 2, 3, . . . units (see Fig. 5.2)
are, respectively
i, T
Fig. 5.2

(v) Shakila puts ¥ 100 into her daughter’s money box when she was one vear old
and increased the amount by ¥ 50 every year. The amounts of money {in¥) in the
box on the Ist, 2Znd, 3rd, 4ih, . . . birthday were

100, 150, 200, 250,...,respectively.

{vi) A pair of rabbits are too young to produce in their first month. In the second, and
every subsequent month, they produce a new pair. Each new pair of rabbits
produce a new pair in their second month and in every subsequent month (see
Fig. 5.3). Assuming no rabbit dies, the number of pairs of rabbits at the start of
the Ist, 2nd, 3rd, . . ., 6th month, respectively are :

1,.1,2.3,5,8

-CA - ﬁ%&a |
563&2_ ﬁ%&?ﬂ& t%@fa ﬂ&a
B B A oS oS oSk B oS

Fig. 5.3
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In the examples above, we observe some patterns. In some, we find that the
succeeding terms are oblained by adding a [ixed number, in other by multaplying
with a fixed number, in another we find that they are squares of consecutive
numbers, and so on.

In this chapter, we shall discuss one of these palterns in which succeeding terms
are obiained by adding a fixed number to the preceding terms. We shall alzo see how
to find their nth terms and the sum of 7 consecutive terms, and use this knowledge in
solving some daily hife problems.

5.2 Arithmetic Progressions
Consider the following lists of numbers :
(i1, 2,3 4,...
{ii) 100, 70, 40, 10,...
(i) =3, -2, -1, 0, . ..
(¥) 33 J B
(V) =10 =1.5, =2.0,=2.5,. .
Each of the numbers in the list is called a term.

Given a term, can you write the next term in each of the lists above? If 0, how
will you write it7 Perhaps by following a pattern or rule. Let us observe and write the
rule.

In (i}, each term is 1 more than the term preceding it.

In (ii), each term is 30 less than the term preceding it.

In (iii), each term iz obtained by adding 1 to the term preceding it

In {iv), all the terms in the list are 3 , Le., each lerm is obtained by adding
{or subtracting) 0 (o the term preceding it

In (v}, each term i3 obiained by adding — 0.5 to (i.e., subiracting 0.3 frorm) the
term preceding it

In all the lists above, we see that successive terms are obtained by adding a fixed
number to the preceding terms. Such list of numbers is zaid to form an Arithmetic
Progression { AP ).

So. an arithmetic progression is a list of numbers in which each term is
obtained by adding a fixed number to the preceding term except the first
term.

This fixed number is called the common difference of the AP. Remember that
it can be positive, negative or zero.
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Let us denote the first term of an AP by a,. second term by @, . . ., ath term by
a, and the common dilference by ¢. Then the AP becomes a,, @, 4, . . .. 4,

S50, a;-a@ =a,—a,=...=4 -a_,=d.
Some more examples of AP are:
{a) The heights ( in cm ) of some students of a school standing in a queue in the
morning assembly are 147 , 148, 149, ., 157.
{b) The mimimum temperatures ( in degree celsius ) recorded [or a week in the
manth of January in a city, arranged in azcending order are
-3.1,-30,-29,-28,-2.7,-26,-25
{¢) The balance money { in ¥ ) after paying 5 % of the total loan of ¥ 1000 every
maonth is 950, 900, 850, 800, . . ., 50.

(d) The cash prizes ( in ¥ ) given by a school to the toppers of Classes I to XII are,
respectively, 200, 250, 300, 350, . .., 750.

{e) The total savings (in 7) after every month for [0 months when T 50 are saved
each month are 50, 100, 150, 200, 250, 300, 350, 400, 450, 500.

It is left as an exercise for you to explain why each of the lisis above is an AP,

Your can see that
g, o+ a+2d a+3d, ...

represents an arithmetic progression where g 15 the first term and 4 the common
difference. This is called the general form of an AP.

Note that in examples (a) to (e) above, there are only a finite number of terms.
Such an APis called a finite AP, Also note that each of these Anthimetic Progressions
{APs) has a lasi term. The APs in examples (i) to (v} in this section, are not finite APs
and so they are called infinite Arithmetic Progressions. Such APs do not have a
last term.

Now, to kmow about an AP, what is the minimum informarion that you need? Is it
enough to know the first term? Or, is it enough to know only the common difference?
You will find that you will need to know both — the first term ¢ and the common
difference d.

For instance if the first term a is 6 and the common difference d is 3, then
the AP is
6,912, 15, .

and if 2 is 6 and 4 is — 3, then the AP is
6.3,0,-3....
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Similarly, when
a=-—7, d=-2, theAPis -7,-9,-11,-13,...
a= 10, d=0]1, theAPis L0, 11,12, 153,...

= the AP iz 0 1l 3 4l 6
2: = 181, 2'. + 2_:

a=12, d=10 the APis 2,2,2,2,...

So, if vou know what 4 and d are, vou can list the AP. What about the other way
round? That s, if you are given a list of numbers can you say that it 1s an AP and then
find g and d7 Since ¢ is the first term, it can easily be written. We know that in an AP,
every succeeding term 1s obtained by adding 4 to the preceding term. So, d found by
subtracting any term [rom its succeeding term, i.e., the term which immediately follows
it should be same for an AP.

a= 1, d=1

For example, for the list of numbers :
6.9, 12,15, ...,
We have a,—-a,=9 —6=3.
a,=a;=12-9=3,
a,-a,=15-12=13
Here the difference of any two consecutive ferms in each case is 3. So, the
given list is an AP whose first term a i3 6 and common difference d is 3.
For the listof numbers 1 6, 3,0,-3, .. .,
a-a=3-6=-3
a;—@=0-3=-3
a-a=-3-0=-3

Similarly this is also an AP whoge [irst term is 6 and the common difference
is 3.

In general, for an APa, a,, ..., @, we have
d=a, B -a
where a, | and g, are the { k + 1)th and the kth terms respectively.

To obtain & in a given AP, we need not find all ofa,—a,a,—a,a,—a,....
It is enough to find only one of them.

Consider the list of numbers 1, 1, 2,3.5,.... By looking atit, you can tell that the
difference between any two consecutive terms is not the same. 50, this is not an AP
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Note thai to find d in the AP : 6, 3,0, - 3, . . ., we have subtracted 6 from 3
and not 3 [rom 6, i.e., we should subiract the kth term [rom the (& + 1) th {erm
even if the (& + 1) th term is smaller.

Let us make the concept more clear through some examples.

Example 1 : For the AP ! E_, %,— é,— E o« -+ Write the first term @ and the
2 *

common difference d.

Soluti H - i I E 1

olution : Here, 6= Juds g g ==L

Remember that we can find d using any two consecutive terms, once we know that
the numbers are in AP.

Example 2 : Which of the following list of numbers form an AP7 If they form an AP,
write the next two terms :

(i) 4. 10, 16,22.. .. (i L—-1,-3%-5...

(i) -2,2,-2,2,-2, ... (v 1,1,.1,2,2,2.3,3,3, ...
Solution : (i) We have a,-a =10-4= 6

a, - a, =16-10= 6

a,—a, =22-16 =6
ie. a,, —a, isthe same every time.

S0, the given list of numbers forms an AP with the common difference d = 6.
The next two terms are: 22 + 6 = 28 and 28 + 6 = 34

i) ay—a =-1-1=-2

—F=f =l Y=V [ =

==5=(-3)==54+3==-2

a—-a
Gy =,
ie.,a,_ —a, is the same every time.

So, the given list of numbers forms an AP with the common difference d = - 2.

The next two terms are:

54 (-2)==T and —T+(-2)==9
(i) o,—a,=2-(-2)=2+2=4
ﬂi—ﬂ==—2——2=_4

Asa —a, # a,-a,,the given list of numbers does not form an AP.
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via,-a=1-1=0
a,—-a,=1-1=0
a‘—.rzﬂ=2-—'|='|

Here, @, —a,=a,— a, # a, — 4,

S0, the given list of numbers does not form an AP.

EXERCISE 5.1
1. Inwhich of the following situations, does tha Tist of numbers invalved malke an arithmetic
progression, and why?

{i) The taxi fare after each koam when the fare is T 15 for the first lkam and T 8 for each
additional km.

. . . . 1
(i) The amount of aif present in a cylinder when a vacuum pump removes — of the
air remaining in the cylindes at a lime, o
{ii) The cost of digging a well after every meire of digging, when itcosts T 150 for the
first metre and rizes by T 30 for each subsequent metre.

{iv) The amount of money in the account every yvear, when T 10000 iz deposited at
compound interest at & % per annum,

2. Wrile fust four tesine of the AP, when the first lerm o and the common difference o are

given as follows:
i a=10, =10 (i} ¢ =-2, J=DJ
(i) a=4, d=-3 (i) a=—1, d= —

2
(v) u=-1125 d=-0.25

3. For the following APs, write the first rerm and the commeon difference:
{T] 3_:‘:-_'1';_3!"' {ii} _5:_113:?:"-

3 9 13

l
(i) 3 g g (i) 0.6, L.7.2.8:39,...

4. Which of the following are APs 7 1{ they form an AP, find the common dilference o and
wrile three more lesms.

0 2,4,816,... @ 22,37,
5" g
Gl <12 =32-5%-7% ... (W) —10,—6,~2,2,. ..
W 33442, 34242, 34632, ... (v 02.0.22,0222,02222,...
) 1 1 11
(wil) 0,—4,-8.-12 .., wm‘a—z.—z_,—z.—z....
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i 1,3,9,27,... x) @ 20,30, 4, .
i oo, @t at et . i) 2, R, V18, 32, ..
i) 3, V6,0, A2, .. (dv) 15,30, 50, 7,

(xv) 1250, 7%.73,...

5.3 nth Term of an AP

Let us consider the situation again, given in Section 5,1 in which Reena applied for a
job and gor selected. She has been offered the job with a starting monthly salary of
¥ 8000, with an annual increment of ¥ 500, What would be her monthly salary for the
fifth year?

To answer this, let us first see what her monthly salary for the second year
would be.

It would be ¥ (8000 + 500) = ¥ 8500, In the same way, we can find the monthly
salary [or the 3rd, 4th and Sth vear by adding T 500 1o the salary of the previous year.
30, the salary for the 3rd year = ¥ (8500 + 500)

= T (8000 -+ 500 + 500}
= T(R000 + 2 = 500)
= ¥ [B000 + (3 - 1) = 500] {for the 3rd year)
= 9000
Salary for the 4th vear =% (9000 + 300
= ¥ (BOOO + 500 + 500 + S00)
= T (8000 + 3 x 500
= ¥ [B000 + (4 — 1) = 500] (for the 4th year)
= 9500
Salary for the 5th year =7 (9500 + 500)
= T (BO00+500+500+500 + 500)
= T (8000 + 4 = 500
= T [B000 + (5 — 1) = 500] (for the Sth year)
= ¥ 10000
Observe that we are getting a list of numbers

8000, 8500, 9000, 9300, 10000, ...
These numbers are in AP. (Why?)
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MNow, looking at the pattern formed above, can you [ind her monthly salary for
the 6th year? The 15th year? And, assuming that she will still be working in the job,
what about the monthly salary {or the 25th year? You would calculate this by adding
7 500 each time (o the salary of the previous year to give the answer, Can we make
this process shorter? Let us see. You may have already got some idea from the way
we have obtained the salaries above.

Salary for the 15th year
= Salary for the 14th yvear + ¥ 500

SO0 4+ 5004500 4 . .4+ 500
7| 8000 + ; >+ 2 500
13 times

I

T [B000 + 14 x 500]
¥ [8000 + (15 = 1) » 500] = T 15000

I

ie. First salary + {15 — 1) x Annual increment.
In the same way, her monthly salary [or the 25th year would be
T 8000 + {25 = 1) = 500] =7 20000
= First salary + (25 — 1) x Annual increment
This example would have given you some idea about how to write the 15th term,
or the 25th term, and more generally, the sth term of the AP,
Let a, a, a,, ... be an AP whose first term @, _is g and the common
difference is d.
Then,
the second term q, = a+d=a+(2-1)d
the third term a,=a,+d=(a+d)+d=ag+2d=a+3-1)d
the fourthterm o, = g, +d=(a+2d)+d=a+3d=a+(4-1)d

Loocking at the patiern, we can say that the ntherma =g + (r—1) 4.

So, the nth term a, of the AP with first term a and common difference 4 is
given bya, =a +(n-1)d
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a_is also called the general term of the AP. If there are m terms in the AF, then
a  tepresents the last term which is sometimes also denoted by [

Let us consider some examples.

Example 3 : Find the [0th term of the AP: 2,7,12, ...

Solution : Here, =2, d=7-2=5 and n= 10,

We have a=a+n-1)d

5o, a,=2+(10-1})x5=2445=47

Therefore, the 10th term of the given AP is 47,

Example 4 : Which term of the AP: 21, 18, 15, .. .iz — 817 Also, is any term 07 Give
reason for YOUr answer.

Solution : Here, g=21, d =18 -21=-3 and a,=- 81, and we have to find n.

As a=ag+(n-1)d,

we have —-8l=21+(n— 1}{-3)
~-81=24-3n
—105=-3n

S0, mo=35

Therelore, the 35th term of the given AP is — 81.

Next, we want to know if there is any » for which 4= 0. If such an » is there, then
2A+m-1N=31=10,

ie, iin-13=21

ie., n=§

S0, the eighth term is 0.

Example 5 : Determine the AP whose 3rd term is 5 and the 7th term is 9.

Solution : We have

a,=a+(3-l)d=a+2d=5 (1)
and a=a+(T-l)d=a+6d=9 (2)
Solving the pair of linear equations (1) and (2), we get
=3 d=1

Hence, the required APis 3,4, 5, 6,7,. ..
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Example 6 : Check whether 301 is a term of the list of numbers 5, 11, 17, 23, . ..
Solution : We have :

a,—a =11-5=6, aa—a.}zl'?—llzﬁ, d,—a,=23-17=6
Asa, —a, isthe same for k= 1, 2, 3, etc,, the given list of numbers is an AP.
MNow, a=>5 and id =6

Let 301 be a term, say, the nth term of this AP.

We know that
a=a+in-11d
So, 30l=5+n-11x6
1E.. 30l=6n-1
So, n= @=15—1
3] 3

Burt n should be a positive integer (Why?). So, 301 is not a term of the given list of
numbers.
Example 7 : How many two-digit numbers are divisible by 37
Solution : The list of two-digit numbers divisible by 3 is
12,15, 18,....,99
Is this an AP? Yes it is. Here, a=12, d=3, a_=99.

As a =a+{n-1)d,
we have 90= 124+ (n—1)x3
Le., 8f=n-11x3
ie., n—]:g——-lﬂ

3
1€, n=20+1=30

S0, there are 30 two-digit numbers divisible by 3.

Example 8 : Find the 11th term from the last term (towards the first term) of the
AP 10 T4, . ... — B2

Solution : Here, a=10, d=7-10==-3, I =-62,

where I=a+m-1)d
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To find the 11th term from the last term, we will find the total number of terms in
the AP

Zo, - 62= 10+ (n - 1=
ie., ~-T2=(n-13-3)

Le., n-1=24

or n=25

S0, there are 25 terms in the given AP.

The 11th term from the last term will be the 15th erm. (Note that it will not be
the 14th term. Why?)

S0, 4, =10+(15-1}-3)=10-42=-32
i.e., the 11th term from the last term is = 32,
Alternative Solution
If we write the given AP in the reverse order, then a=— 62 and 4 = 3 (Why?)
So, the question now becomes finding the 11th term with these a and 4.
So, a,=-62+(11-1x3=-62+30=-32
So, the 11th term, which is now the required term, is — 32.
Example 9 : A sum of ¥ 1000 is invested at 8% simple interest per vear. Calculate the

interest ai the end of each year, Do these interests form an AP? Il so, {ind the interest
at the end of 30 years making use of this fact.

Solution : We know that the formula to calculate simple interest is given by

Simole Ini ; PxRxT
imple Interest = —
1000x8x 1
So. the interest at the end of the 151 year= 7 T = T80
1000 8x2
The interest at the end of the 2nd year= % e ¥ 160
1000 8x 3
The interest at the end of the 3rd year= % BT T 240

Similarly, we can obtain the interest at the end of the 4th year, 5th year, and $o on.
S0, the interest (in ¥) at the end of the lst 2nd. 3rd, . . . years, respectively are
80, 160, 240, ...
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It is an AP as the difference berween the consecutive terms in the list is 80, i.e.,
d = 80. Also, a = 80.

So, t find the interest at the end of 30 years, we shall find a, .

Now, dy, = a+ (30— 1) d = 80 + 29 x 80 = 2400

So, the interest at the end of 30 vears will be T 2400.

Example 10 : In a flower bed, there are 23 rose plants in the first row, 21 in the

second, 19 in the third, and so on. There are 5 rose plants in the last row, How many
rows are there in the flower bed?

Solution : The number of rose plants in the 1st, 20d, 31d, . . ., rows are :
23,21, 19, .55
1t forms an AP (Why?). Let the number of rows in the flower bed be 7.

Then a=23, d=21-2=-2,a =5
As, a,=a+(n-1)d

We have, 5=23+(m-1(=2)

ie. -18=m-1(-2)

ie., n= 10

S0, there are 10 rows in the Oower bed.

EXERCISE 5.2

1. Fill in the blanks in the following table, given that ¢ is the first term, d the common
difference and a_the ath terin of the AP:
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2. Choose the correct choice in the following and justify
(1) 30th term of the AP: 10,7.4, ... .15
(A) 97 B) 77 {Cy =717 D) —87
(i3 | Ith verm of the AP: - 3, _12 e is
1
(&) 28 B) 22 (C) —38 ) —485

In the following APz, find the mizssing terms in the bexes ;

@ 2, D 2%
{ii) D, 13, DJ 3

|
@s [ [ *5

w-4 [ L[ ][] []s
o0 =0 0 O =

Which term of the AP : 3.8, 13, 18,...,is T&7
Find the number of terms in each of the following APs :
]
W 7,13,19,...,205 {iy 18, .155.13,.--.—47
Check whether — 150 iz aterm ot the AP 11, 8,5,2...

. Find the 3 st term of an AP whose | | th term i5 38 and the | 6th term is 73,

B. AnAPconsists of 30 terms of which 3rd term is 12 and the |ast term is 106. Find the 29ih

10.
11.

12,

13,
14.
15.
16.

term,
11 the 3rd and the 9th terms of an AP are d and — 8 regpectively, which ferm of this AP is
Zern!

The | 7th term of an AP exceeds its 10¢h teem by 7. Find the common difference,
Which term of the AP 3, 15, 27,39, _ ., will be 132 more than its 34th term?

T APs have the same comimon difference. The difference betwesn their 100th terms is
100, what ig the difference berween their [O00th terms?

How many three-digii numbers are divisible by 77

How many multiples of 4 lie between 10 and 2307

For what walue of i, are the nth tezms of two APs: 63, 63,67, . . .and 3, 10, 17, ... equal?
Determine the AP whose third term is 16 and the Trh term exceeds the Sth term by 12,
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17. Finel the 20th term trom the last term of the AP 3, 8,13, ..., 253,

18. The sum of the 4th and &th terms of an AT is 24 and the sum of the 6th and 10th terms is
£4  Find the firsi three terms of the AT

1%, SubbaRaostarted work in 1995 at an anoual salary of ¥ 5000 and received an increment
of T 200 each year. In which year did his income reach T TOMD?

20. Ramkali saved ¥ 5 in the first week of a year and then increased her weeldy savings by
? 1.75. If in the nth week, her weekly savings become ¥ 20175, ind n,

5.4 Sum of First n Terms of an A"

Let us consider the situation again
given in Section 3.1 in which Shakila
pul T 100 into her daughier’s money
box when she was one vear old,
Z 150 on her second birthday,
T 200 on her third birthday and will
continue in the same way. How much
money will be collected in the money
box by the time her daughter is 21
years old?

Here, the amount of money (in T) put in the money box on her first, second, third,
fourth . . . birthday were regpectively 100, 150, 200, 250, . . _till her 215t birthday. To
find the total amount in the money box on her 215t birthday, we will have to write each
ol the 21 numbers in the list above and then add them up. Don’t you think it would be
a tedious and rime consuming process? Can we make the process shorter? This would
be possible if we can find a method for getting this sum. Let us see.

We consider the problem given to Gauss (about whom you read in
Chapter 1), to solve when he was just 10 years old. He was asked to find the sum of
the positive integers from 1 to 100, He immediately replied that the sum is 5050, Can
you guess how did he do? He wrote ;

S=14+2434...499%+ (00
And then, reversed the numbers to write

S=100+99 +. . +3+2+1
Adding these two, he got

2S= (100 + 1)+ (99 +2)+. ..+ (3 +98) + (2 + 99 + (1 + 100)
101+ 101 + ...+ (0L + 101 (100 times)

100 =101
So, S = + =5050, je., the sum = 5050.
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We will now use the same technigue to find the sum of the first a1 terms of an AP :
a,d+d, ag+2d, ...

The nth term of this APisa+ {n — 1)1 d. Let § denote the sum of the first » terms
ol the AP, We have

S=a+la+d)+la+2d)+...+[a+(n-1)d] )
Rewriling the terms in reverse order, we have
S=la+n-Ddl+[a+n-2)d]+... +{a+d)+a {2)

On adding (1) and (2), term-wise. we get
.lE‘H m—d]+[2a+ n-Dd]l+ ...+ [2a+(n—Dd] +[2a+ (n - I}d!

i times

25

o, 2S=n2a+mn-114d] {Since, there are n lerms)

o, S= % [2a + (n - 1) d]
So, the sum of the first # terms of an AP is given by
Sz%[h-l-[nu‘l}dj
We can also write this as 8= ";"[d+ﬂ+{ﬂ—l}d|
n
ie,; 8= *z' la+a) (3

Now, if there are only » terms in an AP, then a = f, the last term.
From (3), we see that

S=_la+l) (4)

b | =

This form of the result is useful when the first and the last terms of an AP are
given and the common difference 1s not given.

Now we return to the question that was posed to us in the beginning. The amount
of money (in Rs) in the money box of Shakila’s daughter on 1st, 2nd, 3rd, 4th birthday,
... Were 100, 150, 200, 250, . . ., respectively.

This is an AP. We hive 10 find the (otal money collected on her 215t birthday, i.c.,
the swin of the first 21 terms of this AP,
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Here, a = 100, d=50 and »=21. Using the formula ;

§e %[23+{n- b,

we have §= ¥[2x1m+[21—1}x5n] :%l[mnmu]
= 21200 =12600

50, the amount of money collected on her 21stbirthday is 3 12600,
Hasn't the use of the formula made it much easier 1o solve the problem?

We also use 5, in place of S 1o denote the sum of first n terms of the AP. We
write S, to denote the sum of the first 20 terms of an AP, The formula for the surn of
the first n terms involves four quantities S, a, o and n. If we know any three of them,
we can find the fourth.

Remark : The nth term of an AP is the difference of the sum to first n terms and the
sum to first (n — 1) terms of it, ie.,a =S5 _-§ .

Let us consider some examples.

Example 11 : Find the sum of the first 22 terms of the AP : 8,3, -2, ...
Solution : Hete, a=8, d=3-8=-3, n=22.
We know that

S = g[ia+[n—]}d]

2. )
Therefore, § = 5 [16+21(-9] = 11(16 - 105) = 11(-89) =~ 979

So, the sum of the first 22 terms of the AP is — 974,

Example 12 ; T the sum of the first 14 teems of an AP is 1050 and its first term is 10,
find the 20th term.

Solution : Here, § , = 1050, n =14, a = 10.

As S = %[Za +(n=d],

14
s0, 1050= —[20+134] = 140 + 914
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i.e., 910= 91d
or, d= 10
Therefore, a,, = 10+ (20— 1) x 10 =200, i.e. 20th term is 200.

Example 13 : How many terms of the AP : 24, 21, 18, . . . must be taken so that their
sum is 787

Solution : Here, a =24, d=21 - 24 =-3, § =78. We need to find .

We know that 8 = %[Za +(n—1)d]
it it
So, 78= 5[43+(n ~D(-3)] = E[51 ~3n]
or I —Sln+156=0
or n—-1Tn4+52=10
ar (n—4n-13)=0
or =4 or 13

Both values of n are admissible. So, the number of terms is either 4 or 13
Remarks:

1. In this case, the sum of the first 4 terms = the sum of the first 13 terms = 78,

2. Two answers are possible because the sum of the terms from 5th to 13th will be
zero. This is because a is positive and o is negative, so that some terms will be
positive and some others negative, and will cancel out each other.

Example 14 : Find the sum of :
(i) the first 1000 positive integers (i1} the first n positive integers
Solution :

(i) LetS=1+2+3+...+ 1000

i
Using the formula § = EL-‘H-I} for the sum of the first # terms of an AF, we

have

1000
. = (1+ 1000} =500 x 1001 = 500500

i)
So, the sum of the first 1000 positive integers is S00500.
(i) Let S =1+24+3+...4+n

Here o = 1 and the last term ! is n.
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Therefore, S, = nﬂ;— 2 or § = n{n;]j

S0, the sum of first # positive integers is given by

ain +1

g 2D

o 2

Example 15 : Find the sum of first 24 terms of the list of numbers whose nth term is
given by

a =3+1n
Solution :
As a, = 3+2n,
s0, a=3+2=5

ai=3+2:<2="f
:1]:3+1x3:9

Lizi of numbers becomes 5,7, 2. 11, ...

Iere, T—5=9-7=11-9=2and 5o on.
S0, it forms an AP with common difference d = 2.

Tofind §,, we have n=24, a=35, d=21

24 2
Therefore, Su=73 [2x5+24-Dx2] = 12[10+ 46] = 672

So, sum of first 24 terms of the list of numbers 12 672.

Example 16 : A manufacturer of TV sets produced 600 sets in the third vear and 700
sets in the seventh year. Assuming that the production increases uniformly by a fixed
number every year, find :

{1} the production in the 1st year {ii) the pmductinn in the 10th vear
{iii) the total production in first 7 years

Selution : (i) Since the producrion increases uniformly by a fixed number every year,
the number of TV sets manufactured in 1st, 2nd, 3rd, . . ., years will form an AP.

Let us denote the number of TV sets manufactured in the nth year by a .
Then, a, = 600 and a, =700
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or, a + 2d = 600

and da + 6d = 700

Solving these equations, we get d=25 and a=350.

Theretfore, production of TV sets in the first year is 550.

{ii} Now a,=a+9%=550+9x25=T75
So, production of TV sets in the | Uth year is 775.

.
iii) Also, S = E[Zx 550+ (7 —1) x 2]

¥

- % [1100 + 150] = 4375

Thus, the total production of TV sets in first 7 years is 4375,

EXERCISE 5.3
1. Find the sum of the following APs:

@ 2.7, 12, . .., to 10 terms. () —=37,=33, =29, ... 1o |2 terms.
; ' ; 1 1 1

0.6, 1.7, 2.8, ... t0 10 terms. W) ==y =—s = 10 11 terms,
G ) 15 12 10

2, Find the sums given below
{i)'?+l|:l‘%+l4+...+54 (i) 34-+32+30+. .+ 10

(i) =5 + (=8} + (=111 + ...+ (~-230)
3 InanAP:

{i) givena=35.d=3.a =50.findnand § .
(i) givena="7,a,,=135. ind dand § .

{ii) givena =37, d=3.findaand S .

(iv) givena,= 15,5 =125.findd anda .
(v) givend=3,5,=T75, findaanda,

{vi) givena=2, d=8, 5 =90, findaanda_
{1} givena:E,an':ﬁZ, S"=21U, find mand 4.

{viii) givena =4,d=2, 5 =-14.findnanda.
() giveng=3,n=88=192 findd
{x) given! =28, 5= 144, and there are total 9 terms. Find a.
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4.
5.

ﬁl

How many terms of the AP 9, 17,25, . .. must be taken to give a sum of 6367
The first term of an AP s 3, the last term i% 45 and the sum s £00. Find the number of lerms
and the common difference.

The tiest and the last terms of an AP are 1T and 350 respectively, If the commeon difference
ig 9. how many terms are there and what is their sum?

7. Find the sum of first 22 terms of an AP im which d = 7 and 22nd term is 149,
8. Find the sum of fisst 51 termis of an AP whose second and third terms are 14 and 18

10,

16.

17.

18,

respectively.
If the sum ol first 7 terms of an AP 15 49 and that of |7 terms is 289, [nd the sum ol
first i tevms.
Show thata,, 4,, - . . 4, . .. form an AP where ¢_is defined a5 below :
{0 a,=3+4n (i) @,=9—3n
Also find the sum ol the first 15 terms in cach case.
If the sum of the first # terms of an AP is 4n — n®, what is the first term (that is §,)? What

i5 the sum of first two terms? Whar is the second rerm? Simdlacly, find the 3rd, the 10th and
the nth terms.

Find the sum of the Tirst 40 pogilive integers divisible by 6.
Find the sum of the first 15 multiples of 8.
Find the sum ol the odd numbess between 0 and 30.

A contract on construction job specifies a penalty for delay of completion beyond 2
certain date as follows: T 200 for the first day, T 250 for the secand day, T 300 for the third
day, etc.. the penalty for each succeeding day heing T 30 more than for the preceding day.
How much money the contracior has to pay as penalty, if he has delayed the work by 30
days?

A sum of ¥ 700 15 to be used 1o give seven cash prizes fo students of a school for their
overall academic performance. If each prize is ¥ 20 lese than ite preceding prize, find the
value of each of the prizes.

In a school, stdeats thought of planting trees in and around the school to reduce air
pollution. It was decided that the number of trees, that each section of each class will
plant, will be the same as the class, in which they are studying. e.g., a section of Class |
will plant | tree, a section of Class IT will plant 2 trees and so on till Class XTI. There are
three sections of each class. How many reez will be planted by the siudents?

A spiral is made up of successive semicircles. with centres alternately at A and B,
starting with centre at A, of radii 0.5 cm, 1.0 cm, 1.5 cm, 2.0 cm, . .. as shown in
Fig. 3.4. What s the total length of such a spiral made up of thirteen consecutive

e 22
semigircles? (Take m= ?}
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I
Fig, 54
[Hint : Length of successive semicirgles is Il, !:, F}, I4r ... withcentresat A, B, A.B, ..,
respectively.]

19, 200 logs are stacked m the following manner: 20 logs in the botom row, 19 in the nextrow,

18 in the row next to it and 50 on (see Fig. 5.3). In how many rows are the 200 logs placed
anel how many logs are in the top row!

20. Inapotato race, a bucket is placed at the starting point, which is 5 m from the first potato,

and the other potatoss are placed 3 m apant in a sizaight line. There are ten potatoes in the
line {see Fig. 5.6).

F i =

A B
~ N o M .Y . N - MY S i A i
Im im Im . . . .

Fig. 5.6

A competitor siarts from the bucket, picks up the nearest potaro, runs back with it, drops
it in the bucket, runs back to pick up the next potato, runs 1o the bucket 1o drop it in, and
she continues in the game way vndil all the potatoes are in the bucket. What is the votal
distance the competitor hag o run?

|Hint : To pick up the Grst polaio and the seqond potato, the tutal distance {in metres)
run by a comapetitoris 2 x 5 + 22 (5 +3)]
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EXERCISE 5.4 (Optional)*

Which term of the AP 121, 117, 113,...,18
its first negative term?
[Hint:Findnfora, <0 = jee—g----- 4"

The sum of the third and the seventh terms
of an AP is 6 and their product is 8. Find
the sum of [irdl gixteen lerms of the AP

A ladder has rungs 25 cm apart,
{see¢ Fig. 5.7). The rungs decrease 1
uniformly in length from 45 cm at the 2
bottom to 25 cm ar the top. If the top and

1
the bettom rungs are 2Em:rpﬂ.rt. what is serfaseng
the length of the wood required for the I Eiﬂﬂ]
ungs? s
[Hint : Number of nungs = % +1] Fig. 5.7

The houses of a tow are numbered consecutively from 11049, Show that there is a value
of x such thal the sum of the numbers of the houges preceding the house numbered x i3
equal 1o the sum of the numbers of the houses following it. Find this value of x.

[Hint:S, =§,-5]
A small terrace at a foothall ground comprises of 15 steps each of which is 30 m long and
builk of solid congrete.

1 1
Each step has arise of e and a tzead of 5 m. (see Fig. 5.8). Calcanlate the total volums
of concrete required to build the terrace,

1. 1
[Hint : Volume of concrete required to build the first step = 2 * 3 x50 m

Fig. 5.8

* These execcizes are nol from the examination point of view,
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55 Summary
In this chapter, you have studied the following points :

1. Anarithmetic progression (AP) iz a list of numbers in which each term is obtained by
adding a fixed number J o the preceding term, excepl the firat term. The fixed number o
ig called the eommon difference.

The general form ofan APisa, a+4d, a+ 24, a+3d,. ..

2. A given list of numbers a,, a,, ,, .

.. i& an AP, if the differences a, — a, a, - a
a,— @, .. ., give the same value, ie., if a,

o= 18 the same for different valoes of &

3. Inan AP with first term @ and commeon ditference o, the ath term {or the general term) is
givenby a,=a+(n-1)d

4. The sum of the first s terms of an AP is given by :

§= %[2& +(n - 1yd]

5. If /is the last term of the linite AP, 2ay the ath term, then the sum of all lerms of the AP
is given by :

n
= —fa+l
li )

A NoTE 10 THE READER

a
If g, b, c are in AP, then b = and b is called the arithmetic

mean of a and ¢




TRIANGLES

6.1 Introduction

You are familiar with triangles and many of their properties from your earlier classes.
In Class 1X, you have studied congruence of triangles in detail. Recall that two figures
are said to he congruent, if they have the same shape and the same size. In this
chapter, we shall study about those figures which have the same shape but not necessarily
the same size. Two figures having the same shape (and not necessarily the same size)
are called similar figures. In particular, we shall discuss the similarity of triangles and
apply this knowledge in giving a simple proof of Pythagoras Theorem learnt earlier.

Can you guess how heights of mountains (say Mount Everest) or distances of
some long distant objects {(say moon) have been found out? Do you think these have

WaH WaH
Soon T will

height of the
mauntain,
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heen measured directly with the help of a measuring tape! In tact, all these heights
and distances have been found out using the idea of indirect measurements, which is
based on the principle of similarity of figures (see Example 7, (3.15 of Exercise 6.3

and also Chapters 8 and 9 of this book).

6.2 Similar Figures

In Class IX, you have seen that all circles with the same radii are congruent, all
squares with the same side lengths are congruent and all equilateral triangles with the

same side lengths are congruent,

MNow consider any two (or more)
vircles [see Fig. 6.1 (i})]. Are they
congruent? Since all of them do not
have the same radins, they are not
congruent to each other. Note that
summe are congruent and some are not,
but all of them have the same shape.
So they all are, what we call, similar.
Two similar figures have the same
shape but not necessarily the same
size. Theretore, all circles are simular,
What about two (or mare) squares or
two (or more) equilateral triangles
[see Fig. 6.1 (i) and (i)} As ohserved
in the case of circles, here also all
squares are similar and all equilateral
triangles are similar,

From the above, we can say
that all congruent figures are
stinilar but the similar figures need
not be congriuent.

Can a circle and a sguare be
similar? Can & triangle and a square
be similur? These guestions can be
answered by just looking at the
figures (see Fig. 6.1). Evidently
these figures are not similar. (Why?)

Qoc

(1)

.

(i)
(iii)
Fig. 6.1
P 5

B
c Q :



What can you say about the two guadrilaterals ABCD and PQRS
(see Fig 6.2)7Are they similar? These figures appear to be similar but we cannot be
certain about it Therefore, we must have some definiiion of similarity of figures and
based on this definition some rules to decide whether the two given figures are similar
or not, For this, let us look at the phutographs givun in Fig. 6.3

Fig, 6.3

You will at once say that they are the photographs of the same monument
(Taj Mahal) but are in different sizes. Would yon say that the three photographs are
similar? Yes they are,

What can you say about the two photographs of the same size of the same
persun one at the age of 10 years and the other at the age of 40 years? Are these
photographs similar?! These photographs are ol the same size but certainly they are
not of the same shape. So, they are not similar.

What does the photographer do when she prints photographs of different sizes
from the same negative? You must have heard about the stamp sive, passport size and
pusteard size photographs. She generally takes a photograph on a small size [ilm, say
of 35mm size and then enlarges itinto a bigger size, say 45mm (or S5mm). Thus, if we
consider any line segment in the smaller photograph (higure), its corresponding line

f

segment in the bigger photograph (figure) will be % :k or q:] of that of the line segment.
This really means that every line segment of the smaller photograph is enlarged
{increased) tn dhe ratio 35:45 (or 35:535). 1t can also be said that every line segment
of the bigger photograph is reduced (decreased) in the ratio 45:35 (or 55:35). Further,
if you consider inclinations (or angles) between any pair of corresponding line segments
in the two photographs of different sizes, you shall see that these inclinations(or angles)
are always equal. This is the essence of the similarity of two figures and in particular
of two polyzons. We say that:

Two polvgons of the same number of sides arve similar, if (i) their

carresponding angles arve equal and (i) their corvesponding sides are in the
sante ratic {or praporiion),
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Mote that the same ratio of the corresponding sides is referred to as the scale
factar (or the Representarive Fraction) for the polygons. You must have heard that
world maps (e, global maps) and blue prints for the construction of a building are
prepared using a suitable scale factor and observing certain conventions,

In order to understand similarity of figures more clearly, let us perform the following
activity!
Activity 1 : Place a lighted bulb at a 0
point C on the ceiling and directly below
it a table in your classroom. Let us cut a
pulygon, say a yuadrilateral ABCD, from
a plane cardboard and place this
cardboard parallel 1o the ground between
the lighted bulb and the table. Then a
shadow of ABCD is cast on the 1able,
Mark the outline of this shadow as
A'B'C'D’ (see Fig6.4).

Note that the gquadrilateral A'B'C'D" s
an enlargement {or magnibication) of the
quadrilateral ABCD. This is because of
the property of light that light propogates
in a straight ling. You may also nate that
A’ lies on ray DA, B lies on ray OB, C
lies on OC and D lies on OD. Thus, guadrilaterals ABCD and ABCD are of the
same shape but of different sizes.

Fig. 6.4

So, quadrilateral A'B'C'D” is similiar o guadrilateral ABCD. We can also say
that quadrilateral ABCD is similar to the quadrilateral A"R'C'D’,

Here, you can also note that vertex Al carresponds o vertex A, verlex B’
corresponds to vertex B, vertex C' corresponds to vertex C and vertex D’ corresponds
to vertex 1), Symholically, these correspondences are represented as A’ <3 A, B < B,
C' e Coand B < D By actually measuring the angles and the sides of the two
guadrilaterals, you may verify that

(£A=ZA £B=4B . £C=£LC. £D=£ D and

_ BC D DA
AR BC D DA

This again emphasises that o polvgons of the same number of sides are
stimilar, if () all the corresponding angles are egual and () all the corresponding
sides are in the smme ratio {or proportion).

(ii)
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From the above, you can easily say that guadrilaterals ABCD and PQRS of
Fig 6.5 are similar,

Fig. 6.5

Hemuark @ You can verify that if one polygon is similar to another polygon and this
second polygon is similar tooa third polygon, then the first palygon is similar to the third
pulyzon,

You may note that in the two guadrilaterals (a square and a rectangle) of
Fig. 6.6, corresponding angles are equal, but their corresponding sides are not in the
same ralio,

n Iem C g is5cm R
] L L
Jem Jeom Jem Iem

= __
P -
2 Jem a2 15em Q
Fig. (.6

Suo, the two yuadrilaterals are not sunilar. Similarly, you may note that inthe two
quadrilaterals {(a square and a rhombus) of Fig, 6.7, corresponding sides are in the
same ratio, hut their corresponding angles are not equal, Again, the two polygons
{yuadrilaterals) are not similar,
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D 21 em C
2.1 cm 2.1 cm
A 2.1 em B

Fig. 6.7

Thus, either of the above two conditions (i) and (i) of similarity af twe
polygons s not sufficient for them to be similar,

EXERCISE 6.1

L. Fill in the blanks using the correct word given in brackets

]
i}
(i)
tiv)

All circles are — . {congruent, similar)
All EISTLHT T C— (=imilar, CumErieni )
Al trigngles are similer, (isosceles, equilateral )

Two polygons of the same number of sides are similar, if (a) their corresponding
angles are —__ and (h) their corresponding sides are —_ {equal.
proportional )

2. Give two different examples of pair of

(i)

sirnilar ligures, (i) non-similar figures,

3. State whether the following quadrilaterals are similar or not:

3 Yem C
I_I. B
5 15em R 3 cm 3 em
1.5cm
f\_| l_B
Jcm

Fig. 6.8
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6.3 Similarity of Triangles
Whiat can you say about the similarity of two triangles!

You may recall that triangle is also a polygon. So, we can state the same conditions
for the similarity of two triangles. That is:

Two tricngles are similiarn if
(i) their corresponding angles are equal and

(if} their corresponding sides are in the same ratio (or proportion).

Mate that if corresponding angles of two
triangles are equal, then they are known as
eguiangular  triangles. A famous Greek
mathematician Thales gave an important truth relating
to two equiangular triangles which is as follows:

The ratio of any two corresponding sides in
fwo eguiangular fricngles iv alwavs the same.

It is believed that he had used a result called

the Basic Proportionality Theorem {now known as
the Thaley Theorem) for the same.

Thales
(a4l — 5S40 B.C.)

To understand the Basic Proportionality
Theorem, let us perform the following activity:
Letivity 2 @ Draw any angle XAY and on its one
arm AX. mark points (say five points) P, ), D, R and
B such that AP = P() = QD = DR = RB.

Mow, through B, draw any line intersecting arm
AY al C (see Fig. 6.9),

Also, through the point D, draw a line parallel
tw BC w intersect AC at E. Do you observe from

ronsiructi I:I'LlE E'J‘['lu'[ sure AE and
your constructions tha DE 2. easure AE an

AE 3
EC. What about ? Observe that — is also equal to 5 Thus, you can see that

EC EC
AD  AE
DB EC
theorem (known as the Basic Proportionality Theorem):

in A ABC, DE || BC and s it o coincidence? No, it is due 1o the following
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Theorem 6.1 : If a line is drawn parallel to one side of a triangle o intersect the
pther hwo sidey in distinct points, the other two sidey are divided in the same
rafio.

Prool : We are given a triangle ABC in which a line
parallel o side BC intersects other two sides AB and
AC at D and E respectively (see Fig. 6.10).

W A5 VB il e = e
e need to prove tha DE _ EC"
Let us join BE and CD and then draw DM L AC and
EN 1 AB. Fig, 6.10

I i
Mow, area of A ADE (= = base = height) = 5 AD x EN.

Recall from Class 1X, that area of A ADE is denoted as arl ADE).

1
S, arfADE) = o Al = EN
[
Similarly, ariBDE) = 5 DB x EN,
1 1
arfADE) = E AE = DM and ar{DEC) = E EC = DM.
' I AD x EN
heret ar(ADE) 52V *ER  Ap 0
ik ar(BDE) ~ 1 o oy DB {
2
lﬁE DM
i ar(ADE) - A _AE 5
an arDEC) ~ 1 pe oy EC )
2

Mote that A BDE and DEC are on the same base DE and between the same parallels
BC and DE.

S, ariBDE) = ar(DEC) (3)



Pkl amieil ks &l

Therefore, from (1), .(2) and (3). we have :

AD AE
DB~ EC

Is the converse of this theorem also true (For the meaning of converse, see
Appendix 1)? To examine this. let us perform the following activity:

Activity 3 : Draw an angle XAY on your
notebook and on ray AX, mark points B, B,
B, B and B such that AB = BB, =BER =
BB, =HBB

Similarly, on ray AY, mark points
C.C, C.C, and C such that AC =CC, =
CC, =CC, =CC Then join BC and BC
(see Fig. 6.11).

Fig. 6.11

hB AC |
MNote that B B = f (-. (Each eqyual to Z |

You can also see that lines B C and BC are parallel to each other, ie.,
B.C | BC (1)
Similarly, by joining B.C_. B.C, and B,C . you can see that

AR, AL[‘ 2]

= d BC, || BC (2
AB, AC, (_3) o
BB~ CC 1) and B,C, || BC (3)
AB, _ AC, —EJ d BC | BC 4
BB - cc | 1) BN )

From (1), (2), (3) and (4], it can be observed that if a line divides two sides of a
triangle in the same ratio, then the line is parallel to the third side.

You can repeat this activity by drawing any angle X AY of different measure and
taking any number of equal parts on arms AX and AY © Bach time, you will arrive at
the same result. Thus, we obtain the following theorem, which is the converse of
Theorem 6.1;



g % EYTTTRTRARTRE

Thevrem 6.2 : If a line divides any twer sides of a
friangle in the same ratio, then the line is parallel
e the thivd xide.

This theorem can be proved by taking a line DE such

AD  AE

that DB = B and assuming that DE is not parallel

to BC (see Fig. 6.12),
If DE is not parallel to BC. draw a line DE’

parallel to BC. Fig. 6.12
AD AE _

3 ps =~ gc V)
AE  AE

Therefore, E = E (Why )

Adding I to both sides of above, vou can see that E and E” must coincide.
(Why 7)

Let us take some examples to illustrate the use of the above theorems,

Example 1: If aline intersects sides AB and AC of a A ABC at D and E respectively

. AD  AE .
and is parallel to BC, prove that — = — (see Fig. 6.13).

AB  AC

Saolution : DE | BC (Given)
S AD _ AE Theotem 6.1
TN DB - EC {Theorem 6.1)

DB EC

0, v e

AD AE

DB EC

(i, —+1=—4+1

' AD AE

AB _ AC

”r‘ AD ~ AE

AD  AE

So, Sy

AB AC Fieg. 6.13
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FExample 2 ; ABCD is a trapezium with AB || DC. E A B
and F are points on non-parallel sides AD and BC / \
respectively such that EF is parallel to AB E F

Fig. 6.14). Show th 'ﬁtF__HF
(see Fig. 6.14). Show that 55 e

D C

Salulion : Let us join AC to intersect EF at G h
(see Fig. 6.15). Fig. 6.14

AB || DC and EF || AB  (Given)

So, EF|[DC  (Lines parallel to the same line are
parallel to each other)

MNow, in A ADC.
EG| DC (As EF || DO)

it - E i(Th Bl 1]
8 ED - GC eorem 6.1} (1) i
Similarly, from A CAB,
G CF Fig. 6.15
AG  BF
‘ AG  BF .
- GC -~ FC p )
Theretore, from (1) and (2),
AE  BF
ED  FC
Ps PT d 3 T
Example 3 : In Fig. 6.16, 55 = . ST =
xampl In Fig. 6.16 SQ T TR and £ PST
£ PRO). Prave that POR is an isosceles triangle. 0 i
PSPT =
: - - i ol Fig. 6.16
Solution : It is given that SO TR
Su, ST || QR {Theurem 6.2)

Therefore, £ PST=2POQR (Corresponding angles) (1)
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Also, itis given that

ZPST = £ PRQ (2)
So, Z PRQ = £ PQR |From (1) and (2)]
Therefore, P} = PR {Sides opposite the equal angles)

ie,  POR is an isosceles triangle,

1

EXERCISE 6.2

1. Fig 6.17,(ijand (ii). DE | BC, Find EC in (i) and AD in (ii}.

Fig. 6,17

H
2. E and F are points on the sides P} and PR /M(\
respectively of a A PQR. For each of the following A L C

cases, state whether EF || QR \M

(i) PE=39cm EQ=3cm. PF=36cmand FE =24 cm [§]
(i} PE=4cm, QE=45cm, FF=8cmand RF =9cm Fig. 6.18
(i} PO=1.28cm, PR =256 cm, PE=0.18 cim and PF =136 cin

3. InFig. 6.18,if LM || CB and LN | CD, prave that

A
AM AN
AB  AD ]
4. In Fig. 6.1%, NE [| AC and DF || AE, Prove thal
BF BE . 3
- B F E C

FE EC
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5. In Fig. 6.20, DE || OQ and DF || OR, Show that

P
EF| QR, ‘k
. InFig. 6.21, A B and C are points on OF, 00 and Ei=— 1 —~—M\F

OR respectively such that AB || POQ and AC || PR. /
Show that BC | QR. 0

7. Using Theorem 6,1, prove that a line drawn through
the mid-point of one side of a iriengle parallel o
anather side bisects the third side. (Recall that you Fig. 6.20
have proved it in Class 1),

8. Using Theorem 6.2, prove that the line joining the
mid points of any two sides of a miangle is parallel
to the third side. (Recall that you have done it in
Class IX).

Y. ABCD is a trapesium in which AB || DC and its A
dingonals interseet each other at the point O, Show Q
A0 _co

that —— =

” "

RO DO i ]

T The disgonals of a guadrilateral ABCD intersect each other ot the point O such that
A0 _co
B0 D0

© Show that ABCD is a trapezium.

6.4 Criteria for Similarity of Triangles
In the previous section, we stated that two triangles are similar, if (1) their corresponding
angles are equal and (ii} their corresponding sides are in the same ratio (or proportion),
That 15, in A ABC and A DEF, 1if
[ £A=2D LB=LE £LC=£Fand

.. AB  BC CA - o cmilar (see Fig. 6.22
(n) DE = EE = FD then the two triangles are sinilar (see Fig, 6.22),
A
D
B C E ¥

Fig. 6.22
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Here. you can see that A corresponds to D, B corresponds to E and C
corresponds to B Symbaolically, we write the similarity of these two triangles as
"AABC - A DEF and read it as “triangle ABC is similar to triangle DEF". The
symbol "~ stands for ‘is similar to”. Recall that you have used the symbol ‘=" for
“is congruent to” in Class 1X,

It must be noted that as done in the case of congruency of two triangles, the
similarity of two triangles should also be expressed symbolically, using correct
correspondence of their vertices. For example, for the triangles ABC and DEF of
Fig. 6.22, we cannot write A ABC ~ A EDF or A ABC - A FED. However, we
can write A BAC ~ A EDF. ' ' '

Mow a natural question arises : For checking the similarity of two triangles, say
ABC and DEF, should we always look for all the equality relations of their corresponding
angles (ZA=2D, 2B =2E, 2 C= £ F)and all the equality relations of the ratios

- . (AB BC CA)
of their corresponding sides \DE  EF FDJ

in Class TX, you have oblained some eriteria for congruency ol two tnangles imvolving
only three pairs of corresponding parts (or elements) of the two triangles. Here also,
let us make an attempt to arrive at certain criteria for similarity of two triangles involving
relationship between less number of pairs of corresponding parts of the twao triangles,
instead of all the six pairs of corresponding parts. For this, let us perform the following
activity:;

! Let us examine. You may recall that

Activity 4 ¢ Draw two line segments BC and EF of two different lengths, say 3 cm
and 5 ¢m respectively, Then, at the points B and C respectively, construct angles PRC
and QUH of some measures, say, 607 and 407, Also, at the points E and F, construct

angles REF and SFE of 607 and 40° respectively (see Fig. 6.23).

W\ p

5cm

Fig. 6.23



Let rays BP and CQ intersect each other at A and rays ER and FS intersect each
ather at D. In the two triangles ABC and DEF, you can see that
LB=ZLE Z2C=AFand £ A= 21 That is, corresponding angles of these two
triangles are egual. What can you say about their corresponding sides 7 Mote that
BC 3 AR A

=Z'=0.6 Whals e il —— - OAand F
EF 5 ' What about DE and ol On measuring AB, DE, CA and FD. you

- AB CA i .
will find that e an T e also equal to 0.6 (or nearly equal to 0.6, if there is some

_ i . AB _BC CA o
error in the measurement). Thus, DE_ EE_ED You can repeat this activity by
constructing several pairs of triangles having their corresponding angles equal. Every
time, you will find that their corresponding sides are in the same ratio {or proportion).
This activity leads us to the following criterion For similarity of two triangles.

Theorem 6.3 @ I in two triangles, corresponding anglex are equal, then their
corresponding sides are in the same ratio (or proportion) and Tence the two

friangles are similar, 0
This criterion is referred to as the AAA
{Angle—-Angle-Angle) criterion of A
similanity of twa triangles, \
This theorem can be proved by taking two = Rk Q
triangles ABC and DEF such that 4 "
ZA=£D,LB=ZEandZC=«F B & %
{(see Fig. 6.24) Fio. 6.24
Cut DP = AB and DQ = AC and join P(),
S0, AABC = A DPQ) (Why )
This gives ZB=LP =ZE and PQ || EF (How?)
Therefor E = .DU Why?]
erefore, PE = OF (Why!)

. AB _ AC e
e DE = DF e
.. AB_BC  AB_BC_AC

imilarly, DE = EF and s DE EE DE-

Remark o If two angles of a triangle are respectively equal to two angles of another
triangle, then by the angle sum property of a triangle their third angles will also he
equal. U'herefure, AAA similarity criterion can also be stated as follows:
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ff two angles of one triangle are respectively equal to two angles of another
friangle, then the tweo rriangles ave simifar

This may be referred to as the AA similarity criterion for two triangles,

Yiru have seen above that if the three angles of one tnangle are respectively
equal to the three angles of another triangle, then their corresponding sides are
proportional (i.e., in the same ratio). What about the converse of this statement? Is the
converse true? In other words, if the sides of a triangle are respectively proportional to
the sides of another triangle, is it true that their corresponding angles are equal? Let us
examine it through an activity

Activity 5 @ Draw two triangles ABC and DEF such that AB = 3 ¢m, BC = 6 cm,
CA=8cm, DE=45cm, EF =9 cm and FD = 12 ¢m (see Fig, 6.25).

I
A
N 45 em 12 cm
Jem ™
B C E \\ F
fi v 9 em

Fig. 6.25

AB BC CA : | 2

Ab _BL LA coid

DE EF FD [eac eyual to 3]

Mow measure £ A, 2B, £ C, 2D, £ E and £ F You will observe that
LZA=2D ZB=LEand £ C=2F ie, the corresponding angles of the two
triangles are equal:

So, you have ;

You can repeat this activity by drawing several such triangles (having their sides
in the same ratia). Everylime you shall see that their carrespanding angles are equal.
It is due to the following criterion of similarity of two triangles:

Theorem 6.4 @ ff in two iriangles, sides of one triangle are proportional o
(i.e., in the same ratio of ) the sides of the other triangle, then their caorvesponding
angles are egual and lheace the two tricngles are similiar

This criterion is referred to as the 555 (Side-Side—Side ) similarity criterion for
fwo triangles.

This theorem cun be proved by taking two triangles ABC and DEF such that
AB BC CA

DE = EF ~ pp (< 1) (see Fig. 6.26)
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Fip. 6.26

Cut DP = AB and DQ = AC and join PQ.

It can be seen that L d PQ | EF (How?)
£an pe seéh d PE - QF an ! W L

So. ZP=ZE and ZQ=ZF

Theref bp DQ PQ
1erefore, DE = DF = EF

% DP  DQ BC o

S0, DE ~ DF  EF ¥7)

So, BC = PQ (Why?)

Thus, A ABC =z A DPQ (Why )

Su, LA=D 2 B=2E and ZC=-2F (How1?)

Hemark : You may recall that either of the two conditions namely. (i) corresponding
angles are equal and (ii) corresponding sides are in the same ratio is not sufficient for
two polygons to be similar. However, on the basis of Theaorems 6.3 and 6.4, you can
now say thatin case of similarity of the two triangles, itis not necessary to check both
the conditions as one condition implies the other,

Let us now recall the various criteria for congruency of two triangles learnt in
Class IX. You may observe that 888 similarity criterion can be compared with the SSS
congruency criterion. Phis suggests us o look for a similarity criterion comparable to
SAS congruency criterion of triangles. For this, let us perform an activity,

Activity 6 @ Draw two triangles ABC and DEF such that AR =2 cm, & A = 507,
AC=dcm, DE=3cm, £ D =350" and DF = 6 cm (see Fig 6.27).
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D
A
si°
si° 4 cm i cm
2 emi Jem
B [ ¥ F
Fig. 6.27
H h h i 5. h | .2 d 2 A (included
5 . s = that P H . Al t & . -
ere, you may ohserve tha DE DE (each equal to 3 } an (mclude

between the sides AR and AC) = .2 D (included between the sides DDE and DF). That
is, one angle of a triangle is equal to one angle of anather triangle and sides including
these angles are in the same ratio {i.e., proportion). Mow let us measure £ B, £ C,
ZEand £ F

Youwill find that £ B=«< Eand £ C=ZF Thatis, ZA=2D, £ B=<ZEand
£ C =2 F So, by AAA similarity eriterion, A ABC - A DEF. You may repeat this
activity by drawing several pairs of such triangles with one angle of a triangle equal to
one angle of another triangle and the sides including these angles are proportional.
Everytime, you will find that the triangles are similar. It is due to the following criterion
of similarity of triangles:

Theorem 6.5 : If one angle of a riangle (v equal ta one angle af the other
triangle and the sides including theye angley are proportional, then the two
trianeles are siniifar

This criterion is referred (o as
the SAS (Side-Angle-Side)
similarity criterion for two
triangles.

As hefore, this theorem can
be proved by taking two triangles
ABC and DEF such that

Y e i sty B c
DE  DF CME LA

(see Fig. 6.28). Cut DP = AB, DO Fig. 6.28
= AC and join P().




|_||

Mow, PQ || EF and A ABC = A DPQ) (How 7)
Su, LA=LD LB=LPand LC=210)
Theretore, AABC ~ A DEF {(Why?T)

We now take some examples to illustrate the use of these criteria.

Example 4 : In Fig. 6.29, if PQ || RS. prove that A POQ ~ A SOR.

R
I.I
0
Q 5
Fig. 6.29
Solution ; P | RS {Giiven)
So, LP=25 {Alternate angles)
and ZQ=ZR
Also, L POD = £ 50R {Vertically opposite angles)
Therefore, APOD - A SOR {AAA similarity criterion)

Example 5 : Observe Fig. 6.30 and then find £ P.

Fig. 6.30

Solution : In A ABC and A POQR.
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AB_ BC CA

That is,

RQ QP PR
So, AABC - A RQP {555 similarity )
Therefore, LE=LP (Corresponding angles of similar triangles)
But LOC=180F-2ZLA- LB {Angle sum property)

= 80" — 80" — 60" = 40°
S0, £ P =40
Example 6 : Tn Fig. 6.31,
OA ,OB=0C, OD,
Showthat ZA=Cand £B=2D
Solution :  OA OB =0C , D (Given)

So, Eg - EE () Fig. 6.31 R
Also, we have L AOD = 2 COB  (Vertically opposite angles) (2)
Theretore, from (1) and (2), A ADD - ACOB  (SAS similarity criterion)

50, ZA=SCand £ D=8

{Corresponding angles of similar triangles)

Example 7 : A girl of height 20 c¢m is
wilking away from the base of a
lamp-post at a speed of 1.2 m/s. If the lamp
is 3.6 m ahove the ground, find the length
of her shadow alter 4 seconds,

Sulution : Let AB denute the lamp-post
and C'D the girl after walking for 4 seconds
away from the lamp-post (see Fig. 6.32).

From the higure, you can see that DE is the
shadow of the girl, Lel DE be x metres.

Fig. 6.32



PR iantii ks Q3

Mow, BD=12mx=x4 =48 m.
Note that in A ABE and A CDE,
L B=2D  (Each is of 907 hecause lamp-post

as well as the girl are standing
vertical to the ground)

and ZE=27E (Same angle)
S0, A ABE -~ A CDE (AA similarity criterion)
— BE _AB

erefure, bDE = €D
i 48+a .%@ 4() ) 0.9 m)
e « 09 PUTIy= T M =U0m
Le., 48 +x=4dx
e, Ix= 434
i, =16

S0, the shadow of the girl alter walking tor 4 seconds is 1.6 m long.

Example § : In Fig. 6.33, CM and RN are Q o P
respectively the medians of A ABC and
APQRE.If A ABC - A PQR, prove that ! A

(i) A AMC - A PNR

: . M
. CM _AB
() ’N T~ PQ it
- R

(i) ACMB ~ A RNGQ

- ; i ; Fig. .33 »
Solution : (i) AABC - A POQR (Given)
| AR BC_CA
a0, PQ = QH RP (1
and ZA=ZP £2B=2Qud A C=2R (2)
But AB =2 AM and PQ = 2 PN

(As CM and RN are medians)

2AM A
Sa, fram (1), 2PN = Rp
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e,

Also,

Sa, Irom (3) and (4),

{i1) From (5],

But

Theretore,

(iii) Again,

Theretore,

Al

ie.,

ie.

Therefore,

AM  CA
PN ~ RP
£ MAC = # NPR

A AMC - A PNR

M CA
RN  RP
CA AB
RP  PQ
CM  AB
RN ~ FQ
AB _ BC
PQ -~ QR
€M BC
RN  OR

CM  AB 2BM

RN PO 20N

CM  BM

RN QN

(M _ BC_BM
RN = QR QN
ACMB - A RNQ

[From (2)] (4)

(SAS similarity)  (5)

(6)

| From (13 (7)

[From (&) and (73] (¥)

[Fraom (1]

[From (8)]  (9)

(10)

[From (9) and (10)]

(555 similarity)

|[MNote : You can also prave part (111) by following the same method as used for proving

part (i).]

EXERCISE 6.3

1. State which pairs of triangles in Fig. 6.34 are similar. Write the s ilarity criterion used by
you for answering the question and also write the pairs of similar triangles in the symbolic

form



A 6 >
2 N3
: 25 CQ 4 R
(i) (i)
P
D
L : M - 5
2.7 3 2.5/7
/\ 5 70
M3 P{:‘:I] F L Q 7] R
i b (v}
D P
3 5 .@\ hb‘
25 0
af s - 3
E/:\C . . 8¢’ E Q R
) (i)
Fig. 6.34

2. InFig 635, A0DC -AOQBA, ~ BOC =125

and 2 CDO=T0". Find 2 DOC, 2 DCOand < B - ¢ »
T
Z0AB,
OX Ji25°
3. Diagonals AC and BD of a trapezium ABCD =
. A B &
with AB || DC intersect each other at the
Fig. 6.35

paint O, Using a similarity eriterion for two

0A OB

triangles, show thal ac T oD
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Mainisianis

1.

7 QR QT
In Fig. 636, s PR and £ | = £ 2. Show

that A POS - A TQR

5 and T are points on sides PR and QR of

A POQRE such that £ P = 2 RTS. Show that
ARPQ -ARTS.

In Fig. 6,37, if A ARE = A ACD, show that
AADE ~AARC,

InFig. 6.38, altitudes AD and CE of A ABC
intersect each other at the point B Show
that:

i) AAEP-ACDP

(i) AABD -ACBE

i) AAEP-AADB

{ivy APDC - ABEC

E s a point on the side AD produced of a

parallelogram ABCD and BE intersects CI3
at B Show that A ABE ~ A CHFH.

In Fig. 6.39, ABC and AMP are two right
triangles, right angled at B and M
respectively. Prove that:

(i} AABC - AAMP

G CA  BC
" PA T P

CD and GH are respectively the biscctors
of '« ACH and #° EGF such that T and H lie
on sides AB and FE of A ABC und A EFG
respectively, WA ABC - AFEG, show that;

Ch  AC

GH FG
{ii) ADCB - AHGE
(iii) ADCA - AHGF

G

Fig, 6.36

A

Fig. 6.37

C




11.

12,

13

14.

15.

16

In Fig. 6.40, E is a point on side CB
produced of an isosceles triangle ABC
with AR =AC. IFTAD LBC and EF 1 AC,
prove that AABD -~ A ECE.

Sides AB and BC and median AD ol a
trigngle ABC are respectively propuor-
fronad 1o sides PO and QR and median
PM of A POR (see Fig, 6410 Show that
AABC-APOR,

[ is a poinl on the side BC of a triangle
ABC such that £ ADC = & BAC. Show

that CA* =CB.CD.
Sides AB and AC and median AD ol a \
= 4]

frigngle ABC  are  respeclively D e Q Al
proporiional o sides P and PR and

median PM ol another triangle PQRE. Fig. .41

Show thut AABC - APQR.

Aovertical pole ol length 6 m casts & shadow 4 m long on the ground and at the same Gime
a tower casts a shadow 28 m long. Find the height of the lower,

If Al and PM are medians of triangles ABC and POQR, respectively where

AB  AD

AABC - APQR. prove thal PO " PM

6.5 Summary

In this chapter you have studied the following points @

i

. Two figures having the same shape but not necessarily the same sive are called similar

figures,

All the congruent ligures are similur but the converse is not rue.

Two polygons of the same number of sides are similar, if (i) their corresponding angles
are equal and (i) their corresponding sides are in the same ratio (e, proportion],

IT a line is drawn parallel to one side of a riangle o iotersect the other two sides in
distinect points, then the other two sides are divided in the same ratio,

I1Fa line divides any Bwao sides of atrisngle in the same ratio, then the line is parallel to the
third side.

If in two triangles, corresponding angles are equal, then their corresponding sides are in
the same ratio and hence the two rriangles are similar { AA A similarity eriterion),

If in two trigngles, two angles of one trigngle are respectively equal to the two angles of
the other triangle, then the two triangles are similar {AA similarity criterion).
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4.

I in two triangles, corresponding sides are in the same ratio, then their corresponding
angles are equal amd hence the riangles are similar (888 similanty criterion),

I one angle of a rriangle s cqual o one angle of another iiangle and the sides inclading
these angles are in the same rato (propoctonal). then the mangles are similar
(SAS sirmalarity criterion)

A NoTE 10 THE READER

If in two right triangles, hypotenuse and one side of one triangle are
proportional to the hypotenuse and one side of the other triangle,
then the two triangles are similar, This may be referred to us the
RHS5 Similarity Criterion,

If you wse this criterion in Example 2, Chapter 8. the proof will become
simpler.



CoORDINATE GEOMETRY

7.1 Introduction

In Class IX, you have studied that o locate the position of a point on a plane, we
require a pair of coordinate axes, The distance of a point from the y-axis is called its
x-coordinate, or abscissa, The distance of a point from the x-axis 15 called its
y-coordinate. ur ordinate. The coordinates of a point on the x-axis are of the form
(x, ), and of a point on the y-axis are of the form (0, y).

Here is a play for you, Draw a set of a pair of perpendicular axes on o graph
paper. Now plot the following points and join them as directed; Join the point A4, B) to
R{3, 9) to C(3, 8) to {1, 6) to E(1, 5) to F(3, 3) to G{6. 3) to H{B. 5) to (B, &) to
Ji6, 8) 0 K(6, 9) ta L(5, 8)to A, Then join the points P(3.5, 7), Q (3, 6) and R(4, 6) to
form a triangle. Also join the points X(5.5, 7)., Y{(3, 6) and Z(6, 0) to form a triangle.
Now join 5(4. 5), T(4.5, 4) and U(5. 5) to form a triangle. Lastly join 5 to the points
(0. 5) and (0, 6) and join U to the points (9, 5) and (9, 6). What picture have you got?

Also, you have seen thal a linear equation in two variables of the [orm
et + by 4+ ¢ =0, (o, b are not simultaneously zero), when represented graphically,
gives a straight line, Further, in Chapter 2, you have seen the graph of
v=ax* + by + ¢ (a=z0). s a parahola. In fact, coordinate geometry has been developed
as an algehraie tool for studying geometry of ligures. 1t helps us to study geometry
using algebra. and understand algebra with the help of geometry. Because of this,
coordinate geometry is widely applied in various fields such as physics, engineering,
navigation, seismology and art!

In this chapter, you will learn how to find the distance between the two points
whose coordinates are given, and to find the area of the triangle formed by three given
poants. You will also study how to find the coordinates ol the poinl which divides a line
segment juining two given points in a given ratio.
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7.2 Distance Formula
Let us consider the following situation:

A town B is located 36 km east and 15
km north of the twown A: How would you find
the distance from town A o wwn B without
actually measuring it. Let us see. This situation
can be represented graphically as shown in
Fig. 7.1. You may use the Pythagoras Theorem
to calculate this distance.

Now, suppose two points lie on the raxis,
Can we find the distance between them? For
instance, consider two points Ald, () and B{6, 1)
in Fig. 7.2. The points A and B lie on the x-axis.

From the figure you can see that OA = 4
units and OB = 6 units.

Therefore, the distance of B from A, ic
AB=0B -0A=6-—4 =2 umts.

So, if two points lie on the vaxis, we can
easily find the distance between them.

=T

Mow, suppose we take two points lying an
the y-axis. Can you find the distance between
them. If the points C(0, 3) and (0, 8) lie on the
y-axis, similurly we find that CD =8 — 3 = 5 units
{see Fig. 7.2).

Narth
Y
e
B
15 km
e A { - I
T 36km o
Fig. 7.1

“

B et e — =N
O 1 23/ 5 6
VRS Ne
Fig. 7.2

Mext, can you find the distance of A from C (in Fig. 7.2)7 Since OA = 4 units and

OC =3 units, the distance of A from C, ie, AC = ...||'33 + 47 =5 units. Similarly, you can

lind the distance of B from [ = BRI = 10 unats.

MNow, if we consider two points not lying on coordinate axis, can we find the
distance between them? Yes! We shall use Pythagoras theorem to do so. Let us see

an example,

In Fig. 7.3, the points Pid, 6) and Q(6, 8) lie in the first qguadrant. How do we use
Pythagoras theorem to find the distance between them? Let us draw PR and Q8
perpendicular to the rv-axis from P and QQ respectively. Also, draw a perpendicular
from P on QS to meet Q5 at T. Then the coordinates of R and 5 are (4, (1) and (6, 0),
respectively, So, RS = 2 units. Also, S = 8 units and TS = PR = 6 unils.
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Theretore, QT = 2 units and PT = RS = 2 units.

Mow, using the Pythagoras theorem, we
have

PQ’ = PT* + QT”

=2+22=8

50, PO = 2./7 units
How will we find the distance between two

points in two different guadrants?

Consider the points P(6, 4) and Q{-5, -3)
(see Fig. 7.4). Draw QS perpendicular to the
y-axis. Also draw a perpendicular PT from the

¥

o1 Q(6, %)

T

b P T

i 14{

i | J6)

J..

2..

1..

R 5 -

t’--D i >X

point P on Q5 (extended) to meet y-axis at the ot
point B,

X

b1

K

'J'.

T " RO 4 (6, 4)
3
1..

-

Fig. 7.4

Then PT = 11 units and QT = 7 units. (Why?)

01 2 3456

Using the Pythagoras Theorem to the right triangle PTQ, we get

PQ= 1"+ 7" = 170 units.
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Let us now find the distance between any two :!:
points Plx . v ) and Q(x, ¥,). Draw PR and QS Qb )
perpendicular to the x-axis. A perpendicular from the .
point P on S is drawn to meet it at the point : .T
T (see Fig. 7.5). (x5 1)

Then, OR = 3 s =X, S0, RS = x,—x =PL

Also, S3Q=y, ST=PR=y. So QT=y -y.

Mow, applying the Pythagoras theorem in A PTQ, we get " R g X
PQ* = PT* + QT* v
Y ’ Fig. 7.5
=5 -y + U: & J'il‘]-
Therefore, PQ= yf(x, %) + (3 n)

Mote thal since distance is always non-negative, we take only the positive square
root. So, the distance between the points Pix, v ) and Q(x,, v,) is

PQ = ./(x,- -‘-':}1 "'{J’t—-"'n]l '

which is called the distance formula,
Kemarks :

I. In particular, the distance of a point PCx, v) from the origin O, ) is given by

OF = ,r‘_xl+ T

2. We can also write, PQ = J{ X — 13]2 + [}-I = _1;1]! A WhyT)

Example 1 : Do the points (3, 2), (-2, -3} and (2, 3) form a triangle? If so. name the
type of triangle formed.

Solution : Let us apply the distance formula to find the distances PQ, QR and PR,
where P{3. 2). (=2, =3) and R({2. 3) are the given points, We have

PQ = J{.’i +2) + (243 =J5] +5° =+/50 =7.07 (approx.)

QR = (-2 -2)" + (=3 —3)" =[(-4) + (=6)°* =4/52 =721 (approx.)

PR = J[,"i 2 + (2 - 3)° =Vrl" + (=13 =2 = 141 (approx.)

Since the sum of any two of these distances s greater than the third distance, therefore,
the points P, () and R form a triangle.
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Also, PQ" + PR = QR by the converse of Pythagoras theorem, we have 2 P = 90°.
Therefore, POR is a right triangle.

Exumple 2 @ Show that the points (1, 70, (4, 2), (-1, -1} and (-~ 4, 4} are the verlices
of a square.

Sulution : Let A(1,7), B(4,2), C(-1, -1} and D{— 4, 4) be the given points. One way
of showing that ABCID is a square is to use the property that all its sides should he
equal and both its digonals should also be equal. Now,

AB=J(l 47+ (7-27 =9+ 25=+7
BC=\Jd+ 1) +2+D7 =,Z5+0 =32
CO=\J(-1+4)7+(1-4)7 =\0+25=432
DA=Jl+4) + (74 = /23579 =434
AC =1+ P + (7 + 1) = J4+ 64 =63
BD=\4+4) +(2-4) = foa+4 -8

Since, AB = BC = CD = DA and AC = BD, all the four sides of the guadnlateral
ABCD are equal and its diagonals AC and BD are also equal, Thereore, ABCD is a
square,

Allernative Solution : We find
the four sides and one diagonal, say,
AC as above. Here AD™ + DC? =
34 + 34 =68 = ACY, Therefore, by
the converse of Pythagoras
theorem, £ 1D = 90" A quadrilateral
with all four sides equal and one
angle 90 is a square, So, ABCD
is @ square.

-
=

r:j!.

Rows

)l

Example 3 : Fig. 7.6 shows the
arrangement of desks in a
classroom. Ashima, Bharti and A
Camella are seated at A{3, 1), _I“EE
Bi6. 4) and Ci(¥, 6) respectively. 1 2 3 4 5 & 7 8 9 10
Do you think they are seated in a Columns

line? (ive reasons lor your
Answer.

B W & Wt 3™ =] 3| WD

Fig. 7.6
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Sulution : Using the distance formula, we have
AB = Ji6-3 +(4-1)) =0+ 9=I8=3/2
BC=Ji8 6 +(6 4 =fAra=y=22
AC= J8 3P +(6 1) =25+ 25 =[50 =52
Since, AB + BC = 34’5 + Zﬁ = Sﬁ = AL, we can say that the points A, B and C

are collinear. Therefore, they are seated in a line,

FExample 4 : Find a relation between x and y such that the point (x| v) is equidistant
Irom the points (7, 1) and (3, 3).

Solution : Let Plx, y) be equidistant from the points A{7, 1) and B(3, 5).
We are given that AP = BF. So, AP° = BP-

ie. Ty =1l=a= 3 + (=37
e, -l +d9+ v -y + l=x"—br+ 9+ — Iy + 25
e, x—y=12

which is the required relation.

Hemark : Note that the graph of the eqguation
x—y=2isaline. From your earlier studies.
you know that a point which is equidistant
from A and B lies on the perpendicular
bisector of AB. Therefore, the graph of
x — v =2is the perpendicular bisector of AR
{see Fig. 7.7).

B(3.5)

e = BT B "SR F T - R -
—t 1 . —

Fxample 5 : Find a point on the y-axis which AT, 1)

L e T . e i ) 4 —— e > X
is equidistant from the points Al6, 5) and /_, 14 8§ ¢ 7

Bi—4. 3).

]
: 3 , 4"
Solution : We know that a point on the q:"/‘
y-axis i5 of the form (0. y¥). S0, let the point +7 !
P{l. ¥} be equidistant from A and B. Then

(6-0P+(5—yF=(-4-07+(3-yP
Le, I6+25+y 10y = 16+9+3 - 6y
e 4y = 36
Le., y=19

Fig. 7.7
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S0, the required paint is ({1, 9).

Let us check our solution : - AP = J{ﬁ 07 +(5 9)° = J36+16 =452
BP = J( 4 00 +3 97 =f16+36=+52

Note : Using the remark above, we see that (1, 9) is the intersection of the y-axis and
the perpendicular bisector of AR,

EXERCISE 7.1
1. Find the distance between the following pairs of points
(i) (23504 1) (i} -5, 7h(-1.3) {iii} (@, B d-a, )
1. Find the distance between the points (0. 0 and {36, 15). Can you now lind the distance

between the two towns A and B discussed in Section 7.2,
Y. Determine it the points (1. 3). (2, 3)and ¢ 2, - 1) arc collinear,
4. Check whether (3, - 20, (6, 4) and {7, — 2) are the vertices of an isosceles triang le
5. In a classroom, 4 [riends are
seated af the points A, B, Cand

D as shown in Fig. 7.8, Champa
and Chameli walk into the class

ek
=

and after observing Tor a few

minuies Champa asks Chameli,
“Don't you think ABCD is a
sguare!” Chameli disagrees
Using distance formula. lind
which of them is correct.

Rows

|
&) i il

. MName the type of guadrilateral
formed, if any, by the following
points, and give reasons Tor

L I S "L I - T B - - B

._f"

YUUT danswer

@ L -2p o (-2, (-3,.0)
(my (350403, 1).00,3.¢1.. 4)
(i) (4,5),(7,6),04,3),(1.2) Fig. 7.8

0 1 2 3 4 5 6 7 & 9 10
Columns

7. Find the point on the x-axis which is eguidistant from (2, - 5)and (2. 91

8. Find the values of v for which the distance bevween the points P(2, - 3) and Q( 10, v) is
10} units,



106G M akHEM AT S

W QU 1) 1s eguidistant from P(3, -3) and Rix. 6), lind the values of x. Also lind the
distances QR and PR,

10. Find 2 relation hetween v and v such that the paint (1, v} is equidistant from the point
(3, 6)and( 3.4)

7.3 Section Formula

Let us recall the situation in Section 7.2,
Suppose a telephone company wants to Y
position a relay tower at P between A and B h
15 such a way that the distance al the lower
from B is twice its distance from AL LF P lies (x, ¥)
on AR, it will divide AB in the ratio | - 2 f'—,*fp C
(see Fig, 7Y I we take Acas the onigin 0,
and 1 km as one unit on both the axis. the
coordinates of B will be (36, 15). In order to v
know the position of the tower, we must know

the coordinates of P How do we find these
coordinates”

B(36, 15)

S
&
e

Fig. 7.9

Let the coordinates of P be (x, v), Draw perpendiculars from P oand B o the
x-axis, meeting it in D and E. respectively. Draw PC perpendicular 1o BE. Then, by
the AA similarity criterion, studied in Chapter 6, A PO and A BPC are similar.
aonp o oF 1 FD OP
o BT el |1 6| S
PC PB 2 BC FB

' |
S0, £ =l and AN
H-x 2 15=% 2 |
These equations give x =12 and y =5,

You can check that P(12, 5) meets the
condition that OP : PB =1 : 2.

1
Therefare | =

Mow let us use the understanding that
vou may have developed through this
example o obtain the general formula,

Consider any two points A{xl, ¥,) anl
Bf.ll, ¥ and assume that P (x, y) divides
AB internally in the ratio m @ m ie., € —3X

»
PA m, . i 4
— = — (see Fig. 7.10), Tian:

PB  m, £ Fig. 7.1
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Draw AR, PS and BT perpendicular to the x-axis. Draw AQ and PC parallel to
the x-axis. Then, by the AA similarity criterion,

A PAQ - A BPC

PA AQ P
Therelore, BP = P’E = HE (n
Mow, AQ=RS =08 - OR=x x

PC =ST=0T-0S=x —x
PQ=PS-QS=PS—-AR=y—y
BC=BT-CT=BT-PS=y,—y

Substituting these values in (1), we get

my =% . ¥V

M, X=X ¥Yi—¥

. 1 X = X, + my

Taking — = ,wegetx=—
iy Ay oa ny + my

s ; " Y=y My Y, £ LY

Similarly, taking = ,wegety= ————=-1
i Yr— ¥ my, & i,

So, the coordinates of the point Plx, v) which divides the line segment joining the
points Afx, v ) and B(x,, y,), internally, in the ratio m @ m, are
I(rr.'l.tg + L, ) My, by, 1 (2)
Lom +m, mo+m '
This is known as the section formula.
This can also be derived by drawing perpendiculars from A, P and B on the
y-axis and proceeding as above,
IF the ratio in which P divides AB is & : 1, then the coordinates of the point P will be
(b + o kv, + v |
Lkt k1

Special Case : The mid-point of a line segment divides the line segment in the ratio
I 1 1. Therefore. the coordinates of the mid-point P of the join of the points Afx . v,)
and B(x, y¥,) 5
by + 1 Loy +1-3, \I_lr,rl +Xx Yt ¥
[ L1 1+ L2 2 ]

Let us solve a few examples based on the section formula.
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Fnample 6 : Find the coordinates of the point which divides the line segment juining
the points (4, — 3} and (8. 5) in the ratio 3 : | internally.

Solution : Let Py, v) be the required point, Using the section formula, we gelt

_3® A1) XS4 ID)

-~ 341 '}.:_3-#!

=3

Therefore, (7, 3} is the required point,

Euxample 7 @ In what ratio does the point (— 4, 6) divide the line segment joining the
points Al— 6, 10) and B(3, — 8)?
Solution : Let (-4, 6) divide AB internally in the ratio m, ; m,. Using the section

formula, we get

Hm, — B, —Boy + [ Om,

(-4, 6= (1

[ oo+ o, m, + nt,

Recall that if (x, v) = {0, b)then x = a and y = b,

. 3y — Biny Bty + 10y
Su, 4= ——— and 6=———
J‘HI + J‘H'z H‘Il + HIZ
I — Giny ;
Mow, — = gives us
m + o,
dm, -~ 4m, =3m, - 6m,
1e., Tm, = 2m,
€., moim,=2;7

You should verily that the ratio satisles the v-coordinate alsa.

—_— Bl 410
- ; ]
Now, i i - (Dividing throughout by )
ny + i, +1 f
",
B ® 2 + 10
7
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Therefore. the point (— 4, 6) divides the line segment joining the points A(— 6, 10) and
Ri{3.— 8) in the ratin 2 : 7.

E ? ; ; i :
Alternatively : The ratio m : m, can also be written as “L1, ork: | Let(—4,6)
= ",

divide AB internally in the ratio & 1, Using the section formula, we get

(3k -6 Bk+10)

-4, 68)= . 2
. } |\k+] k+1 ) &
So. -4:3": b
B+
e, dk -4 =3k-h
e, Th=:2
e, ko l=2:7

You can check for the y-coordinate alsao,

S0, the paint (— 4, 6) divides the line segment joiming the pomts A{— 6, 10) and
Bi3, - 8) in the vatin 2 2 7.

Note : You can also find this ratio by calculating the distances PA and PB and taking
their ratios provided you know that A, P and B are collinear.

Example 8 : Find the coordinates of the points of trisection (Le., points dividing in
three equal parts) of the line segment joining the points A(2, — 2) and B{— 7, 4).

Solution : Let P and () be the points of A P 0 i}
trisection of AB e, AP =P = (B (2. '3] ) ) [ 7‘_ 4)
(see Fig. 7.11). Fig. 7.11

Therefore, Pdivides AB internally in the ratio | ;: 2, Therefore, the coordinates of P, by
applying the section formula, are

(1T +22) 14 +20-2))
L 1+2 = 1+2 e GEh0

Mow, () also divides AB imternally in the ratio 2 1, So, the coordinates of (3 are

|“1[ T+ 1(2) 2(4) + 1(-2)
L 2+ 241

J e, (-4.2)



| 1) M akHEM AT S

Therefore, the coordinates ol the paints of trisection of the line segment joining A and

B are (-1, 0} and (- 4, 2).

Mote ; We could also have ohtained Q) by noting that it is the mid-point of PR, S0, we
could have obtained its coordinates using the mid-point formula.

Example ¥ @ Find the ratio in which the y-axis divides the line segment joining the
points (5. — 6 and (-1, —4). Also find the point of intersection,

Solution : Let the ratio be & : 1. Then by the section formula, the coordinates of the
—k+3 4k-6)

k41 k41

point which divides AB in the ratio & ; 1 are [

This point lies on the y-axis, and we know that on the y-axis the abscissa is (1,

—k+5
k+1

Therefore,

Sa, k=3
That is, the ratio is 5 : |, Putting the value of k =5, we get the point of intersection as

o)

Fxample 10 : If the points A{G, 1), B(8, 2}, C{9, 4) and D{p, 3) are the vertices of a
parallelogram, taken in order, find the value of p,

Solution @ We know that diagonals of a parallelogram biseet each other,

S0, the coordinates of the mid-point of AC = coordinates of the mid-point of BID

(649 1+4) (8B4 p 2+3]

= L2 "2 )7L 2" 2
. [15 3 (B+p 5
LEy 2 2)5 L a2 2
. I3 _s8+p

o 2 - 2

Le., p=17



[T

it Cakg i TRy 1

EXERCISE 7.2

. Find the coordinates of the point which divides the joinof {1, 7) and (4. 3] in the

ratin 2 ; 3.

Find the coordinates of the points of trisection of the line segment joining (4, —1)
and (-2, -3,

To conduct Sports Day activities. in
your rectangular shaped school
ground ABCD. lines have been
drawn with chalk powder al a
distance of lm cach, [ flower pots
have been placed at a distance of Tm
From cach other along AT as shown

C

(EKE| | |

23

(e

I
in Fig. 7.12. Niharika runs ? ththe
distance AD on the 2nd line and

1
posis a green flag, Preel runs 5 th

the distance AT on the eighth line
and posts a red lMag. What is the
distance between bath the flags? 1F
Rashmi has to post a blue Nag exactly B
halfway between the line segmenl 1 i 314 5 & 7 ;_;‘ 1
joining the two flags. where should

she post her flag? Fig. 7.12

Find the ratic in which the line segment joining the points (— 3, 1) and (6, - 8} is divided
by (- 1, 6)

Find the ratio in which the line segment joining Afl. - 5)and B{ 4.5} is divided by the
x-axis. Also find the coordinates of the point of division.

o [EHKRKETKE
£

FECT, 20, (4, w0, (x, 6)and (3, 3)are the vertices of a parallelogram taken in order, find
T and y

Find the coordinates of a point A, where AB is the diameter of a circle whose centre is
(2, — 3yand His(l,4)

IfAand B are{ 2, 2jand (2. 4) respectively. lind the coordinates of P such that
3
AP== AB and Plies on the line scgment AB.

Find the coordinates of the points which divide the line segment joining A(- 2, 2) and
B2, 81 into four equal parts.

Findd the area of o rhombos 00 i0s veetices are (3,00, (4,50, (- 1L @) and (- 2, - 1) taken in

I
cirdder. |Hint @ Area of o rhombus = % {product ol 1ts diagonals)|
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74 Summary

In this chapter, you have studied the following points

1. The distance between Plx . v ) and Qfx,. v.) is J{_r, - 2 il =3t

2. The distance of a point P(x, ¥) from the origin is .,III_,,--' 4+,
3. The coordinates of the point Pix, y) which divides the line segment joining the
points A(x. v ) and B{x,, v ) internally in the rativ m, : m, are

f L LT ST L R S AR 1

Nty m +m,

4. The mid-point of the line segment joining the points Plx, v ) and Q(x, ¥,) is
(n+x ¥+ ‘|
o2 I

ANoreEro i READER

Section 7.3 discusses the Section Formula for the coordinates (1, v ol a
point P owhich  divides internally the line segment joining the points
Alx, y,)and Blx, v,) in the ratio m, o as follows

oyt oy iy

Hy + by : ny +
Note that, here, PA:PB =m :m,.

However, if P does not lie between A and B but lies on the line AB,
outside the line segment AB, and PA : PB =m :m,. we say that P divides
externally the line segment joining the points A and B. You will study
Section Formula for such case in higher classes,
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INTRODUCTION TO
TRIGONOMETRY

Theve s perhaps nothing witich so occupies the

imidedle position of mathematics ay (rigonometry
= LF. Herbart (1890)
8.1 Infroduction

You have already studied about triangles, and in particular, right triangles, in your
earlier classes. Let us take some examples from our surroundings where right triangles
can be imagined to be formed. For instance :
. Suppose the students of a school are
visiting Qutub Minar. Now, if a student
is looking at the top of the Minar, a right
triangle can be imagined 1o be made,
as shown in Fig 8.1. Can the student
find out the height of the Minar, without
actually measuring it?

2. Supposea girl is sitting on the balcony
of her house located on the bank of a Fig. 8.1
river. She is looking down at a flower
pot placed on a stair of a temple situated :
nearby on the other bank of the river. E;.
Acright riangle is imagined tobe made =+ (= ﬁ

you know the height at which the £ | 3
person is sitting, can you find the width * ==l T 2
of the river?
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3. Suppose a hot air balloon is flying in

the air. A girl happens to spot the
balloon in the sky and runs to her @A @
mother to tell her about it. Her mother 9

rushes out of the house to look at the
balloon Now when the girl had spotted

the balloon intially 1t was at point A.

When both the mother and daughter . :

came oul to see if, it had already ' e e L ,QE'_
travelled 1o another point B. Can you » .

find the altirude of B from the ground? Fig. 8.5

In all the situations given above, the distances or heights can be found by using
some mathematical technigues, which come under a branch of mathematics called
‘trigonometry’. The word ‘trigonometry’ is derived from the Greek words ‘ui’
{meaning three), ‘pon’ (meaning sides) and ‘metron’ (meaning measure). In fact,
trigonometry is the siudy of refationships between the sides and angles of a triangle.
The earliest known work on irigonometry was recorded in Egypt and Babylon. Early
astronomers used it to find out the distances of the stars and planets from the Earth.
Even today, most of the technologically advanced methods used in Engineering and
Physical Sciences are based on trigonometrical concepts.

In this chapter, we will study some ratios of the sides of a right triangle with
respect (o its acute angles, called trigonometric ratios of the angle. We will restrict
our discussion to acute angles only, However. these ratios can be extended io other
angles also. We will also define the trigonometric ratios for angles of measure 07 and
90®, We will calculate rigonometric ratios for some specific angles and establish
some identities involving these ratios, called trigonometric identities,

8.2 Trigomometric Ratios

In Section 8.1, you have seen some right irangles
imagined to be formed in dilferent situations.

Let us take a right inangle ABC as shown
in Fig. 8.4,

Here, & CAB (or, in brief, angle A) iz an
acute angle. Note the position -of the side BC
with respect 10 angle A, Tt faces £ A, Weeall it r
the side opposite to angle A. AC is the = Side adjacent to 8
hypotenuse of the right triangle and the side AB angle A
iz a part of £ A. So, we call it the fide Fig. 8.4

adfgcent to angle A,

Hypotenuse

Side opposite to angle A
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MNote that the position ol sides change C
when you consider angle C in place of A =
(see Fig. 8.5). E

R R 2

Yul:l have studied the concept of Fauﬂ in Hypotenuse 2
your earlier clazses. We now define certain ratiog =~
involving the sides of a right triangle, and call 8 gn
them trigonomeiric ralios. 0w

The trigonometric ratios of the angle A Ad— - p
in right triangle ABC (see Fig. 8.4) are defined Side apposite to
as follows : e

i -
_ ) side opposite to angle A BC Fig. 8.3
sine of # A=
hypotenuse T AC
side adjacent to angle A  AB
cosingofl £ A= ! % e
hypotenuse AC
side opposite o e A BC
tangent of & A= 4 ang!
side adjacent to angle A AB
1 = hypotenuse _AC

cosecant of £ A =
sine of ZA  wide opposiie to angle A " BC

l = hypotenuse _AC
cosine of £ A side adjacent to angle A AB

I _ side adjacent to angle A _ AB
rangent of £ A " side opposite to angle A BC

secant of Z A=

cotangent of £ A=

The ratios defined above are abbreviated as sin A, cos A, 1an A, cosec A, sec A
and cot A respectively. Note that the ratios cosec A, sec A and cot A are respectively,
the reciprocals of the ratios sin A, cos A and tan A,

BC
BC A sinA cosA
Al b thattan A= —=-F= dcot A=
so, observe arn AE  AB  cos p ‘ndco =
AC

So, the trigonometric ratios of an acute angle in a right triangle express the
relationship between the angle and the length of its sides.

Why don’t you try to define the rigonometric ratios [or angle C in the right
riangle? (See Fig. 8.5)
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The first use of the idea of *sine’ in the way we use
it today was in the work Arvabhatipgm by Arvabhata,
in A.D. 500. Aryabhata used the word ardha-jya
for the half-chord, which was shortened to jfva or
jiva in due course. When the Arvabharivam was
translated into Arabic, the word fiva was retained as
it is. The word jive was wanslated into sinus, which
means curve, when the Arabic version was translated
mto Latin, Soon the word sfnes, also used as sine,
became common in mathematical texts throughout
Europe. An English Professor of astronomy Edmund
Gunter (1581-1626), first used the abbreviated _Aryabhata

tathin Cutns- C.E. 476 - 550

The origin of the terms *cosine’ and *tangent’ was much later. The cozine function
arose from the need to compute the sine of the complementary angle. Aryvabhatta
called it kotijya. The name costrus originated with Edmund Gunier, In 1674, the
English Mathermatician Sir Jonaz Moore first used the abbreviated notation ‘cos’,

Eemark : Noie that the symbol zin A is used as an
abbreviation [or “the sine of the angle A°. sin A is not Q
the product of “sin” and A, “sin' separated from A n
has no meaning. Similarly, cos A is noi the product of

‘cos’ and A. Similar interpretations [ollow for other P
trigonometric ratios also.

ol :

Now, if we take a point P on the hypotenuse Hypotenuse
AC or a point ( on AC extended, of the right triangle
ABC and draw PM perpendicular to AB and QN A o
perpendicular to AB extended (see Fig. 8.6), how M B N
will the trigonometric ratios of £ A in A PAM difler
from those of 2 A in A CAB or from those of < A in Fig. 8.0
A QAN?

To answer this, first look at these triangles. Is A PAM similar to A CAB? From
Chapter 6, recall the AA similanity eriterion, Using the eriterion, you will see that the
wiangles PAM and CAB are similar. Therefore, by the propecty of similar iriangles,
the corresponding sides of the triangles are proportional.

AM _ AP _MP

5 B e MR
0, we have AR AC BC
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From thi find _MP__BC_qu
rom this, we fin AP ~ac ! :
AM AB
Similarty, cos A M LBC = tan A and so on

AP AC "AM AB

This shows that the trigonometric ratios of angle A in A PAM not differ from
those of angle A in A CAB.

In the same way, you should check that the value of sin A (and also of other
rigonomeiric ratios) remains the same in A QAN also.

From cur observations, it is now clear that the values of the trigonometric
ratios of an angle do not vary with the lengths of the sides of the triangle, il
the angle remains the same.

Note : For the sake of convenience, we may write sin*A, cos®A, etc., in place of
(sin AJ%, (cos AP, ete., respectively, Bul cosec A = (sin A) ' # sin ! A (it is called sine
inverse A). sin ! Ahas a different meaning, which will be discussed in higher classes.
Similar conventions hold for the other trigonometric ratios as well. Sometimes, the
Greek letrer 8 (theta) is also used (o denote an angle.

We have deflined six trigonometric ratios of an acute angle. If we know any one
of the ratios, can we obtain the other ratios? Ler us see.

1 C
If in a right triangle ABC, sin A = 3
: BC_1 . 3
then this means that IGEEL 1.e., the E
lengths of the zsides BC and AC of the wiangle i
ABC are in the ratio 1 ; 3 (see Fig. 8.7). Soil A& B
BC is equal to k, then AC will be 3k, where Fig. 8.7

k is any positive number. To determine other
trigonometric ratiog for the angle A, we need (o find the length of the third side
AB. Do you remember the Pythagoras theorem? Let us use it to determine the
required length AB.

AB? = AC? - BC = (3k) - (K)* = 8K = (242

Therefore, AB= =+ Zﬁ k
So, we get AB = "-\..I'Ei: {(Why iz AB not —2@&; i

5 s AB_2V2k_ 22
O, COs _,M.'_‘ Y 3

Similarly, you can obtain the other trigonometric ratios of the angle A.
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Remark : Since the hypotenuse is the longest side in a right triangle, the value of
sin A or cos A is always less than 1 (or, in particular, equal to 1).

Let us consider some examples.

C
4
Example 1 : Given tan A = E find the other
trigonometric ratios of the angle A.
Solution : Let us first draw a right A ABC 4
(see Fig 8.8},
N know that tan A L=t
ow, we know that tan A = —0 =7
Therefore, if BC = 44k, then AB = 3k, where k is a A T '_B
positive number. "
) Fig. 8.8
MNow, by using the Pythagoras Theorem, we have
ACt = AB? + BC?* = (4k)* + (3k)? = 2512
So, AC = 5k
Now, we can write all the trigonometric ratios using their definitions.
. BC_4k _4
RSG5 S
& AB 3k 3
CosA= TS ==
AC 5% 5
Therefi tA L—51::{&@::";}:'3;— L dsec A= ity
s S T snA 4 N s A 3
P
Example 2 : If £ B and £ (Q are
acute angles such that sin B = sin Q, A
then prove that £ B = £ (Q.
Solution : Let us consider two right
triangles ABC and PQR where
. e . C B |1 0Q
sin B = sin Q (see Fig. 8.9).
Fig. 8.9
We have sinB =

SR

and SinQ:
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AC PR
Then AB = PO
Therefi E ﬂ = k.. say i
erefore, PR - PQ (1)
Mow, using Pythagoras theorem,

BC= JAB*— AC?
and QR = .{PQ* - PR?
BC yAB'—AC’ _JK'PQ'- K’PR® _kyPQ’- PR’ - _
o o JPQ?-PR?  [PQ?- PR’ JPQ? - PR? !

From (1} and {2}, we have

AC _ AB_BC
PR PQ QR
Then, by using Theorem 6.4, A ACB ~ A PR and therefore, £ B = £ (.

A
Example 3 : Consider A ACB, right-angled a1 C, in
which AB =29 units, BC = 21 units and £ ABC =0
(see Fig. 8.10), Determine the values of
29

(i) cos? @ + zin? B,

{ii) cos? @ — sin? 0.
Solation : In A ACB, we have 8

C T B
_ 5 2 _ E_ aqed
AC= (JABZ-BC? = f(29)? - 21) Fig. .10

= (29— 21)(29+ 21) = f(8)(50) =/400 = 20units

S L B——AC—Z—') msﬂ——Bc—E-
0. sinf = 25 = S
e a a )
20 (21 2004+ 210 400 + 441
i} cosdB + 50 = | — | +|—=| = = =1,
Now, (i) cos?@ + sin?0 [29] ng] T T

o 21V (20 (21+200(21-20) 41
and (ii) cos E‘szﬂzl-y_g ~l35) = i =E'
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Example 4 : In a right iriangle ABC, right-angled alL B, A
if tan A = 1, then verify that

2 smAcos A=1.

BC
Solution : In AABC, tan A = E =1 (seeFig 8.11)

i.e., BC= AR
Fig. 8.11
Let AB = BC =k, where k is a positive number.

Now, AC = JAR*+ BC*
= (&) + (k) =k+2

_ L AR _ L
Therefore, sin A= AC . .‘E and cos A= AC J—
) 1 1 G ;
So, 28 A cos A= 2 —— || — | =1, which is the required value,
LEJ[JE] :
Example 5 : In A OPQ. righi-angled at P, 0
OP =7 cm and OQ - P(J =1 cm (see Fig. 8.12).
Determing the values of sin Q) and coz Q.
Solation ; In A OPQ, we have
O = OP + PQ¥
ie., (1 +PQy=0PF+PQ (Why?)
1e., 1+ PQ* + 2PQ = OP? + PQY!
ie., 1+2PQ =72 (Why?)
P 7 0
ie., PQ=24c¢cmand 00=1+PQ=25¢m o
Fig. 8.12
7 24
S, 5in(Q) = _H.i’ltlEDSQ— Ty

25
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EXERCISE 3.1
1. InAABC, right-angled at B, AB =24 ¢m, BC =7 ¢m. Determine :

'Ih
(i) sin A.cos A
() sinC,cosC
2. InFig. 8,13, ind tan P—coL B
3 12 cm 13 cm
3 Ifsin A= E calculate cos A and tan AL
4. Given 15 cot A =8, find ain A and sec A,
" Q R
5. Given sec 8= —- calculate all other trigonometric ratios. Fig. 8.13

12
6. If £ A and £ B are acule angles such that cos A = cos B, then show that # A = 2 B,

(1+zin @ (1 —sin ﬂ'},

7l
7. Hcot®=— evaluate: (i i) cot*@
2 ® {1+ cos 0)(1=cos0) (i)
| — i‘,:il'lt A
8. If3cot A=4, check whether =3 =cos’ A - sin*A ornob
I+ (an~A

1
9. Iniriangle ABC, right-angled 2t B, if tan A = _ﬁ find the value of:
(i) sin A cosC+cos AsinC
i cos A cosC—sin AsinC
10, In APOQR, right-angled al (). PR + QR =25 ¢m and P =5 cm. Determine the values of
gin P, cos Pand tan P,

11. State whether the following are true or false. Justify your answer.
{iy The value of tan A is always less than 1.

12
() sec A= 73 for some vilue of angle A,

{iil) cos A iz the abbreviation used tor the cosecant of angle A.
{ivi cot A is the product of cot and A.

4
(¥) sin@= 3 for some angle 6.

8.3 Trigonometric Ratios of Some Specific Angles

From geometry, you are already familiar with the construction of angles of 30°, 457,
60% and 90°. In this section, we will find the values of the irigonometric ratios for these
angles and, of course, for 0°.
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Trigonometric Ratios of 45° C

In A ABC, right-angled at B, if one angle is 45°, then
the other angle is also 45°%. e, £ A= £ C =45

(see Figz. §.14).
So, BC=AB (Why?) % &
MNow, Suppose BC=AB =u. Fig. 8.14

Then by Pythagoras Theorem, AC? = AB* + BC? = &% + a* = 24°,
and, therefore, Al = a.ﬁ '
Using the delinitions of the trigonometric ratios, we have :

side oppaosite to angle 45° BC a4 1

sin45° = —==—
" hypotenuze AC g2 2
side adjacent foangle 45° AB  a 1
cos 45° = S =
hypotenuse AC af2 2
side o ite t le 45° BC
andsoe B p?nmeuangn 5" _BC_a_
side adjacent to angle 45° AB a4
Also, cosec 45" = — ! =2, sec 45° = I =2, cot45° = L
sin 45° cos 45° tan 45°
Trigonometric Ratios of 307 and 60°
A
Let us now calculate the trigonometric ratios of 30°
and 60°. Consider an equilateral triangle ABC. Since
cach angle in an equilateral triangle is 60°, therefore, "
LA=LB=LC=00".
Draw the perpendicular AD from A to the side BC B 60° C
(see Fig. 8.15). s
Now AABD = AACD (Whyn  Fie 8.5
Therefore, BD=DC
and < BAD = ~ CAD (CPCT)

Now observe that;
A ABD iz aright trizngle, right - angled at D with £ BAD =307 and £ ABD = 607
(see Fig. 8.15).
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As you know, for finding the wigonometric ratios, we need to know the lengths of the

sides of the triangle. So, let us suppose that AB = 2a.

1
Ther, BD = EBC =u
and AD?Y= AB? - BD? = (2a) — (a)* = 3a%,
Therefore, AD = a3
MNow, we have :
SI aﬂe_.@.:i:l nsa{]'-‘_-.._—fﬁ—.é
W=aB 24 27 “AB 22 2
i Rl
w30 = IR T 5B B
| 1 )
o= = 2. 5 = ==
Alzo, cosec 30 oo 30° sec 30 cos 30° *.'@

st 3t — 2 =3,

Similarty,
s AR B _B e L e S
" AB 22 2 = =43,
2 1
cosec 60° = e 60° = 2 and cot 60° = 5

Trigonometric Ratios of 07 and 90°
Let us see what happens to the trigonometric ratios of angle

A if it is made smaller and smaller in the right triangle ABC &
(see Fig. £.16), ull it becomes zero. As £ A gets smaller and

smaller, the length of the side BC decreases. The point C gets

closer to poin{ B, and finally when £ A becomes very close A B
to 0%, AC becomes almost the same as AB (see Fig. 8.17). Fig. 8.16

C g g .
A° < AC o o
A B A B A B A B A B

Fig. 8.17
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When £ A is very close to 0%, BC gets very close to 0 and so the value of

BC
sinA= AC is very close to 0. Also, when £ A is very close to 07, AC is nearly the

AB
same as AB and so the value of cos A= AC is very close to 1.

This helps us (o see how we can define the values of sim A and cos A when
A = 0" We define : sin 0° = 0 and cos 0" = 1.

Using these, we have :
gin 0"
cos 07

|
sec()*= —— =1 and cosec 07 =

1
tan 0F = =0, cot" = m which is not defined. (Why?7)

o5 OF si: = which is again not defined.(Why?)

Now, let us see what happens to the trigonometric ratios of 2 A, when it 15 made
larger and larger in A ABC till it becomes 90°. Az 2 A gets larger and larger, < C geis
smaller and smaller. Therefore, as in the case above, the length of the side AB goes on
decreasing. The point A gets closer to point B. Finally when £ A is very close te 907,
Z C becomes very close to 0° and the side AC almost coincides with side BC

{see Fig. 8.18).

Fig. 8.18

When £ C is very close to 0°, 2 A is very close to 907, side AC is nearly the
same ag side BC, and 50 sin A i3 very close to 1. Also when 2 A is very close to 907,
< Cis very close to 07, and the side AB is nearly zero, 50 cos A is very close to 0.

S0, we define ; gin 90° = 1 and cos 90° = 0.
Now, why don't you find the other trigonometric ratios of 90°7

We shall now give the values of all the trigonometric ratios of 07, 307, 457, a0}
and 90° in Table 8.1, for ready reference.
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Table 8.1

Remark : From the table above you can observe that as £ A increases from 0° to
90°, sin A increases from 0 to 1 and cos A decreases from 1 o 0.

Let us illustrate the use of the values in the table above through some examples.

Example 6 : In A ABC, right-angled at B,
AB =5 cm and £ ACB = 30° (see Fig. 8.19).
Determine the lengths of the sides BC and AC.

Solution : To find the length of the side BC, we will
choose the rigonometric ratio involving BC and the
given side AB. Since BC is the side adjacent to angle

C and AB is the side opposite to angle C, therefore: Fig. 8.19
AB
Be o4 e

1LE., BC = AV S 1.@

which gives BC = 5/3 cm
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Ta find the length of the side AC, we consider

g I ﬂ
sin 30 AT (Why?)

. 15

R 27 AC

Le, AC = 10 cm

Note that alternatively we could have used Pythagoras theorem (o determine the third
side in the example above,

ie., AC = JAB?+ BC? = (5?4 (5+/3)? om = 10cm.

Example 7 : In A PQR, right-angled at

Q (see Fig. 8.20), PQ =3 cm and PR =6 cm. P

Determine 2 QPR and £ PRQ.

Solution : Given PQ = 3 ¢m and PR =6 cm. i b cm
PO

Therefore, R - sinR Q! R

Fig. 8.20

31

or smBE= 6= 3

So, £ PROQ = 3@

and therefore, Z QPR = 60°.  (Why?7)

You may note that if one of the sides and any other part (gither an acute angle or any
side) of a right triangle is known, the remaining sides and angles of the triangle can be
determined.

I |
Example § : If sin (A -B) = .’E cos (A+B)= 3! 0 <A+B=90°,A>8B findA
and B.

1
Solution : Since, sin(A-B)= E’ theretore, A — B =30° (Why?} (1)

1
Also, since cos (A + B) = 5 therefore, A + B =60° (Why?) (2)
Solving (1) and (2), we get : A=45° and B = 15°.
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EXERCISE 8.2
1. Ewvalume the following :

(i) ain 60° cos 307 +sin 30° cos 60° {ii} 2 tan®45* + cos? 30— sin? 60°
(i cos 45 iy 510 30° + tan 45° — cosec 60°
sec 307 + cosec 307 gec 30 + cos 607 4+ cot 45°

5cos’ 607 + 4 sec® 30° — tan® 45°
gin® 30° + cas® 30°

(¥)

2. Choose the correct option and justify your choice ;

2 tan 30°
® Terar
{Ay sin60" B cosal” {(C) tan 6 (DY sin 30¢
_ 1—tan® 45° =
W 1 tan? 45°
{A)  tan 90° m 1 () sind5® o
i) =in 2A =2 sin A is true when A =
Ay @ (H) X ) -45° ) 6
2 tan 30°
) | ian?s0e
(4) cosel® {B) sin 60° {C}) tan&60° (D) sin 307

1
3. Ifian(A+B)=./3 andan{A-B)= ﬁ:ﬂ”«:ﬁ+ﬂ =80% A> 1B, fimd A and B,

4. State whether the following are true or falze. Justify your answer.
i) sin(A+Bi=sinA+:zmB.
{iiy The value of sin @ increases as O increases.
{iil) The value of cos O increases as B increases.
{iv) sin B =cos @ forall values of 6.
{v) cotAisnotdefined for A= 05,
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84 Trigonometric Identities A
You may recall that an equation is called an identiry
when it is troe for all values of the variables involved.
Similarly, an equation involving rigonometric ratios
of an angle iz called a trigonometric identity, il itis
true for all values of the angle(s) involved.

In this section, we will prove one trigonometric
identity, and use it further to prove other useful
rigonometric identities. Fig. 8.21

In AABC, right-angled at B {(sec Fig. 8.21), we have:

AB? 4+ BC? = AC? (1)

Dividing each term of (1) by ACE, we get

AB* BC*  AcC?
i + 2 2
ACY  AC AC

AE\Il rB r I.IAC I
e [_ [ BEY _ ]
ACJ AC) AC
Le., (cos AP+ (sin AY¥ =1
ie, cos’ A +5in’ A =1 (2)
This is true for all A such that 0° < A < 90", So, this is a rigonometric identity.
Let us now divide (1) by AB2 We get
AB* BCT AC”
e pirrer g o ¢
AB AB AR
T (B (2
e a5 tlas) = las
1e., 1+ tan® A = gsec? A (3

Is this equation true for A= 0°? Yes, it is. What about A = 9077 Well, tan A and
sec A are not defined for A = 90°. So, (3) iz true for all A such that 0% £ A < 90°,

Let us see what we get on dividing (1) by BCZ We gert
AB' BC' AC
BC® BC®  BC?
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. [ﬁ_ﬂ{ﬁ]ﬁ_ﬂ
W BC BC,) ~ LBC
ie., col> A+ 1 = cosec? A (4]

Note that cosec A and cot A are not defined for A = 0°. Therefore (4) is true for
all A such that 0° < A< 90°,

Using these identities, we can express each trigonometric ratio in terms of other
trigonometrie ratios, i.e., il any one ol the ratios is known. we can also determine the
values of other trigonometric ratios.

Let us see how we can do this using these identities. Suppose we know that

1
tan A = B Then, cot A= /5.

2 3
Since,sec“A:L+m.u1A=]+l=i sec A= —=,andcos A= —
303 N1

"
Again, sin A= Jl-cos? A = 1||[ —%:é. Therefore, cosec A = 2.

Example 9 : Express the ratios cos A, tan A and sec A in terms of sin A

Solution : Since cos* A +sin? A = |, therefore,

cos* A= ] —sinf A, le,cos A= 1|“ —sin® A
This gives cos A= \fl-sin® A (WhyT)

i in A I l
s EEEE and sec A = =
cos A f]—sin*A cos A fl —sin® A

Hence, tan A =

Example 10 : Prove thar sec A (1 —sin A)(ec A+tan Aj = 1.

Solution :

oL e 5 " ﬁ_(l i 1, sinA
HS =sec A (] —sin A)isec A + tan A) = ,\‘EDSA cos A cos A
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Example 11 : Prove that

(1 —sin A)(1+sin A) 1—sin® A
- cos” A " cos’ A
cos® A =0 ;
= cosA ¥

cot A —cos A cosec A -

col A +cos A cosec A+

cos A

£ % o —CcDS A
Solution : LHS = = o - ::::; ﬁt
cot A+ cos A =2 b o A
gin A

wr{e 1) ()
sin A _ Lsin A )_cusecﬁ—]

=RHS

L= =
msa[_l HJ [—_I—H] cosec A + |
gin A gin A

sin@—cos@+1 1
sinP4+cos@ -1 secB—tan B

Example 12 ; Prove that

sect B =1 +tan B,

+ using the identity

Solution : Since we will apply the identity involving sec © and ran 8, let us first
converl the LHS (of the identity we need to prove) in terms of sec 8 and tan @ by

dividing numerator and denominator by cos 6.

sin@ —cos@+1 ranB—-1+sech

LHS = =
sin@+cogB -1 tanB+1—sech

_ (an B +secO)—1 _ {(1an 8 +sec 6) —1} (1an 6 — sec )

T (tan @—sec @) +1 {(tan O —sec @) + 1} (ian O— sec ©)

(tan? O — sec? B) — (tan B - sec §)
{tan 6 — sec B + 1] (tan® — sec @)

—1l-tan B+zec @
{tan B — sec O + 1) (tan O — sec 0)




INTRODUCTION TO TRIGENOMETRY 131

-] 1
= nB-sech secHB-tanB

which is the RHS of the identity, we are required to prove.

EXERCISE 8.3
1. Express the wigonometric ratios sin A, sec A and tan A in tesms of cot A,
2. 'Write all the other trigonometric ratios of £ A in terms of sec A.
3. Choose the correct option. Justity vour choice,
M 9sectA-9an’A=

(A) | B) 9 ) & ™ 0

(i) (1 -+tan B+sec B (1 +cot®—cosec )=
(A) O B 1 {C) 2 o =1

(i) {sec A+tamA) (1 -sinA)=
{A) sec A {B) sin A (C) cosec A (I cos A

A A

™ Te cot® A

(A) sec? A ) -1 () cotf A (D0 tan? A

4, Prove the following identities, where the angles invelved are acute angles for which the
cxpressions are defined.

1-cos 0 cos A 1+ sin A
; g i e 3
{i) {cosecB—cotf@)’ = | +cos B {ii1 l+sinﬁ+ = = 2 soc A
tan @ cot @
+ =1+sec @ cosec @
(i) l—cot® 1—tan @

[Hint : Write the expression in terms of gin 0 and cos @]

l+sec A sin’A
gec A i cos A

cor A —gin A +1

¥ = cosec A + cot A. using the identity cosec? A= | +cot® A,
cos A+ 5in A - |

{iv) [Hint : 3implify LHS and RHS separately)

1+ sinA
ity .lhb + 1a| ﬁ 1
T a (vit)

sin@-2sin’e .

tan 6
2cosiB—cos B

(i)

{viil) (sin A+cotec AP+ (cosA+sec A =T +tarf A +cotl A
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|
fan A +cot A

[Hint : Simplity LHS and BHS separately]

1+t AY (1-tnAY
— =fant A

) {cosec A — 8in A){sec A — cos A) =

| + cot’A | - cot A

85 Summary

In this chapter, you have siodied the following points

Il

Inaright triangle ABC, right-angled at B,
side opposite to angle A . side adjacent 1o angle A
hypotenuse hypotenuse
side opposite wangle A
tanA = — ; 2
side adjacent to angle A

sinA=

_ninA

I |
cosgc A=——88c A=—— lin A= vian A = I
sin A cos A cot A cos A

If one of the tdgotomelric ratios of an acute angle is known, the remaining trigonometric

ratios of the angle can be easily determined,
The values of trigonometcic catios for angles 07, 307, 457, 60° and 90°,

The value of sin A or cos A never exceeds 1, whereas the value of sec A nor cosec A is

always greater than or equal to 1.

sinf A+ costA=1,

sectA—anfA=1 for (P <A<,
cosec’ A=l +co? A for ° <A <90



SOME APPLICATIONS OF
TRIGONOMETRY

9.1 Heights and Distuances

In the previous chapter, you have studied about Irigonometric ratios, In this chapter,
you will be studying about some ways in which trigonometry is uged in the life around
VO,

Let us consider Fig. 8.1 of prvions chapter, which is redrawn below in Fig. 9.1.

C C
B 2
o E . ;
X o —i X |
ot o
_‘R-_La';';.ngle of elevation A {Angle of elevation B,
E::.::::‘.:‘.::::::.‘::::.‘:‘.::::‘..‘::.‘:'h‘_; R LT TSR PR PR ‘D

Fig. 9.1

In this figure, the line AC drawn from the eye of the student to the top of the
minar is called the line of sight. The student is looking at the top of the minar, The
angle BAC, so formed by the Hne of sight with the horizontal. is called the anegle of
elevation of the top of the minar from the eye of the student.

Thus, the line of sight is the line drawn from the eve of an observer to the point
in the object viewed by the observer. The angle of elevation of the point viewed is
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the angle formed by the line of sight with the horizontal when the point being viewed is
above the horizontal level, i.e., the case when we raise our head o look at the object
(see Fig. 9.2}

Fig. 9.2

Now, consider the simaation given in Fig. 8.2, The gzirl sitting on the balcony is
looking down at a flower pot placed on a stair of the temple. In this case, the line of
sight is below the horizontal level. The angle so formed by the line of sight with the
horizontal iz called the angle of depression.

Thus, the angle of depression of a point on the object being viewed is the angle
formed by the line of sight with the horizontal when the poini is below the horizontal
level, i.e., the case when we lower our head to look at the point being viewed
(see Fig. 9.3).

D ﬂbjﬂ.‘l

Fig. 9.3

MNow, you may identify the lines of sight, and the angles so formed in Fig. 8.3.
Are they angles of elevation or angles of depression?
Let uz refer to Fig. 9.1 again. If you want to find the height CD of the minar

without actually measuring it, what information do vou need? You would need to know
the following:

(i) the distance DE at which the student is standing from the foot of the minar
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{ii) the angle of elevation, £ BAC, of the top of the minar
{iii) the height AE of the student.

Assuming that the above three conditions are known, how can we determine the
height of the minar?

In the figure, C'D = CB + BD. Here, BD = AE, which is the height of the student.
To find BC, we will use trigonometric ratios of £ BAC or L A.

In A ABC, the side BC is the opposite side in relation to the known £ A. Now,
which of the bigonometric ratios can we use? Which one of them has the bwo values
that we have and the one we need to delermine? Our search narrows down Lo using
either tan A or cot A, as these ratios involve AB and BC.

BC

AB
Therefore, tan A= g col A= BC which on solving would give ns BC.

By adding AE to BC, you will get the height of the minar.
Now letus explain the process, we have just discussed, by solving some problems.

Example | : A tower stands vertically on the ground. From a point on the ground,
which is 15 m away from the foot of the tower, the angle of elevation of the top of the
tower 15 found 1o be 60°. Find the height of the tower.

solotion : First let us draw a simple diagram to
represent the problem (see Fig. 9.4). Here AB
represents the tower, CB is the distance of the point
from the tower and .~ ACB is the angle of elevation.
We need Lo determine the height of the ower, ie.,
AB. Also, ACB is a triangle, right-angled at B.

To solve the problem, we choose the triponometric

ratio tan 607 {or cot 607}, as the ratio involves AB
and BC.

N EDL'I_ E
oW, tan = BC
.
- J5 o AR
1.6, 15
e, AB = 153

Hence, the height of the tower is 1543 m.
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Example 2 : An electrician has to repair an
electric fault on a pole of height 5 m. She needs
to reach a point 1.3m below the top of the pole
to undertake the repair work (see Fig. 9.5). What
should be the length of the ladder that she should
use which, when inclined at an angle of 60° to
the horizontal, would enable her to reach the
required position? Also, how far from the foot
of the pole should she place the foot of the

ladder? (You may take f3 = 1.73)

Solatien : InFig. 9.5, the electrician is required to
reach the point B on the pole AD.

So, BD=AD-AB={5-1.3)m=3.7 m.

Here, BC represents the ladder, We need to find
its length, i.e., the hypotenuse of the right triangle BDC.

Now, can you think which trigonometie ratio should we consider?
It should be sin 60°.

37 B

So, E:ﬁmﬁﬂ or E:?
3T .
Therefore, BC = T = 4.28 m (approx.)

i.e., the length of the ladder should be 4.28 m.

L]
Now, BD = cot 67 = -JE
3.7
e, DC = :E =2.14 m (approx.)

Therefore, she should place the foot of the lIadder at a distance of 2.14 m from

the pole.
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Example 3 : Anobserver 1.5 mtall is 28.5 m away A
from a chimney. The angle of elevation of the top
ol the chimney [rom her eyes is 45°. What is the
height of the chimney?

Solution : Here, AB is the chimney, CD the
observer and £ ADE the angle of elevation (see
Fig. 9.6). In this case, ADE is a triangle, right-angled
at E and we are required to find the height of the >
chimney. %
We have AB= AE+BE=AE+ L3

and DE= CB=285m

To determine AE, we choose a trigonometric ratio, which involves both AE and
DE. Let us choose the tangent of the angle of elevation.

MNow, tan 45° = E
. [ AE
ht = 285
Therelore, AE= 285

So the height of the chimney (AB)={28.5+ 1.5)m =30 m.

Example 4 : From a point P on the ground the angle of elevation of the top of a 10 m
tall building is 30%. A flag 1% hoisted at the top of the building and the angle of elevation
of the top of the flagstaff from P is 45°. Find the length of the flagstaff and the
distance of the building from the point P. {You may take /3 = 1.732)

Solution : In Fig. 9.7, AB denotes the height of the building, BD the flagstaff and P
the given point. Note that there are two right triangles PAB and PAD. We are required
1o find the length of the flagstaff, i.e., DB and the distance of the building from the
point P, i.e., PA.
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Since, we know the height of the building AB, we D
will first consider the right A PAB,
We h tan 30 s
a b=

e have AP
& LHE . g mml| |
LE., "JE = AP P : S —

A
Thereflore, AP = 1043 Fig. 9.7
i.e., the distance of the building from Pis 1043 m=1742m.
Mext, let us suppose DB = x m. Then AD = (10 + ) m.
. . AD_10+x
Now, in right A PAD, tan 45° = AP 103
hiopdd i 10+ x
refore, =
1043

e, x=10 (V3 -1) =752
S0, the length of the flagstaff is 7.32 m. A
Example 5 : The shadow of a tower standing
ona level ground is found to be 40 m longer
when the Sun’s altitude is 30° than when itis
607, Find the height of the tower.
Solution : In Fig. 9.8, AB is the tower and .
BC is the length of the shadow when the [ 130 il
Sun’s altitude is 60°. i.e, the angle of €¢——d40m ——C B
elevation of the top of the tower from the tip Fig. 9.8

of the shadow is 60" and DB is the length of
the shadow, when the angle of elevation
is 307,

Now, let AB be h m and BC be x m. According to the question, DB is 40 m longer
than BC.
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So, DB=(40+x)m
MNow, we have two right triangles ABC and ABD.
In A ABC B0” A2
; Lamn = BC
k
or, 3= = (1)
In A ABD ap= E
n ; tan = BD
, 1 h 5
ki BT ox+do @
From (1), we have h= xf3
Putting thiz value in (Z), we get {Jﬂ\ﬁ} ~J'r3_= =x4+40, i.e.. Ix=xc+40
ie:; z= 2
so, h= 2043 [From (1)]

Therefore, the height of the tower i3 2043 m.

Example 6 : The angles of depression of the top and the bottom of an & m tall building
from the top of a multi-storeyed building are 30"
and 457, respectively. Find the height of the muld-
storeyed building and the distance between the  Q----vemrvmvmremaap-age-. P
two buildings. 3PS

Solution : In Fig. 9.9, PC denotes the multi-
storyed building and AB denotes the & m tall
building. We are interested to determine the height
of the multi-storeyed building, i.c., PC and the B D
distance between fhe two buildings, i.e., AC.
Look at the Tigure carelfully. Observe that PB is
a transversal to the parallel lines PQ and BD.
Therefore, ZOQPB and ZPBD are alternate
angles, and 50 are equal. Fig. 9.9
So 2 PBD = 30", Similarly, Z PAC = 45°,

In right A PBD, we have
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= 30° = BD = PD.f3
BD = tan = \E or = 3
In right A PAC, we have
Lo 455 =1
o tarn =
i.e., PC = AC
Also, PC = PD + DC, therefore, PD + DC = AC.

Since, AC = BD and DC = AB = § m, we get PD + 8 = BD = PP/3 (Why?)
3 3(v3+1)
P B )

50, the height of the multi-storeved building is {4(\{5 + ]) + E}m = 4{3 + J?:)m

This gives

:4(u§+1}m.

and the distance between the two buildings is also 4(3 + \E} m.

Example 7 : From a point on a bridge across a river, the angles of depression of
the banks on opposite sides of the river are 30° and 45°, respectively. If the bridge
is at a height of 3 m from the banks, find the width of the river.

Selution : In Fig 910, A and B

represent points on the bank on

opposite sides of the river, so that

AB iz the width of the river. Pisa f
point on the bridge at a height of 3

m, i;e., DP = 3 m. We are

interested to determine the width

of the river, which is the length of

the side AB of the D APB.

Now, AB = AD + DB
Inright A APD, &£ A = 30°

g 30Y = _D
oy lan = AD
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_ 13
ie., B = AD or ﬁD—Bﬁm

Also, in right A PBD, £ B =45%. S0, BD=PD =3 m.

Now, AB=BD+AD=3+ 33 =3(1+3)m.

Therefore, the width of the river is 3 {"E + l}m_

EXERCISE 9.1

1. Acircus artist is climbing a 20 mlong rope, which is A
tightly siretched and tied from the top of a wertical
pole to the zround. Find the height of the pole, if

S i 0

the angle made by the rope with the ground level is L e
30% seeFig. 9.11).

2. A tree breaks due to storm and the broken part B Cal C
bends so that the top of the tree touches the ground
making an angle 30° with it. The distance between Fig. 9.11

the foot of the tree to the point where the top
touches the ground is & m. Find the height of
the tree.

3. A contractor plans to install two slides for the children to play in apark. For the children
belovr the age of 3 years, she prefers to have a slide whose top is ata height of 1.5 m, and
is inclined at an angle of 30° to the ground, whereas tor elder children, she wants to have
a steep slide at a heizht of 3m, and inclined at an angle of &1° ta the ground. What
should be the length of the slide in each case?

4. The angle of elevation of the top of a tower from a point on the prownd, which is 30 m
away from the foof of the tower, is 30°. Find the height of the towes,

5. Akiteig [Iying st a height of 60 m above the ground. The string attached to the kite 13
temporarily tied to a point on the ground. The inclination of the string with the ground
18 607, Find the length of the string, assuming that there 15 no slack in the string.

6. A 1.5 m tall boy is standing at some distance from a 30 m tall building. The angle of
elevation from his eves (o the top of the building increases from 30° to 60° as he walks
towards the building. Find the distance he walked towards the building.

7. From a point on the ground, the angles of elevation of the bottom and the top of a
transmission tovrer fixed at the top of a 20 m high building are 45" and 60° respectively.
Find the height of the tower.



142

M ATHEMATICS

lDi

13.

13.

14,

15.

A statue, 1.6 m tall, stands on the top of a pedestal. From a point on the ground, the
angle of elevation of the top of the statue i3 607 and from the same point the angle of
elevation of the top of the pedestal 42 45°. Find the height of the pedestal,

The angle of elevation of the top of a building from the foot of the tower is 30 and the
angle of elevation of the top of the tower from the foot of the bailding is 60°. If the tower
is 30 m high, find the height of the building.

Two poles of equal heights are standing opposite each other on either side of the road,
which is 80 m wide, From a peint between them on the road, the angles of elevation of
the top of the poles ace 60° and 307, respectively. Find the height of the poles and the
distances of the point from the poles, A

ATV tower stands vertically oh a bank
of a canal. From a point on the olher
bank directly oppozite the tower, Lhe
angle ol elevation of the top of the
tower 18 60™, From anothes point 20 m
away from thiz point on the line joing

this point to the foot of the tower, the af ol

angle of elevation of the top of the D= m )

tower is 307 (see Fig. 9.12). Find the p o ™ B
height of the tower and the width of Fig. 9.12

the canal.

From the top of a 7 my high building, the angle of elevation of the top of a cable tower is
60° and the angle of depression of its foot 15 45°. Determine the height of the tower

Az observed from the top of & 75 m high lighthouse from the sea-level, the angles of
depression of two ships are 307 and 45°, If one ship is exactly behind the other on the
same gide of the lighthouse, lind the diziance between the two ships.

A 1.2 mtall girl spots a balloon moving @ @
with the wind in a horizontal line a1 a .

height of #8.2 m from the ground. The ¢
angle of etevation of the balloon from ’
the eyes of the gizl al any instant is ‘
60°, After some time, the angle of (602"

|

I

i

|

. i 882 m
, : |
elevation reduces 1o 30° (see Fig, 9.13). *;5\ L e e )

Find the distance travelled by the
balloon during the interval, Fig. 9.13

A straight highway leads to the foot of a tower. A man standing at the top of the tower
observes a car at an angle of depression of 30°, which is approaching the foot of the
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tower with a uniform apeed, Six seconds later, the angle of depresaion of the caris found
1o be 607, Find the time taken by (he car to reach the fool of the tower from this poinl.

9.2 Summary

In this chapter, you have siudied the following points :

1. {1 The ling of sight 14 the line drawn from the eve of an observer Lo the point in the
object viewed by the observer.

(i} The angle of elevation of an object viewed, is the angle formed by the ling of sight
with the horizontal when it 15 above the horizontal level, i.e., the case when we raise
our head to lock at the object.

(iiy The angle of depression of an object viewed, 15 the angle formed by the line of sight
with the horizontal when it is below the horizontal level, i.e., the case when we lower
our head o look at the object.

2, The height or length of an ohject or the distance between two distant objects can be
determined with the help of trizonometric ratios.



CIRCLES 10

You have studied in Class IX that a circle is a eollection of all points in a plane
which are at a constant distance (radius) from a fixed point {cenire). You have
also studied various terms related o a circle like chord, segment, sector, arc ete.
Ler us now examine the different sitnations that can arise when a circle and a line
are given in a plane.

So, let us consider a circle and a line PQ. There can be three possibilities given

in Fig. 10.1 below:

.‘kp P .‘P

10.1 Introduction

(1) (i1} (iti)
Fig. 10.1

In Fig. 10.1 {i). the line PQ and the circle have no common point. In this case,
PQ 13 called & non-intersecting line with respect 1o the circle. In Fig. 10.1 (ii), there
are two common points A and B that the line PQ) and the cirele have. In this case, we
call the line P() a secant of the circle. In Fig. 10.1 (iii), there is only one point A which
is commof 10 the line PQ and the ¢irele. In this case, the ling 15 called a tangent to the
circle.
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You might have seen a pulley fitted over a well which is used
in taking our water from the well. Look ai Fig. 10.2. Here the rope
on boih sides of the pulley, if considered as a ray, is like a tangent
1o the circle representing the pulley.

Is there any position of the line with respect to the circle
other than the types given above? You can see that there cannot
be any other type of position of the line with respect to the circle.
In this chapter, we will study about the existence of the tangents
to a circle and also study some of their properties.

10.2 Tangent to a Circle

In the previous section, you have seen that a tangent* to a circle is a line that
intersects the cirele at only one point.

To understand the existence of the tangent to a circle al a point, let us perform

the following activities:
Activity 1 : Take a circular wire and attach a straight wire AB at a point P of the
circular wire so that it can rotate about the point P in a plane. Put the system on a table
and gently rotate the wire AB about the poinl P to get different positions of the straight
wire [see Fig. 10.3(1)].

In various positions, the wire intersects the
circular wire ai P and at another point Q, or Q, or
Q,. ete. In one position, you will see that it will
intersect the circle at the point P only (see position
A'B’ of AB). This shows that a tangent exists at
the point P of the circle. On rotating furthes, you
can observe that in all other positions of AR, it will
intersect the circle at P and at another point. say R,
or R, or B, etc. So. you can observe that there is
only one tangent at a point of the circle. Fig. 10.3 (i}

While doing activity abowve, you must have observed thal as the position AB
moves towards the position A’ B’, the common point, say @, of the line AB and the
circle gradually comes nearer and nearer to the common point F, Ultimately, it coincides
with the point P in the position A'B” of A"B”. Again note, what happens if "AB’ is
rotated rightwards about P7 The common point R, gradually comes nearer and nearer
to P and ultimately coincides with P. So, what we sece s

The tangent to a circle is a special case of the secant. when the two end
points of its corresponding chord coincide.

*The word ‘tangent’ comes from the Latin word ‘tangere’, which means 1o touch and was
introduced by the Danish mathematician Thomas Fineke in 1583,



146 M ATHEMATICS

Activity 2 : On a paper, draw a circle and a o
gsecant PO of the circle. Draw various lines
parallel to the secant on both sides of it. You

will find that after some steps, the length of p*
the chord cut by the lines will gradually
decrease, i.e., the two points of intersection of

the line and the circle are coming closer and
closer [see Fig. 10.3(ii)]. In one case, it
becomes zero on one side ol the secant and in
another case, it becomes zero on the other side

of the secant. See the positions P'Q’ and P"Q"

of the secant in Fig. 10.3 (ii). These are the
tangenis to the circle parallel to the given secant

PQ. This also helps you to see that there cannot Fig. 10.3 (ii)
be more than itwo tangents parallel to a given

secant.

il

This activity also establishes, what you must have observed, while doing
Activity 1, namely, a tangent is the secant when both of the end points of the
corresponding chord coincide.

The common point of the tangent and the circle is called the point of contact
[the point A in Fig. 10.1 {iii)Jand the tangent is said 1o touch the circle at the
COMMCN point.

Now look around you. Have yvoun seen a bicyele
or a cart moving? Look at its wheels. All the spokes
of a wheel are along its radii. Now note the position
of the wheel with respect fo itz movement on the
ground. Do you see any tangent anywhere?
(See Fig, 10.4), In fact, the wheel moves along aline
which is a tangent to the circle representing the wheel.
Also, notice that in all positions, the radius through
the point of contact with the ground appears to be at
right angles to the tangent (sec Fig. 10.4). We shall Fig. 10.4
now prove this property of the rangent.

Theorem 10.1 : The tangent ar any point of a circle is perpendicular to the
radius through the point of contact,

Prool : We are given & circle with centre O and a tangent XY 1o the circle at 4
point P. We nead to prove that OF is perpendicular to XY.



{CIRCLES 147

Take a point Q) on XY other than P and join OQ (see Fig, 10.5).

The point Q must lie outside the circle.
{Why"! Note that if Q lies inside the circle, XY
will become a secant and not a tangent (o the
circle). Therefore, OQ is longer than the radius
OP of the vircle. That is,

0Q > OP.

Since this happens for every point on the
line XY except the point P, OP is the
shortest of all the distances of the point O to the

points of XY. So OP is perpendicular to XY.
{ag shown in Theorem A1.7.)

Remarks
1. By theorem above, we can also conclude that at any point on a circle there can be
one and only one tangent.

2. The line containing the radius through the point of contact is also sometimes ealled
the ‘normal’ to the circle at the point.

EXERCISE 10.1

1. How many tangents can a circle have?
2. Fillin the blanks:
() A tangenltoacircle inlérsecteitin _ point(g)
{ii) A line inersecting a circle in two points is called a _ =i
(i) Acirclecanhave  parallel tangents at the most,
{iv) The common point of 2 langent to a circle and the cirele iz called
3. A tangent PQ) at a point P of a circle of radius 5 om meets a line through the cenire O at
apoint Qsothat OQ = 12cm. Length PQ s :
(&) 1Zem {B) 13cm {C) 85cm D 119 cm.

4. Draw a circle and two lines parallzl 1o a given line such that one is a tangent and the
other, a secant o the circle.

10.3 Number of Tangents from a Point on a Circle

To get an idea of the number of tangents from a point on a circle, let us perform the
following activity:
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Activity 3 : Draw a circle on a paper. Take a
point P inside it. Can you draw a tangent 1o the
circle through this point? You will find that all
the lines through thiz point interzect the circle in
two points. So, it is not possible to draw any
tangent to a eircle through a point ingide it
[seec Fig. 10.601)].

Next take a point P on the circle and draw
tangents through this point, You have already

abserved Lhal there is only one tangent (o the
circle at such a point [see Fig. 10.6 (ii}].

Finally. take a point P outside the circle and
try to draw tangents to the circle from this point.
What do vou observe? You will find that you
can draw exactly two tangents 1o the circle
through this point [zee Fig. 10.6 (1ii)].

We can summarise these facts as follows:

Case 1 : There is no tangent to a circle passing
through a point lying inside the circle,
Case 2 ¢ There is one and only one rangent to a
cirele passing through a point lying on the circle.
(ase 3 : There are exactly two tangents 1o a
circle through a point lying outside the circle.
InTFig. 10.6 (iii), T and T, are the points of
contact of the tangeniz PT, and PT,
respectively.
The length of the segment of the tangent
from the external point P and the point of contact

with the eircle is called the length of the tangent
from the point P to the circle.

 J

Tﬂ
(i)

Fig. 10.6

Note thatin Fig. 10.6 (iii), PT, and PT, are the lengths of the tangents from P to
the circle. The lengths PT, and PT, have a common property. Can you find this?
Measure PT, and PT,. Are these equal? In [act, this is always so. Lel us give a proof

of this fact in the following theorem.
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Theorem 10.2 : The lengths of tangents drawn
from an external point to a civcle are equal.

Prool : We are given a circle with centre O, a
point P lying outside the circle and two tangents
PQ), PR on the circle from P (see Fig. 10.7). We
are required W prove that PQ = PR.

For this, we join OF, OQ and OR. Then
£ OQP and ~ ORP are right angles, because
these are angles between the radii and tangents,
and according to Theorem 10.1 they are right
angles, Now in right triangles OQFP and ORF,

00 = 0OR

OP= 0P
Therefore, AOQP = A ORP
This gives PO = PR

RKemarks

R
Fig. 10.7

{Radii of the same circle)
(Common )

(RHS)

(CPCT)

I. The theorem can also be proved by using the Pythagoras Theorem as follows:
PQ? = OP* — OQF = OP* — OR* = PR? (As OQ = OR)

which gives PQ = PR.

2, Note algo that £ QPQ = £ OPR, Therefare, OP is the angle bisector of £ QPR,
i.e., the centre lies on the bisector of the angle between the two tangents.

Let us take some examples.

Fxample 1 : Prove that in two concenitric circles,
the chord of the larger circle, which touches the
smaller circle, is bisected at the point of contact.

Selution : We are given two concentric circles
C, and C, with centre O and a chord AB of the
larger circle C, which touches the smaller circle
C, at the point P (see Fig. 10.8). Weneed to prove
that AP=BP

Let us join OP. Then, AB is a tangent to C, at P
and OP is its radius, Therefore, by Theorem 10.1,

OP L AB
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MNow AB is a chord of the circle C and OP L AB. Therefore, OF is the bisector of the
chord AB, as the perpendicular from the cenire bisects the chord,

8. AP =BP

Example 2 : Two tangents TP and TQ are drawn
to a circle with centre O from an external point T. P
Prove that £ PTQ =2 £ OPQ.

Solution : We are given a circle with centre O,
an external point T and two tangents TP and TQ
to the circle, where P, Q are the points of contact
(see Fig. 10.9). We need to prove that

T 0

Q
LZPTQ=2 2 0PQ Fig. 10.9

Let ZPTQ=0

MNow, by Theorem 10.2, TP = T(. 5o, TPQ is an isosceles triangle,

1 [
Therefore, ZTPQ=/TQP= E(IRI}“—E}FU““—;H
Also, by Theorem 101, 2 0OPT = 90
b

So, ZOPQ=./0PT-/TPQ= QD“-[QG“—%BJ

_ .Lﬂ—l/_’PI'Q

2 2 '
This gives ZPTQ =2 7 0PQ

Example 3 : PQ is a chord of length § cm of a
circle of radius 3 cm. The tangents at P and ()
intersect at a point T (see Fig. 10.10). Find the
length TP.

Solution : Join OT. Let it intersect PO} at the
point R. Then A TPQ is isosceles and TO is the
angle bisector of £ PTQ. So, OT L PQ
and therefore, OT bisects P which gives
PR=RQ =4 cm.

Fig. 10.10

Also, OR=[OP* —PR? =¥ — 4% cm =3cm
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Now, ZTPR + ZRPQ=90"=2TPR + £ PTR {(Why?)
S0, ZLRPO=<PIR
Thereflore, right triangle TRP is similar to the right wiangle PRO by AA similarity.

™ RP = TP 4

This gives P0 - RO’ 1.&..? =3 or TP = EY CITL
Note : TP can also be found by using the Pythagoras Theorem. as follows:
Let TP =x and TR =¥ Then
=y +16 (Taking right A PRT) (1)
¥+ 5= (y+ 3P (Taking right A OPT) (2)
Subtracting (1) from (2), we get
32 16
25=6y-T7 or s =i
Therefore, K= [?] +1ﬁ=%ﬂﬁ+ 9) = L [From (1)]
2

or I=

-

2

EXERCISE 10.2
In Q.1 to 3, choose the cosrect option and give justilication.
1. From a point ©), the length of the tangent o a circle is 24 cm and the distance of ) from

the cenire is 25 cm. The radius of the circle is T
{A) Tom {B) 12cm .
C) 15cm (D) 245cm
2. InFig.10.11, TP and T() are the two tangents ™
to @ circle with centre O so that £ POQ = 110°, Q

then £ PT(} is equal fo
(A) elF B 7
€ ar Dy «r Fig. 10,11

3. [Iftangents PA and PB from a point P to a circle with centre () are inclined 1o each other
at angle of 80°, then £ POA is equal to

(A) sF B) &
iy wr D EF
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4. Prove that the tangents drawa at the ends of a diameter of a circle are parallel.

5. Prove that {he perpendicular at the point of contact to the tangent to a circle passes

ﬁl

10,

11.

13

through the centre.

The length of atangent from a point A at diztance 5 cm from the centre of the circle is 4
cm. Find the radius of the circle.

Two concentrie circles are of radii 5 cm and 3 em, Find the length of the chord of the
larger circle which touches the smaller circle,

Acquadrilateral ABCD is deawn to circumseribe a circle (see Fig. 10.12). Prove that

AB+CD=AD+BC

Fig. 10.12 Fig. 10.13

InFig. 10.13, XY and X'Y" are two parallel tangents to a ciccle with centre O and
another tangent AR with point of contact C intersecting XY at A and XY at B, Prove
that 2 AOB =907,

Prove that the angle between the two langents drawn from an exicmal point o a circle
15 supplementary to the angle subtended by the line-gegment joining the points of
contact al the centre.

Prove that the parallelogram circumseribing a ik

cirele 14 a rhombus,

Atriangle ABC is drawn to circumgeribe a circle
of radius 4 cm such that the segmenis BD and
DC into which BC is divided by the point of

contact D are of lengths 8 omi and & cm o
reepectively (see Fig. 10.14), Find the sides AB
and AC.
Prove that opposite sides of a quadrilateral
PR i S v — e —

circumscribing a circle subtend supplementary
angles at the centre of the cizele. Fig. 10.14
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104 Summary

In this chapter, you have studied the following points :

1. The meaning of a tangent (o a cizcle.

2.  Thetangent to a circle is perpendicular to the radius through the point of contact.
3. The lengthe of the two tangents from an external point 1o a cirele are equal.



11.1 Areas of Sector and Segment of a Circle

You have already come across the terms secror and
segment of a circle in your earlier classes. Recall
that the portion (or part) of the circular region enclosed
by two radii and the corresponding arc is called a
secter of the circle and the portion (or purt) of the
circular region enclosed between a chord and the
corresponding arc is called a segment of the circle.
Thus, in Fig. 11.1, shaded region OAPB is a sector
of the circle with centre 0. £ AOB is called the

Fig. 11.1

angle of the sector, Note that in this figure, unshaded region OAQB is also a sector of
the circle. For obvious reasons, OAPB is called the minor sector and
OAQB is called the mgjor sector. You can also see that angle of the major sector is

360% — £ AQB.

Now, look at Fig. 11.2 in which AB is a chord
of the circle with centre O. So, shaded region APB is
a segment of the circle. You can also note that
unshaded region AQB i3 another segment of the circle
formed by the chord AB. For obvious reasons, APB
is called the minor segment and AQB is called the
major segntent.

Remark : When we write ‘segment’ and “sector’
we will mean the ‘minor segment’ and the ‘runor
sector’ respectively, onless stated otherwise.
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MNow with this lnowledge, let us try to tind some
relations (or formulae) to calculate their areas.

Let OAPE be a secior of 4 circle with cenire
O and radius r (5ee Fig. 11.3). Let the degree
measure of 2 AOB be 0.

You know that area of a circle (in fact of a
circular region or dise) is nr.

In a way. we can consider this circular region to
be a sector forming an angle of 360° {i.e., of degree
measure 360) at the centre O. Now by applying the
Unitary Method, we can arrive al the area of the
sector OAPB as follows:

When degree measure of the angle at the centre is 360, area of the
sector = m#
S0. when the degree measure of the angle at the centre is 1, area of the

sector = m—l
' 360
Therefore, when the degree measure of the angle at the centee is 9, area of the
2
nr 3 2
gector = w i = bl
360 360

Thus, we obtain the following relation (or formula) for area of a sector of a
gircle:

2
Avea of the sector of angle 8 = 7

360
where » i3 the radius of the cirele and 0 the angle of the sector in degrees.

Now, a natural question arises : Can we [ind
the length of the arc APB corresponding to this
sector? Yes. Again, by applying the Unitary
Mathod and taking the whole length of the circle
(of angle 360%) as 2n#, we can obtain the required

8
length of the are APB as 260 % 2mr

0
So, length of an arc of a sector of angle 8 = — x 27r

360
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Now let us take the case of the area of the
segment APB of a circle with centre O and radius r
{see Iig. 11.4). You can see that :

Area of the segment APB = Arca of the sector OAPB — Area of A OAB

- ixm? — area of AOAB
360

Note : From Fig. 11.3 and Fig. 11.4 respectively, you can observe that:
Area of the major secior OAQB = m? — Area of the minor sector OAPB
and Area of major segment AQB = mr? — Area of the minor segment APB
Let us now take some examples to understand these concepts (or results).
Example 1 : Find the area of the sector of a circle

with rudius 4 cm and of angle 30°, Also, find the area
of the corresponding major sector (Use m =314}

Solution : Given sector is OAPB (see Fig. 11.5),

B 2
Areg ol the seclor = —— X mr
ed 5e ,; 6 ﬂ'

P B

B £x3,14>{4x4cm2
360 Fig. 11.5

@ em? = 4.19¢m? (approx.)

Area of the corresponding major sector

wrt — area of sector OAPB
(3.14 x 16 — 4.19) cm?

= 46.05 ¢m? = 46.1 em?(approx.)

(360-0)

Alternatively, area of the major sector =

360
/360 — 303

= \ija.m.ﬂﬁmi
310

= = x3.14 % 16cm” = 46.05 cm®
360

= 46.1 cm® (approx.)
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Example 2 : Find the area of the segment AYB A
shown in Fig. 11.6. if radius of the circle is 2] cm and A B

22
£ AOB =120°. (Use = —-) 5

Fig. 11.6

Solution : Area of the segment AYB
= Area of sector QAYB — Area of A QAR (1)

Now, area of the sector DAYBE = % » % % 21% 21 e = 462 cim? (2)

For finding the area of A OAB, draw OM L AB as shown in Fig. 11.7.
Note that OA = OB. Therefore, by RHS congruence, A AMO = A BMO,

1
50, M is the mid-point of AB and £ AOM =2 BOM = 3 %120 = 607

Let OM =x ¢m - M -
M o 2 ] ; i
So, from A OMA, A = ‘os 60 U PP
0
X 1 1Y
= e cos 60" =— e, 11,
or, 1= 3 [ ZJ Fig. 11.7
_ 2
o, * 2
1
S0, OM=— cm
-
M 3
Alzo OA = zin 60" = 2
2143
S0, AM=TJ_cm

Therefore, AB=2AM=



L
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area of A OAB = ELﬁBxDM = %xzhﬁx% ¢m?

= % Jcm’ (3)

441
Therefore, area of the segment AYB = [462 = T“E } e’ [From (1), (2) and (3)]

= %‘- (88 — 2143)em’
EXERCISE 11.1

22

Unieas stated othetrwise, uge 1= —".

1.
2.
3

Lh

7
Find the area of a sector of a circle with radius & em if angle of the sector is 607,
Find the area of a quadrant of a circle whose circumference is 22 cm.

The length of the minute hand of a clock is 14 e Find the area swept by the minute
hand in 5 minutes.

A chord of & eircle of sadius 10 cm subtends a right angle at the centre, Find the area of
the corresponding : (i) minorsegment (i) major sector. (Use m=3.14)
In a circle of radius 21 cm, an arc subtends an angle of 607 at the centre. Find:

(i) the length of the arc  (ii} area of the sector formed by the arc
{iii} area of the segment formed by the corresponding chord

A chord of & circle of radius 15 cm subtends an angle of 60° at the centre. Find
the areas of the corresponding minor and major
segments of the circle,

(User=3.14and \f3 =1.73}
A chord of a circle of radius 12 cm subtends an

angle of 120° at the centre. Find the area of the
corresponding segment of the sircle.

(Usem=3.14 and \f3 =1.73)

A horse is tied to a peg at ong corner of a sguare
shaped grass lield of side 15 m by means ol'a 5 m
long rope (see Fig. 11.8). Find Fig. 11.8
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L

10,

11.

13

14.

(i) the area of that past of the field in which the
horse can graze.

{ii) the increasze in the grazing area if the rope

were | mlong instead of 3 m. (Usen=23.14)

A brooch is made with silver wire in the fom

of acircle with diameter 35 mm. The wire s also

used in making 5 diameters which divide the

circle into 10 equal sectors as shown in
Fig. 11.9.Find :

{i} the total length of the silver wire required.
(11} the ared of each sector of the brooch.

An umbsella has 8 ribs which are equally spaced
{see Fig. 11100, Assuming umbrella to be a flat
circle of radius 45 cm, find the area between the
two consecutive ribs of the umbrella.

A car has two wipers which do not overlap. Each
wiper has a blade of length 25 cm sweeping
through an angle of 115 Find the total area
cleaned at each sweep of the blades.

. To wain ships for underwater rocks, a lighthouse

spreads a red coloured light over a sector of
angle 807 o a distance of 16,3 km, Find the area
of the sea over which the ships are wamed,
{(Usem=3.14)

A round fable cover has six equal designs as
showmin Fig. LL.11. Tf the radius of the cover is
28 em, find the cost of making the designs at the
rate of 20.35 percm?. (Use \f3 =1.7)

Tick the correct answer in the following

Avea of a sector of angle o (in degrees) of a circle
with racius R is

ik % il z A R’
(A) ]melrrR (B) [Em:u:fcl-l ()] Eﬁﬂxhr

@

Fig. 11.11

il i
—— W 2R
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11.2 Summary
In this chapter, you have studied the following points :
1. Length of an arc of a seclor of a cirele with radivg r and angle with degree measure 6 i3

8
— X IAmr,
T

2. Aresof asector of a circle with radius r and angle with degvee measure € is N .

3. Areaof segment of a circle
= Aren of the corresponding sector — Area of the cosresponding triangle,



SURFACE AREAS AND
VOLUMES

12.1 Introdoction

From Clags TX, you are familiar with some of the solids like cuboid, cone, cylinder, and
sphere (see Fig. 12.1). You have also learnt how to find their surface areas and volumes.

D a00

(@ (i) (iv)

Fig. 12.1

In our day-to-day life, we come across 4 number of solids made up of combinations
of two or more of the basic solids as shown above.

Yoo must have seen a truck with a
container fitted on its back (see Fig. 12.2),
carrying oil or water from one place to
another. Iz it in the shape of any of the four
basic solids mentioned above? You may
guess that it 1s made of a cylinder with two
hemispheres as its ends.




152 M aTHEMATICS

Again, you may have seen an object like the

one in Fig. 12.3. Can you name it? A test tube, right! Cj
You wonld have used one in vour science laboratory. o

This tube is also a combination of a cylinder and a
hemisphere, Similarly, while travelling, youmay have
seen some big and beautiful buildings or monuments
made up of a combination of solids mentioned above.

If for some reason you wanted to find the
surface areas, or volumes, or capacities of such
objects, how would you do 1t7 We cannot claszify
these under any of the solids vou have already studied. Fig. 12.3

In this chapter, you will see how to find surface areag and volumes of such
objects.

St

12.2 Surface Area of a Combination of Solids

Let us consider the container seen in Fig. 12.2. How do we find the surface area of
such a solid? Now, whenever we come across a new problem, we fivst try to see, if
we can break it down into smaller problems, we have earlier solved. We can see that
this solid is made up of a cylinder with two hemispheres stuck at either end. It would
look like what we have in Fig, 124, after we put the pieces all together.

Fig. 12.4

If we consider the surface of the newly formed object, we would be able to see
only the curved surfaces of the two hemispheres and the curved surface of the cylinder.

So, the total surface area of the new solid is the sum of the rurved surface
areas of each of the individual parts. This gives,
TSA of new solid = CSA of one hemisphere + CSA of cylinder
+ CSA of other hemisphere
where TSA, CSA stand for “Total Surface Area’ and 'Curved Surface Area’
respectively.

Let us now consider another situation, Suppose we are making a toy by putting
together a hemisphere and a cone. Let us see the steps that we would be going
through.
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First, we would take a cone and a hemisphere and bring their flat faces together.
Here, of course, we would take the base radius of the cone equal to the radius of the
hemisphere, for the toy is to have a smaooth surface. 5o, the steps would be as shown

@~*

Fig. 12.5

At the end of our trial, we have got ourselves a nice round-bottomed toy. Now if
we want to find how much paint we would require to colour the surface of this toy,
what would we need to know? We would need to know the surface area of the toy,
which consists of the CSA of the hemisphere and the CSA of the cone.

So, we can say:
Tortal surface area of the oy = CSA of hemisphere + C5A of cone
Now, let us consider some examples.

Example | : Rasheed got a playing top (laru) as his
birthday present, which surprisingly had no colour on
it. He wanted to colour it with his crayons. The top is
shaped like a cone surmounted by a hemisphere
(see Fig 12.6). The entire top is 5 c¢m in height and
the diameter of the top is 3.5 cm. Find the area he

22 .
has to colour. (Take = 3 ) Fig. 12.6

Solution : This top is exacily like the object we have discussed in Fig. 12.5. 5o, we
can conveniently use the resull we have amived at there, That is :

TSA of the toy = CSA of hemisphere + CSA of cone

1 ;
Now, the curved surface area of the hemisphere = -j[fiﬂ'rr}' )=2ar"

22 .35 3.5 3
— |2 —x—x— |cm
7 2 2



164 M ATHEMATICS

Also, the height of the cone = height of the top — height (radius) of the hemispherical part

3.5
- [5—?]13“1 =325 cm

3 FEY ;
So, the slant height of the cong (1) = +/ riait = J[?J +(3.25)" em =37 em {approx.)
22 35 N
Therefore, CSA of cone = nrl = [7 X T X 3.7") cm

This gives the surface area of the top as

[Ex%—xéé—xgﬁ]mt + Exiﬁxl’f]mz
T & 2 7

o B B
i x L
2

You may note thai “toial surface area of the top’ is net the sum of the total
surface areas of the cone and hemisphere.

(3.5 +3.7) em? = %x G5 A7) o =506 6 Gappron)

,E 4.2 em 3.
Example 2 : The decorative block shown e :
in Fig. 12.7 is made of two solids — a cube ~ =
and a hemisphere. The base of the block is a
cube with edge 5 em, and the hemisphere
fixed on the top has a diameter of 4.2 cim.
Find the toral swface area of the block.

22
(Take m= — ) =k
7 Fig. 12.7

S eom

Som

Solution : The total surface area of the cube = 6 x (edge)l =6 x 5 x 5 cm? = 150 cm?,

MNote that the part of the cube where the hemisphere is attached is not included in the
surface area.

So, the surface area of the block = TSA of cube — base area of hemisphere
+ CS5A of hemisphere

150 — m + 2 mrt= (150 + ) em?

] ]
150 ¢’ +(§x%x£} om’

2
= (150 + 13.86) cm® = 163.86 cm?
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Example 3 : A wooden toy rocket is in the
shape of a cone mounted on a cylinder; as
shown in Fig. 12.8. The height of the entire
rocket is 26 cm, while the height of the conical
part is 6 cm. The base of the conical portion
has a diameter of 5 cm, while the base
diameter of the eylindrical portion is 3 em. If
the conical portion is to be painted orange
and the cylindrical pordon yellow, find the
area of the rocket painted with each of these
colours. (Take m = 3.14)

Solution : Denote radius of cone by r, slant
height of cone by [, height of cone by /1, radius
of eylinder by " and height of cylinder by A",
Then r=25cm, h=6cm, = 1.5 cm,
R =26—-6=20cmand

26 cm

& em

B}~

base ol cylinder

base of cone

Fig. 12.8

F= it B =.‘lr2.51+52 e = 6.5 cm

Here, the conical portion has its cirgular base resting on the base of the cylinder, but
the base of the cone is larger than the base of the cylinder. So, a part of the base of the

cone {a ring) 18 to be pamied.

So, the area o be painted orange = CSA of the cone + base area of the cone
— base area of the cylinder

= trl + - )

= (2.5 x 6.5) + (2.57 — (1.5)7] cm?
= w[20.25] em? = 3.14 x 20.25 cm?

= 63.585 ecm?

Now,  the area (0 be painted vellow = CSA of the cylinder
+ area of one base of the eylinder

= 2nr'h" + iy P
=m’ 2R + 1)

= (3.14 % 1.5) (2% 20 + 1.5) em?

= 471 %41.5 cm?
= 195.465 cm?



166 M ATHEMATICS

Example 4 : Mayank made a bird-bath for his garden
in the shape of a cylinder with a hemispherical
depression at one end (see Fig. 12.9). The height of
the cylinder iz 1.43 m and its radius is 30 cm. Find the

22
total surface area of the bird-bath, (Take mt R )

Solution : Let A be height of the cylinder, and r the _
common radius of the cylinder and hemisphere. Then, Fig. 12.9

the total surface area of the bird-bath = CSA of cylinder + CSA of hemisphere
2urh 4+ 2nt = 2nrth + 1)

22
2% X 300145 +30) em?

[

33000 cm? =33 m?

EXERCISE 12.1
_ 22
Unless stated otherwise, take = =

1. 2 cubes each of volume 64 cm® are joined end to end. Find the swace area of the
resulting cuboid,

2, A wvessel is in the form of a hollow hemisphere mounted by a hellow ¢ylinder. The
diameter of the hemisphera is 14 cmand the total height of the vessel is 13 cm. Find the
inner surface area nf the veszel.

3. Atoyiainthe form of 2 cone of radius 3.5 cm mounted on g hemigphere of same radius,
The total height of the toy is 15.5 cm. Find the total surface area of the toy.

4, A cabical block of side 7 cm is surmounted by a hemisphere. What is the greatest
diameter the hemizphere can have? Find the surface area of the selid.

5. A hemispherical depression is cot out from one face of a cubical wooden block such
that the diameter ! of the hemisphere is equal to the edge of the cube. Determine the
surface area of the remaining solid.

6. A medicine capsule iz in the shape of a
cylinder with two hemispheres stuck to each 5 mm
of its ends (¢ee Fig. 12.10), The length of < =

the entire capsule is [4 mm and the diameter
of the capsule is 5 mm. Find its surface area. Fig. 12.10

14 mm
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7. A tent i in the shape of a cylinder surmounted by a conical top. If the height and
diameter of the cylindrical part are 2.1 m and 4 m respectively. and the slant height of the
top iz 2.8 m, find the arca of the canvas used for making the tent. Also, find the cost ol
the canvas of the tent at the rate of 300 per m?, (Note that the base of the tent will not

be covered with canvas.)

8. From asolid cylinder whose height is 2.4 cm and diameter 1.4 cm, a conical cavity of the
game height and same diameter is hollowed out, Find the total aurface area of the

remaining solid to the nearest cm?,

9. A wooden article was made by scooping
out A hemisphere from each end of a solid
gylinder, ag shown in Fig. 12.11, 1T the
height of the eylinder is 10 cm, and its
base iz of radios 3.5 cm, find the 1ol
gurface area of the asticle.

12.3 Volume of a Combination of Solids

T
S

D

Fig. 12.11

In the previous section, we have discussed how to find the surface area of solids made
up of a combination of two basic solids, Here, we shall see how to calculate their
volumes. It may be noted that in caleulating the sarface area, we have nol added the
surface areas of the two constituents, because some part of the surface area disappeared
in the process of joining them. However, this will not be the case when we caleulate
the volume. The volume of the solid formed by joining two basic solids will acmally be
the sum of the volumes of the constituents, as we see in the examples below.

Example 5 : Shanta runs an industry in
a shed which is in the shape of a cuboid
surmounted by a hall cylinder (see Fig.
12.12}, If the base of the shed is of
dimension 7 m % 15 m, and the height of
the cuboidal portion is 8 m, find the volume
of air that the shed can hold. Further,
suppose the machinery in the shed
occupies a total space of 300 m® and
there are 20 workers, each of whom
occupy about 0.08 m* space on an
average, Then. how much air is in the

22
shed? (Take m = T}
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Solution : The volume of air inside the shed (when there are no people or machinery )
is given by the volume of air inside the cuboid and inside the hall eylinder, (aken
together.

Now, the length, breadth and height of the cuboid are 15 m, 7 mand 8 m, respectively.
Also, the diameter of the half cylinder is 7 m and its height is 15 m.

|
S0, the required volume = volume of the cuboid + o volume of the eylinder

[ljx?xﬁ +lx£xzxix15] m’ =1128.75 m?
2 4

Next, the total space occupied by the machinery = 300 m?
And the 1otal space occupied by the workers = 20 x 0,08 m* = 1.6 m?
Therelore, the volume of the air, when there are machinery and workers

= 112875 - (300,00 + 1.60) = 827.15 m?

Example 6 : A juice seller was serving his
custorners using glasses as shown in Fig, 12.13.
The inner dizmeter of the cylindrical glass was
5 ¢m, but the bottom of the glass had a
hemizpherical raized portion which reduced the
capacity of the glass. If the height of a glass
was 10 cm, find the apparent capaciiv of the
rlass and its actual capacity. (Use m=3.14.) Fig. 12.13

Solution : Since the inner diameter of the glass = 5 cm and height = 10 cm,

the apparent capacity of the glass = nrih
= 3.14 x 2.5 x 2.5 x 10 em? = 196.25 cm?

But the actual capacity of the glass is less by the volume of the hemisphere at the
base of the glass.

2 2 4
ie.. it is less by = T = 5 ®3.14x25%x25%x25em” =3271 cn?

So, the acmal capacity of the glass = apparent capacity of glass — volume of the
hemisphere
= (196.25 - 32.71) em?

= 163.54 cm
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Example 7 : A solid toy 1s in the form of a
hemisphere surmounted by a right cireular cone, The
height of the cone is 2 cm and the diameter of the
base is 4 em. Determine the volume of the toy, Ifa
right circular cylinder circumscribes the toy, find the
difference of the volumes of the ¢ylinder and the toy.
(Take = 3.14)

Solution : Let BPC be the hemisphere and ABC be the cone standing on the base
of the hemisphere (see Fig. 12.14). The radius BO of the hemisphere (as well as

1
of the cong) = ; =dem=2om.

2 5 1
So, volume of the toy = Em +§;-|;r k

2 1
- [E %314 % (20 + 3 %314 (2)* % 2] em’ = 25.12 e
Now, lei the right circular cylinder EFGH circumscribe the given solid. The radius of
the base of the right circular cylinder = HP = BO = 2 cm, and its height is

EH=A0+0P=(2+2)cm=4cm
S0, the volume required = volume of the right circular evlinder — volume of the toy
(3.14 » Facd — 25120 cm?
= 25.12 cmé®

Hence, the required difference of the two volumes = 25.12 cm™

1

EXERCISE 12.2
22
Unless stated otherwise, talee m= R
1. A solid is in the shape of a cone standing on a hemisphers with both their radii being
equal to 1 emoand the height of the cone is equal to its radius. Find the volume of the solid

interms of .

2. Rachel, an engineering student, was asked to make 4 model shaped like a cylinder with
twio cones attached at its two ends by using a thin aluminium sheet, The diameter of the
model is 3 cm and its length is 12 cm. Tf each cone has a height of Z cm, find the volume
of air contaimed in the mode] that Rachel miade. (Assume the outer and inner dimensions
of the mode! to be nearly the same.)
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El

124

A grdaly famun, containg sugar ayrup up to about . p——-
30% of its volure. Find approximately how much

syrop would be found in 45 gulab famuns, each
shaped like a cylinder with Lwo hemispherical ends
with length 5 em and diameter 2.8 em (see Fig, 12,15),

g N )

A pen stand made of wood is in the shape of a Fig. 12.15
cuboid with four conical depressions o hold pens.
The dimensions of the cuboid are 15 cnby 10 cm by
3.5 em. The radius of each of the depressions is (0.5
cm and the depth 18 1.4 ¢m. Find the volume of

wood in the entire stand (see Fig, 12.16),

A vessel i3 in the form of an invented cone, Tts
height is 8 cm and the radius of its top, which is
open, is 3 ¢m. Tt is filled with water up to the brim,
When lead shots, each of which is a sphere of radius
(1.5 cm are dropped into the vessel, one-fourth of
the water flows out. Find the oumber of lead shots
dropped in the vessel,

Fipg. 12.16

A solid iron pole consizts of a cylinder of height 220 e and base diamerer 24 cm, which
iz surmounted by another eylinder of height 60 cm and radiuz § em, Find the mass of the
pole, given that 1 cm? of iron has approximately 8g mass. (Usem=13.14)

A zolid conzigting of a right circular cone of height 120 cm and radivs 60 cm standing on
a hemigphere of radivs 60 cm 1z placed upright in a right circular cylinder full of water
such that it touches the bottom. Find the volume of water left in the cylinder, it the radius
of the cylinder is 60 ¢cin and its height is 180 cm.

A spherical glass vessel has a eylindrical neck 8 cm long, 2 cm in diameter; the diameter
of the spherical par is 8.5 em, By measuring the amount of water itholds, a child finds its
vilume to be 345 cm®. Check whether she is correct, taking the above as the inside
measurements, and ©=3.14.

Summary

In this chapter, you have studied the following points:

1.

2.

To determine the surface area of an object formed by combining any two of the basic
solids, namely, cuboid, cone, cvlindes, sphere and hemisphere,

To find the volume of objects formed by combining any two of a cuboid, cone, cylinder,
sphere and hemisphere.
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13.1 Imiroduction

In previous classes. you have studied the classification of given data into ungrouped as
well as grouped frequency distiibutions. You have also learnt 10 represent the data
pictorially in the form of various graphs such us bar graphs, histograms (including
those of varying widths) and frequency polygons. In fact, you went a step further by
studying certain numerical representatives of the ungrouped dara, also called measures
of central tendency, namely, mean, median and miede. In this chapter, we shall extend
the study of these three measures. 1.¢., mean, median and mode from ungrouped data
to that of grouped data, We shall also discuss the concept of cumulative frequency,
the cumulative frequency distribution.

13.2 Mean of Grouped Data

The mean (or average) of observations, as we know, is the sum of the values of all the
ohservations divided by the total number of cbservations. From Class IX, recall that if
X, X,. .., % are observations with respective frequencies f, f, . . ., £, then this
means observation ¥, ocowrs f, times. x, occurs f, times, and so on.

Now, the sum of the values of all the observations =fx + %, +...+fx, and

the number of observations =f +f, + ... +1.
50, the mean I of the data is given by

Fx FEX A R
fit it ]

X=

Recall that we can write this in short form by using the Greek letter I (capital
sigma) which means surmmation. That is,
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iﬁl;
del

T

'IM' 7
=

which, more briefly, is written as T = .if it is understood that { varies from

1ton. E'ﬂ
Let us apply this formula to find the mean in the following example.

Exumple 1 : The marks obiasined by 30 students of Clags X of 4 certain school in a
Mathematics paper consisting of 100 marks are presented in table below. Find the
mean of the marks obtained by the students.

Solution: Recallt]:wrmfudﬁgmmmks w&r&qumthepmduﬂ@feachx with
ﬂlemrmspﬂnﬂlngfreqmnﬂy _,f So, letus put them in a column as shown m'Ihhle 13.1.

Table 13.1
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Efx 1779
f 30 =393

MNow, x=

Therelore, the mean marks obtained is 59,3,

In most of our real life simations, data is usually so large that 1o make a meaningful
study it needs to be condensed as grouped data. So, we need to convert given ungrouped
data into grouped data and devise some meihod 1o find its mean.

Let us convert the ungrouped data of Example 1 into grouped data by forming
class-intervals of widih, say 15. Remember that. while allocating frequencies 1o each
class-interval, students falling in any upper elass-limit would be considered in the next
class, ¢.g., 4 students who have obtained 40 marks would be considered in the class-
mterval 40-55 and not in 25-40. With this convention in our mind, let us form a grouped
frequency distribution table (see Table 13.2).

Table 13.2

Class interval 1025 | 25-40 | 40-55 | 55-70 | 70-85 | 85-100

Number of students | 2 3 7 6 6 6

Now, for each class-interval, we require a point which would serve as the
representative of the whole class. [i is assumed that the frequency of each class-
interval is centred around {15 mid-point, So the mid-point {or class mark} of each
class can be chosen to represent the observations falling in the class. Recall thal we
find the mid-point of a elass (or its class mark) by finding the average of its upper and
lower limits. That is,

Upper class limit + Lower class limit
2

Class mark =

10+25

2
17.5. Similarly, we can find the class marks of the remaining class intervals. We put
them in Table 13.3. These class marks serve as our x,'s. Now, in general, [or the ith
class interval, we have the frequency f, corresponding to the class mark x. We can
now proceed to compute the mean in the same manner as in Example 1.

With reference to Table 13.2, for the class 10-25, the class mark is

L 1.8,
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Table 13.3

The surn of the values in the last column gives us E f.x.. So, the mean X of the
given datais given by B -~
+_ Tx _ 18600 _

If 30

This new method of finding the mean is known as the Direct Method.

‘We observe that Tables 13.1 and 13.3 are using the same data and employing the
same formula for the calculation of the mean but the results obtained are different.
Can you think why this is so, and which one is more accurate? The difference in the
two values is because of the mid-point assumption in Table 13.3, 59.3 being the exact
mean, while 62 an approximate mean.

Sometimes when the numerical values of x and f are large, finding the product
of x, and f, becomes tedious and time consuming. So, for such situations, let us think of
a method of reducing these calculations.

We can do nnfi]ing-with the f's, but we can change each xloa smaller number
s0 that our caleulations become easy. How do we do this? What about subtracting a
fixed number from each of these x's? Let us try this method.

The first step is to choose one among the x5 as the asswmed mean, and denote
it by “a'. Also, 1o farther reduce our calculation work. we may take ‘a’ to be that X,
which lies in the centre of x,, x,, . . ., x_. 80, we can choose a=47.5 or a = 62.5, Let
us choose a = 47.5.

The next step is to find the difference d between @ and each of the x5, that is,
the deviation of ‘a’ from each of the x's.
ie, d=x-a=x-475
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The third step is to find the product of d, with the corresponding [, and take the sum.
of all the fds. The calculations are shown in Table (3.4,

Table 13.4

_ Efd
So, from Table 13.4, the mean of the deviations, d = Ff}—m
i

Now, let us find the relation between 4 and 7.
Since in obtaining d, we subtracted 'a’ from cach ¥, 50, in order to get the mean
¥, we need to add ‘e’ to d . This can be explained mathematically as:
= d
Mean of deviations, d = %ﬂ'—

So,

I
=]
I
=1
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Substituting the values of a, &fd, and L/, from Table 13.4, we get

4?5+23—;~—4?5+145 6.

Therefore, the mean of the marks obtained by the students is 62.
The method discussed above is called the Assumed Mean Method.
Activity 1 : From the Table 13.3 find the mean by taking each of x, (i.e., 17.5, 32.5,

and 50 on) as ‘a”. Wha;dn}rnu observe? You will find that the mean determined in
each case is the same, i.c.. 62. (W]:[y""]

S0, we can say that the value of the mean obtained does not depend on the
choice of ‘a’.
Observe that in Table 13.4, the values in Column 4 are all multiples of 15. So, if

we divide the values in the entire Column 4 by 15, we would get smaller numbers to
multiply with f, (Here, 15 is the class size of each class interval.)

i X
So, lety, = i

Now, we calculate in this way and continue as before (i.e.. find [ u.and
then Efu,). Taking h = 15 let us form Table 13.5.

5 o " o . T C -
, where ¢ is the assumed mean and 71 is the class size.

Table 13.5

Ifu,

Let W=

&

Here, again let us find the relation between & and X.
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We h _x-a
e have, ="
S i) —
Therefore, = zﬁ—ﬁ=l X, — axf,
. Zf; h| I
113y _az,rt_'
“hl 3 Yy
N
]
SU. hi = f—ﬂ
ie. X=a+ hlt
s Efr.:-s,]
50. X o= a+h T T
[ﬁﬁ'

Now, substituting the values of a, h, Zf, and Zf, from Table 13.5, we get
707
=TS +15>¢l2—'J
30

=475+145=062
S0, the mean marks obtained by a student is 62.
The method discussed above is called the Step-deviation method.
We note thar

¢ the step-deviation method will be convenient 1o apply if all the d,'s have a
comman factor.

® The mean obtained by all the three methods 15 the same.

e The assumed mean method and step-deviation method are just simplified
forms of the direct method.

o The formula ¥ =a+ ku still holds if @ and & are nol as given above, bul are
X —a

h
Let us apply these methods in another example.

any non-zero numbers such that u, =
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Example 2 : The 1able below gives the percentage distribution of female teachers in
the primary schools of rural areas of various states and union territories (U.T.) of
India. Find the mean percentage of female teachers by all the three methods discussed
in this section.

Source : Seventh All India School Education Survey conducted by NCERT

Solution : Let us find the class marks, x, of each class, and put them in a column
(see Table 13.6):

Table 13.6

X, —50

Here we take a = 50, & = 10, then d, = x, - 50 and W

We now find d and «, and put them in Table 13.7.
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Table 13.7

From the table above, we obtain £f =35, Efx = 1390,
Ifd, =~ 360, Zfu, =-36.

Using the direct method, % = % = __1_;20 ~13971
Using the assurned mean method,
Fo a5 30 390
I,
Using the step-deviation method,

Fow [Ef“ ]‘xh Si}+( 3ﬁ]xm=39 71
I, ) 35
Therefore, the mean percentage of female teachers in the primary scheols of
rural areas is 39.71.
Remark : The result obtained by all the three methods is the same. So the choice of
method to be used depends on the numerical values of x, and f. I x, and f are
sufficiently small. then the direct method is an appropriate choice. If x, and f, are
numerically large numbers, then we can go for the assumed mean method or
step-deviation method. If the class sizes are unequal, and «, are large numerically, we
can still apply the step-deviation method by taking ki to be a suitable divisor of all the d's.
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Example 3 : The distribution below shows the number of wickets taken by bowlers in
one-day cricket matches. Find the mean numiber of wickets by choosing a suitable
method. What does the mean signify?

Solution : Here, the class size varies, and the x5 are large. Let us still apply the step-
deviation method with g = 200 and } = 20. MWaﬂbtainﬁledamasm'Ihhla 13.8.

Table 13.8

~106

_ -106

So, = = —". Therefore, ¥ = zm:uz’ﬂ(

= —47.11 = 152,89,
15 ] 200 52.8

This tells us that, on an average, the number of wickets taken by these 45 bowlers
in one-day cricket 15 152.89.

Now, let us see how well you can apply the concepts discussed in this section!
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Activity 2 :
Divide the smdents of your class into three groups and ask each group o do one of the
following activities.

1. Collect the marks obtained by all the students of your class in Mathematics in the
latest examination conducted by your school, Form a grouped frequency distribution
of the data obtained.

2. Collect the daily maximum temperatures recorded tor a period of 30 days in your
city. Present this data as a grouped frequency table.

3. Measure the heights of all the students of your ¢lass (in cm}) and form a grouped
frequency distribution table of this data.

After all the groups have collected the data and formed grouped frequency
distriburion tables, the groups should find the mean in each case by the method which
they find appropriate.

EXERCISE 131

1. A sorvey was conducted by a group of siodents az a pact of their environment awareness
programme, in which they collected the following data regarding the number of plants in
20 houses in a locality, Find the mean number of plants per house.

Numberofplants | 0-2 | 2-4 | 4.6 | 6-8 [ 8-10 | 10-12 | 12-14
Numberofhouses | 1 | 2 1 5 & | 2 3

Which method did you use for finding the mean, and why?
2. Consider the following distribution of daily wages of 30 workers of a factory.

Dailywages(in®) | 500-520 | 520540 | 540-560 | 560-580 | 580-600
Number of workers 12 1 8 6 10

Find the mean daily wages of the workers of the factory by using an appropriate method.

3. The following distribution shows the daily pockel allowance of children of a locality.
The mean pocket allowance is Ry 1B, Find the migsing frequency f.

Daily pocket 1113 [13.15 | 15-17 | 1719 | 19-21 [21.23 [ 23.25
allowance (in¥)

Numberofehildren | 7 | 6 | 9 | B | f | 5 4
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4. Thirty women were examined in a hospital by a doctor and the number of heartbeats per
minute were recorded and summarized as follows. Find the m:anh:ard::nIEpe; trinuge
for these women, choosing a ﬂm_l‘._nl:flu: method.

5. In a retail market. fruit vendors were selling mangoes kept in packing boxes. These
boxes contained varying number of mangoes. The following was the distribution of
mangoes according to the number of hoxes.

Find the mean number of mangoes kept in a packing box. Which method of finding
the mean did you choose?

6. The table below shows the daily expenditure on food of 25 houscholds in a locality.

Find the mean daily expenditure on food by a suitable method.

7. To find out the concentration of Sﬂj in the air (in parts per million, i.e., ppm), the dara
wag mlleamd for 30 loea]ﬂeamaneﬂamaﬁmndm presented below:

Find the mean concentration of SO, in the gir,
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8. A class teacher has the following absentee record of 40 students of a class for the whole
term. Find the mean number of days a student waz absent.

9. The following table gives the literacy rate (in peccentage) of 35 cities. Find the mean
literacy rate.

13.3 Mode of Grouped Data

Recall from Class IX, a mode is that value among the observations which occurs most
often, that is, the value of the observation having the maximum frequency. Further, we
discussed finding the mode of ungrouped data. Here, we shall discuss ways of obtaining
a mode of grouped data. Tt is possible that more than one value may have the same
maximum frequency. In such situations, the data is said to be multimodal. Though
grouped data can also be multimodal, we shall restrict ourselves to problems having a
single mode only.

Letus first recall how we found the mode for ungrouped data through the following
example.

Example 4 : The wickels laken by a bowler in 10 crickel matches are as [ollows:
2 6 4 5 0 2 1 3 2 3

Find the mode of the data.

Solution : Let us form the frequency distribution table of the given data as follows:
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Clearly, 2 is the number of wickets taken by the bowler in the maximum number
{i.e.; 3) of matches. So, the mode of this dala is 2.

In a grouped frequency distribution, it is not possible to determine the mode by
looking at the frequencies. Here, we can only locate a class with the maxirum
frequency, called the modal class. The mode is a valne inside the modal class, and is
given by the formula:

\
Mode = 1+ [_i’!.:iﬂ.__J X

- f
where [= lower limit of the modal class,
k= size of the class interval (assuming all class sizes to be equal),

1, = frequency of the modal class,
f, = frequency of the class preceding the modal class,

1, = frequency of the class succeeding the modal class.

Let us consider the following examples to illusirate the use of this formula.

Example 5 : A survey conducted on 20 households in a locality by a group of studenis
resulted in the following frequency table for the number of family members in a
household:

Family size 1-3 35 5-7 =5 9-11
Namberot | 7 | & [ 2 | 2| 1
Find the mode of this data.

Solution : Here the maximum class frequency is 8, and the class corresponding to this
frequency is 3 — 5. So, the modal class is 3 - 5.

Now
maodal class = 3 — 5, lower limit () of modal class =3, classsize (h)=2
frequency ( f,) of the modal class =8,
frequency ( f,) of class preceding the modal class =7,
freguency ( f, ) of class succeeding the modal class = 2.

Mow, let us substitute these values in the Tormula ;
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fi=f )
Mode = I +| —-—=0— |xh
K [23(1 o fu _fz-1|x

+[LJ>¢2=3+E=3.235
ZHR~T=2 7

Therefore, the mode of the data abowve i3 3.286.

Example 6 : The marks distribution of 30 students in a mathemarics examination are
given in Table 13.3 of Example 1. Find the mode of this data. Also compare and
interpret the mode and the mean.

Solution : Refer to Table 13.3 of Example 1, Since the maximum number of students
(i.e.. 7) have ot marks in the interval 40 - 55, the modal class is 40 - 55. Therefore,

the lower limit (/) of the modal class =40,

the class size (k) = 15,

the frequency ( f, ) of modal class = 7,

the frequency ( f,) of the class preceding the modal class =3,

the frequency ( f;) ol the class succeeding the modal class = 6.
Now, using the formula;

Mode = I+[ﬁ]xh,

Zﬁ_.fu'fz
Mode = 40+ l\1:»-:15 _ 37
we get e= 4-6-3) =

So, the mode marks is 52,
MNow, from Example 1, you know thal the mean marks is 62.

S0, the maximum number of students obtained 52 marks, while on an average a
student obtained 62 marks.

Remurks :

1. In Example 6, the mode 15 less than the mean. But for some other problems it may
be equal or more than the mean also.

2. Ti depends upon the demand of the situation whether we are interested in finding the
average marks obtained by the students or the average of the marks obtained by most
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of the students. In the first situation, the mean is required and in the second situation,
the mode is required.

Activity 3 : Continuing with the same groups as formed in Activity 2 and the situations
assigned to the groups, Ask each group to find the mode of the data. They should also
compare this with the mean, and interpret the meaning of both.

Remurk : The mode can also be calculated for grouped data with unequal class sizes.
However, we shall not be discussing it.

EXERCISE 13.2
1. The following table shows the ages of the patients admitted in a hospital during a year:

Find the mode and the mean of the data given above. Compare and interpret the two
measures of central tendency.

2, The following data gives the information on the observed lifetimes (in houwrs) of 225
electrical components :

Determine the modal lifetimes of the components,

3. The following dara gives the distribution of total monthly household expenditure of 200
families of 2 village. Find the modal monthly expenditure of the families. Also, tind the
mean monthly expenditure :
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4, The following distribution gives the state-wise teacher-student ratio in higher
secondary schools of India. Find the mode and mean of this data. Interpret the two
measures.

5. The given diswibution shows the number of runs scored by some top batsmen of the
world in one-day international ericket matches.

Find the mode of the data.

6. A student noted the number of cars passing through a spot on a road for 100
periods each of 3 minutes and summarised it in the table given below. Find the mode
of the data ;
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13.4 Median of Grouped Data

As you have siudied in Class IX, the median is a measure of central tendency which
gives the value of the middle-most abservation in the data. Recall that for finding the
median of ungrouped data, we first arrange the data values of the observations in

+
ascandmgntder Then, il 7 is udd,thc-medmnslhe( ]ﬂmhservnmn And, il n
iswan.theamemedmnmﬂbethea\rmgeoﬁhe thandthe (2 +1Jth observalions.

Suppose, we have to find the median of the following data, which gives the
marks, out of 50, obtained by 100 siudents in a test :

First, we arrange the marks in ascending order and prepare a frequency table as
follows :
Table 13.9
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Here = 100, which s cven. The median will e thesverage ofthe 7 and

(% +.l)th' observations, i.e.., the 50th and 5lst observations. To find these

ﬂhmaﬁm we proceed as follows: _
Table 13.10

Now we add another column depicting this information to the frequency table
above and name it as cwmulative frequency colwnn.

Table 13.11
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From the table above, we see that:
50th observatonis 28 (Why?)
51st observation is 29

So, Median = 'zg; 2 nns

Remark : The part of Table 13.11 consisting Column 1 and Colurn 3 is known as
Cumulative Frequency Table. The median marks 28.5 conveys the information that
about 50% students obtained marks less than 28.5 and another 50% students ebtained
marks more than 28.5.
Now, let us see how to obtain the median of grouped data, through the following

s j L

- Consider a grouped frequency distribution of marks obtained. out of 100, by 53
students, in a certain examination, as follows:

Table 13.12

From the table above, try to answer the following questions:
How many siudents have scored marks less than 107 The answer is clearly 5.
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How many students have scored less than 20 marks? Observe that the number
of students who have scored less than 20 include the number of students who have
scored marks from 0 - 10 as well as the number of students who have scored marks
from 10 - 20. So, the total number of students with marks less than 20is 5+ 3, L.e.. 8.
We say that the cumulative frequency of the class 10-20is 8.

Similarly, we can compute the cumulative frequencies of the other classes, i.e.,
the number of students with marks less than 30, less than 40, . . ., less than 100. We
give them in Table 13.13 given below:

Table 13.13

The distribution given above is called the cumulative frequency distribution of
the less than rype. Here 10, 20, 30. . . . 100, are the upper limits of the respective
class intervals.

We can similarly make the table for the number of students with scores, more
than or equal to (), more than or equal to 10, more than or equal to 20, and so on. From
Table 13.12, we observe that all 53 students have scored marks more than or equal to
0. Since there are 5 students scoring marks in the interval 0 - 10, this means that there
are 53 — 5 = 48 students getting more than or equal to 10 marks, Continuing in the
same manner, we get the number of students scoring 20 or above as 48 - 3=45, 30 or
above as 45 — 4 =41, and so on. as shown in Table 13.14.
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Table 13.14

The table above is called a cumulative frequency distribution of the more
than fype. Here 0,10, 20, ..., 90 gwc the lower limits of the respective ¢lass intervals.

Now, mfmdthemeﬂmnnfgmupeddam,wecmmakeuse ufanyufdwse
cumulative frequency distributions.
Let us combine Tables 13.12 and 13.13 to get Table 13.15 given below:

Table 13.15

Now in a grouped data, we may not be able to find the middle observation by
looking at the cumulative frequencies as the middle observation will be some value in
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a ¢lass interval. It is, therefore, necessary to find the value inside a class that divides
the whole disiribution into two halves. Bul which class should this be?

To find this class, we [ind the cumulative [requencies of all the classes and g :

We now locate the class whose cumulative frequency is greater than (and nearest to)

%' This is called the median class. In the distribution above, n = 53. So, % =265,

Now 60— 70 15 the class whose cumulative frequency 29 is greater than (and nearest
=i, 265

0 L, 265,

o) 5 e

Therefore, 60 — 70 is the median class.

After finding the median class, we use the following formula for calculating the
median.

n

Median= 7 + | 2 x h,
T

where { = lower limit of redian class,
n = number of ohservations,
cl = cumulative frequency ol class preceding the median class,
f= [requency of median class,
h = class size (assuming class size 10 be equal).

Substituting the values —;* =263, |=60,¢f=22,f=7,h=10

in the formula above, we get

Median= 60 + [@] s 10

45
= 60 + 3

= 66.4

So, about half the students have scored marks lezs than 66.4, and the other half have
scored marks more than 60.4.
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Example 7 : A survey regarding the heights (in cm) of 51 girls of Class X of a school
was conducted and the following data was obtained:

Find the median height.
Solution : To calculate the median height, we need to find the class intervals and their
cmpnu&ng Irequencies.

The given distribution being of the less than type, 140, 145, 150, .. 165 give the
upper limits of the corresponding class intervals. So, the classes s]mu]ﬂbe below 140,
140-145,145-150, .. ., 160 - 165. mevethatﬁ‘umﬂm gvmmstnhuﬁan, we find
that there are 4 girls w:ﬂl height less than 140, i.e., the frequency of class inierval
below 140 is 4. Now, there are 11 girls with heights less than 145 and 4 girls with
height less than 140. Therefore, the number of girls with height in the interval
140 - 145 is 11 — 4 = 7. Similarly, ﬂ:lnfrequﬂm:}* of 145 - 150 i5 29 — |1 = 1§, for
150 - 155, it is 40~ 29 = 11, and so on. So, our frequency distribution table with the
given cumulative frequencies becomes:

Table 13.16
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n St L. o
Now n=51.50, g’=-'£=25~5 . This observation lies in the class 145 - 150. Then,

I (the lower limit) = 143,
¢f (the cumulative frequency of the class preceding 145 - 150) =11,
f (the frequency of the median class 145 - 150) = 18§,
h (the class size) = 5.
(n
——cf
Z '
S

Usiug I'.HB fﬂl’mﬂ.ﬂ, Mﬂﬂ.‘[ﬂl‘.‘l =[]+ x-‘i . We hﬁvq_

o 145*(255_]1}”#-

L R
=145+ 18 =149.03.

So, the median height of the girls is 149.03 cm.

This meuns that the height of about 50% of the girls is less than this height. and
50% are taller than this height.
Example § : The median of the following datais 525, Find the values of x and y, if the
total frequency is 100.
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Itis given that n = 100
So, T6+x+y=100, ie, x+y=24 (1)
The median is 525, which lies in the class 500 — 600

So, /=500, f=20, ef=36+xr, h=100

Ao

Using the formula : Median = { + Ef h. we gel

525 = 500+ (ij 100

ie, 525-500= (14 -x) x5
ie., 25="70-5x
ie; Sx=T0-25=45
So, x=19

Therefore, from (1), we get 9 +y= 24

ie., y=15
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Now, that yon have studied about all the three measures of central tendency, let
us discuss which measure would be best suited for a particular requirement.

The mean is the most frequently used measure of central tendency because it
takes into account all the observations, and lies between the extremes, i.e., the largest
and the smallest observations of the entire data. It also enables us to compare two or
maore distributions. For example, by comparing the average (mean) results of smdents
of different schools of a particular examination, we can conclude which school has a
better performance.

However, extreme values in the data affect the mean. For example, the mean of
classes having frequencies more or less the same is a good representative of the data.
But, if one class has frequency, say 2, and the five others have frequency 20, 25, 20,
21, 18, then the mean will certainly not reflect the way the data behaves. So, in such
cases, the mean is not a good representative of the data.

In problems where individual observations are not important, and we wish to find
out a ‘typical’ observation, the median is more appropriate, e.g., finding the typical
productivity rate of workers, average wage in a country, etc, These are sitwations
where extreme values may be there. 5o, rather than the mean, we (ake the median as
a heter measure of central tendency.

In situations which require establishing the most frequent value or most popular
item, the mode is the best choice, e.g.. to find the most popular T.V. programme being
watched, the consumer item in greatest demand, the colour of the vehicle used by
most of the people, eic.

Remarks :

1. There is a empirical relationship between the three measures of central tendency :
3 Median = Mode + 2 Mean

2. The median of grouped daia with unequal class sizes can also be caleulated, However,
we shall not discuss it here.
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EXERCISE 13.3

1. The following frequency disiribution gives the menthly consumption of electricity of
68 consumers of a locality. Find the median, mean and mode of the data and compare
them.

2. Iithe median of the distribution given below is 28.5, find the values of xand y.

3. Alife insurance agent found the follawing data for distribution of ages of 100 palicy
holders. Calculate the median age, if policies are given only to persons having age 18
vears onwards but less than 60 year,
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4. The lengths of 40 leaves nfnplantmmnaamﬂmm tg the nearest millimetrs, and
the daia ghtained mmﬁﬂmﬂmfﬂlﬂwm table :

Find the median length of the leaves.

{I-Iml: The data needs 1o be converted to continuous classes for finding the median,

since the formula assumes cﬂnmmﬂuﬁ classes. The classes then change to
117.5-126.5,126.5-135.5,.. . 171.5- 180.5.)
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5. The following table gives the distribution of the life time of 400 neon lamps |

Find the median life ime of a lamp,
6. 100 surnames were randomly picked up from a local telephone directory and the

frequency distribution of the number of letters in the English alphabets in the surnames
was obiained as follows:

Determine the median aumber of letters in the surnames. Find the mean number of
letters in the surnames? Also, find the modal size of the surnames.

7. The distribution below gives the weights of 30 students of a ¢lass, Find the median
weight of the students.

135 Summary
In this chapter, you have studied the following points:
1. The mean For grouped data can be found by :
(1) the direct method : X = %
=
(i) the assumed mean method : = a +£f£

N
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py
i) the step deviation method - ¥ = a + [;ﬂ xh,

"

with the assumption that the frequency ol a class is centred at itz mid-poini, called its
class mark:

2, The mode for grouped data can be found by using the formula;

=5 ]
Mode=1 +| —=—— X h
Ole (Zﬂ—fn—fi_

where sgymbaols have their usual meanings,

3. The cumulative [requancy of a class 15 the frequency obained by adding the (requencies
of all the classes preceding the given class.

4. The median for grouped data is formed by using the formula:

whete symbaols have their usual mennings.

A NoTtE 10 THE READER

For caleulating mode and median for grouped data, it should be
‘ensured that the class intervals are continuous before applying the
formulae. Same condition also apply for construction of an ogive.
Further, in case of ogives, the scale may not be the same on both the axes.
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PROBABILITY

The theory of probabilities and the theory of errors now constitiile
a formidable body of great mathematical interesr and of great
praciical imporiance.

- R.8. Woodward

14.1 Probability — A Theoretical Approach
Let us conzider the following situation :

Suppose a coin is tossed ar random.

‘When we speak of a coin, we assume it to be ‘fair’, that is, it is symmetric

that there is no reason for it to come down more often on one side than the other.
We call this property of the coin as being ‘unbiased’. By the phrase ‘random toss’,
we mean that the coin is allowed to fall freely without any bjas ot interference.

We know, in advance, that the coin can only land in one of two possible ways —
either head up or tail up (we dismiss the possibility of its “landing” on its edge, which
may be possible, for example. il it falls on sand). We can reasonably assume that each
outcorae, head or tail, is as likely fo ocour as the other. We refer to this by saying that
the outcomes head und tail, are equally likely.

For another example of equally likely outcomes, suppose we throw a die
once. For us, 4 die will always mean a fair die. What aie the possible outcomes?
They are 1. 2. 3, 4, 5, 6. Each number has the same possibility of showing up. So
the equally likely outcomes of throwing a die are 1, 2, 3, 4, 5 and 6.
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Are the outcomes of every experiment equally likely? Let us see.

Suppose that a bag contains 4 red balls and | blue ball, and you draw a ball
without looking into the bag. What are the omtcomes? Are the outcomes — a red ball
and a blue ball equally likely? Since there are 4 red ballz and only one blue ball, you
would agree that vou are more likely 1o get a red ball than a blue ball. So, the oulcomes
{a red ball or a blue ball) are nor equally likely. However, the ourcome of drawing a
ball of any colour from the bag is equally likely. So, all experiments do not necessarily
have equally likely outcomes,

However, in this chapter, from now on, we will assume that all the experiments
have equally likely outcomes.

In Class IX, we defined the experimental or empirical probability P(E) of an
event E as

Number of trials in which the event happened
Total number of rials

The empirical interpretation of probability can be applied to every event associated
with an experiment which can be repeated a large number of times. The requirement
of Tepeating an experiment has some limitations, as it may be very expensive or
unfeasible m many simations, Of course, it worked well in coim tossing or die throwing
experiments. But how about repeating the experiment of launching a satellite in order
to compie the empirical probability of its failure during launching, or the repetition of
the phenomenon of an earthquike to compute the empirical probability of a multi-
storeyed building getting destroyed in an earthquake?

P(E) =

In experiments where we are prepared 1o make certain assumplions, the repetition
of an experiment can be avoided, as the assumptions help in directly calculating the
exact (theoretical) probability. The assumption of equally likely outcomes (which is
valid in many experiments, as in the two examples above, of a coin and of a die) is one
such assumption that leads us to the [ollowing definition of probability of an event.

The theoretical probabhility {also called classical probabhility) of an event E,
written as P(E), 13 defined as

Number of outcomes favourable to E

PE) = '
" Number of all possible outcomes of the experiment

where we assume that the outcomes of the experiment are egually fikely,
We will briefly refer to theoretical probability as probability.
This definition of probability was given by Pierre Simon Laplace m 1795,
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Probability theory had its origin in the 16th century when
an [talian physician and mathematician J.Cardan wrote the
first boolc om the subject, The Book on Games of Chance.
Since it inceplion, the study of probability has atiracted
the attention of great mathemaricians. James Bernoulli
(1654 - 1705), A. de Moivre (1667 — 1754}, and
Pierre Simon Laplace are among those who made significant
coniributions to this field. Laplace’s Theorie Analviigue
des Probabilités, 1812, is considered to be the greatest
contribution by a single person 1o the theory of probability. Pierre Shnon Laplace
In recent years, probability has been used extensively in (1749 - 1827)
many areas such as biology, economics, genetics, physics,

sociology eic.

Let us find the probability for some of the gvents associated with experiments
where the equally likely assumption holds.

Example 1 : Find the probability of getting a head when a coin iz tossed once. Also
find the probability of getting a tail.
Solution : In the experiment of tossing a coin once, the number of possible outcomes

is two — Head (H) and Tail (T). Let E be the event *getting a head”, The number of
outcomes favourable to E, (i.e., of geiting a head) is 1. Therefore,

P(E) = P (head) = MNumber of outcomes favourable to E 3 1
- i Number of all possible outcomes )

Similarly, if F is the event “getting a tail’, then

1
PiF) = P(tail) = 3 (Why 7)
Example 2 : A bag contains ared ball, a blue ball and a yellow ball, all the balls being
of the same size. Kritika takes out a ball from the bag without looking inio it. What is
the probability that she takes out the
(i) yellow ball? (i) red ball? (iii) blue ball?

Solution : Kritika takes out a ball from the bag without looking into it. So, itis equally
likely that she tales our any one of them.
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Let Y be the event “the ball taken out is yellow®. B be the event *the ball taken
oul is blue', and R be the event ‘the ball taken out is red”.

MNow, the number of possible cutcomes = 3.

(i) The number of outcomes favourable 1o the event Y = 1.
1

S0, P(Y) = 3

1

1
Similady, (i) PR)= 5 and (i) P(B)=

Remarks :

l. An event having only one cutcome of the experiment is called an elemeniary
gvent. In Example 1, both the events E and F are elementary events. Similarly, in
Example 2. all the three evenis, Y, B and R are elementary events.

2. In Example |, we note that : P(E) + P(F) = 1
In Example 2, we note that : P(Y) + P(R) + P(B) = |

Observe that the sum of the probabilities of all the elementary events of
an experiment iz 1, This iz true in general also.

Example 3 : Suppose we throw a die once. {i) What is the probability of getting a
number greater than 4 7 (ii) What is the probability of getting a number less than or
equallo4 ?

Solution : (i) Here, let E be the event “getting a number greater than 4. The number
of possible outcomes is six : 1, 2, 3,4, 5 and 6, and the outcomes fuvourable o E are 5
and 6. Therefore, the number of ourcomes favourable to E is 2. So,

2 1
P(E) = P{number greater than 4) = 6=12
(ii) Let F be the event *getting a number less than or equal to 4°,
MNumber of possible outcomes =6
Chatcomes favourable to the event Fare 1, 2, 3, 4.

S0, the number of ouwtcomes favourable to Fis 4.

Theref PiF i E
erefore. F)= <=3
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Are the events E and F in the example above elementary events? No, they are
not because the evenl E has 2 outcomes and the event F has 4 outcomes.

Remarks : From Example |, we note that

P(E) + P(F} = = + = =1 5
B+ RSy (1)

where E is the event “getting a head’ and F is the event *getting a tail’.
From (i) and (ii) of Example 3, we also get

2

3 =

whese E is the event “getting a number =4" and F is the event "getting a number<4°.

Note that getting a number nor greater than 4 is same as getting a number less
than or equal to 4, and vice versa.

In (1) and (2) above, is F not the same as ‘not E7 Yes, it is. We denote the event

|
PE) + P(F) = >+ =1 @)

‘notE by E.
So, P(E) + Plnot E} = |
ie., P(E) + P(E)= 1, which givesus P(E)= 1 -P(E)

In general, it is true that for an event E,
P(E)=1-P(E)
The event E, representing ‘not B, is called the complement of the event E,
We also say that E and E are complementary events.
Befoie proceeding further, let us try (o find the answers to the following questions:
(i) What is the probability of getting a number & in a single throw of a die?
(ii) What is the probability of getting a number less than 7 in a single throw of a die?
Let us answer (i) :
We know that there are only six possible outcomes in a single throw of a die. These
outcormes are 1, 2, 3, 4, 5 and 6. Since no face of the die is marked 8, so there i3 no

outcorme favourable to 8, i.e., the number of such outcomes is zero. In other words,
getting & in a single throw of a die, is impossible.

0
So, Plgeting 8) = ==
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That is, the probability of an event which is impossible to occur is {). Such an
event is called an impossible event.

Let us answer (ii) :

Since every face of a die is marked with a number less than 7, it is sure that we
will always get a number less than 7 when it is thrown once. So, the number of
favourable outcomes is the same as the number ol all possible outcomes, which is 6.

6
Therefore, P(E) = P{getting a number less than 7) = ri 1

S0, the probability of an event which is sure (or certain) to occur iz 1. Such an event
15 called a sure event or & certain event,

Note : From the definition of the probability P(E). we see that the numerator (number
of outcomes favourable to the event E) is always less than or equal to the denominator

(the number of all possible outcomes). Therefore,

D=PE) <1

Now, let us take an example related to playing cards. Have you seen a deck of
playing cards? It consists of 52 cards which are divided into 4 swits of 13 cards each—
spades (&), heariz (%), diamonds (# ) and clubs (&), Clubs and spades are of black
colour, while hearts and diamonds are of red colour. The cards in each suil are ace,
king, queen, jack, 10,9, 8,7, 6,5, 4,3 and 2. Kings, queens and jacks are called face
cards.

Example 4 : One card is drawn from a well-shuffled deck of 52 cards. Calculate the
probability that the eard will

{i) be an ace,
{ii}) not be an ace,
Solation : Well-shuffling ensures equally likely ouicomes.
(i) There are 4 aces in a deck. Let E be the event ‘the card is an ace’.
The number of outcomes favourable io E=4
The number of possible outcomes =52  (Why 7)
4 1
52 13

{ii) Let F be the event ‘card drawn 1s not an ace’.

Therefore, P(E) =

The number of outcomes favourable to the event F= 52 —4 =48 (Why?)
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The aumber of possible outcomes = 52

Therefi P{Fy = ﬁ_E
erefore, Fi= 52 13
Remark : Note that F is nothing but E . Therefore, we can also calculate P(F) as
I 18

¥ ) = B — - =J_——-_—.
follows: Py =P(E ) =1 - P(E) 313

Example 5 : Two players, Sangeeta and Reshma, play a tennis maitch. It is known
that the probability of Sangeeta winning the match is (.62, What is the probability of
Reshma winning the match?

Solution : Let 8§ and R denote the evenis that Sangeeta wins the match and Reshma
wins the match, respectively.
The probability of Sangeeta’s winning = P(S) = 0.62 (given)
The probability of Reshma's winning= P(R) = | — P(5}

[As the events R and S are complementary]
=1-062=038

Exumple 6 : Savita and Hamida are {riends. What is the probability that both will

have (i) different birthdays? (ii) the same birthday? (ignoring a leap year).

Solution : Out of the two friends, one zirl, say, Savita's birthday can be any day of the
year. Now, Hamida's birthday can also be any day of 365 days in the year.

We assume that these 365 outcomes are equally likely.

(i) I Hamida’s birthday is different from Savita’s, the number of favourable outcomes
for her birthday is 365 - 1 = 364

364
S50, P (Harmida’s birthday is different from Savita's birthday) = —

365
{ii) P(Savita and Hamida have the same birthday)
= 1 - P (both have different birthdays)

=5 o) [Using P(E ) = 1 - P(E)]
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Example 7 : There are 40 students in Class X of a school of whom 25 are girls and 15
are bovs. The class teacher has to select one student as a class representative. She
writes the name of each smdent on a separate cand, the cards being identical. Then
she puts cards in a bag and stirs them thoroughly. She then draws one card from the
bag. What is the probability that the name written on the card is the name of (i) a girl?
(ii) a boy?

Solution : There are 40 smdents, and only one name card has to be chosen,
(1) The number of all pessible outcomes is 40
The number of outcomes favourable for a card with the name of a girl = 25 (Why?)

25 5
Therefore, P (card with name of a girl) = P(Girl) = 20 = 3

{ii) The number of outcomes favourable for u card with the name of a boy = 15 (Why?)
15 3
Therelore, P(card with name of a boy) = P(Boy) = d_lﬁ =§
Note : We can also determine P(Boy), by taking

3 3
P(Boy) = 1 - P(not Boy) = 1 - P(Girl) = | - 2= ¢

Example § : A box containg 3 blue, 2 white, and 4 red marbles. If & marble is dravn
at random from the box, what is the probability that it will be

(1) white? i) blue? (iii) red?

Solution : Saying that a marble is drawn at random is a short way of saying that all the
marbles are equally likely 1o be drawn. Therefore. the

nurmber of possible outcomes =3 4+244=9 (Why7)

Let W denote the event 'the marble is white”, B denote the event *the marble is blue’
and R denote the event ‘marble is red™.

{i} The number of ontcomes favourable to the event W=2
So, PiW) =

4
and (iii) P(R) = —

Similarty, (i) P(B) = 9

Sluw Bk
Lo | i

Note that P(W) + P(B) + P(R) = 1.
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Example 9 : Harpreet tosses two different coins simultaneously (say, one is of T1
and other of ¥ 2). What is the probability that she gets at least one head?

Solution : We write H for "head” and T for “tail’. When two coins are tossed
simultaneously, the possible outcomes arve (H, H). (H, T}, (T, H), (T, T), which are all
equally likely. Here (H, H) means head up on the first coin (say on T 1) and head up
on the second coin (T 2). Similarly (I, T) means head up on the first coin and tail up on
the second coin and so on.

The outcomes favourable o the eveni E, ‘at least one head” are (H, H), (H, T)
and (T, H). (Why?)

S0, the number of outcomes tavourable o E is 3.
3
Therefore, PE) = 1

i.e., the probability that Harpreet gets at least one head is il
Note : You can also find P(E) as follows:

- . = 1
P(E)= T—P(E.‘J=I+£=% [S1meP{E}=P{nnh¢aﬂ}=E]

Did you observe that in all the examples discussed so far, the number of possible
outcomes in each experiment was finite? If not, check it now.

There are many experiments in which the outcome is any number between two

given numbers, or in which the outcome is every point within a circle or rectangle, etc.
Can you now count the number of all possible oucomes? As you know, this is not
poszible since there are infinitely many numbers between two given numbers, or there
are infinilely many points within a circle, So, the definition of ( theoretical ) probability
which vou have learnt so far cannot be applied in the present form. What is the way
out? To answer this, let us consider the following example :
Example 10% : In a musical chair game, the person playing the music has been
advised to stop playing the music at any time within 2 minutes after she sitarts
playing. What is the probability that the music will stop within the first half-minute
after starting?

Selution : Here the possible outcomes are all the numbers between 0 and 2. This is
the portion of the number line from 0 to 2 (see Fig. 14.1).

0%l 2 i
Fig. 14.1

= Mot from the examination point of view,
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Let E be the event that “the music is stopped within the first half-minute’.

5 ; 1
The putcomes favourable to E are points on the number line from 0 to 3

| |
The distance from 010 2 s 2, while the distance from 0 10 3 15 E

Since all the ontcomes are equally likely, we can argue that, of the total distance

of 2, the distance favourable to the event E iz —.

2
1
Distance favourable to the event E gk
So, PE) = - - - o
Total distance in which outcomes can lie 2 4

Can we now extend the idea ol Example 10 for finding the probability as the ratio of
the favourable area to the total area?

Example 11F : A missing helicopter is reported to have crashed somewhere in the
rectangular region shown in Fig. 14.2. What iz the probability that it crashed inside the
lake shown in the figure?

km—=

]

S

Solution : The helicopter is equally likely to crash anywhere in the region.
Area of the enfire region where the helicopter can crash
= (4.5 x 9) km? = 40.5 km*

= Mot from the examination point of view,
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Area of the lake = (2.5 x 3) km* = 7.5 km?
75 _75 _ 5

Therefore, P (helicopter crashed in the lake) = m =205 77

Example 12 : A carton consists of 100 shirts of which 88 are good, 8 have minor
defects and 4 have major defects. Jimmy, a trader, will only accept the shirts which
arc good, but Sujatha. another trader, will only reject the shirts which have major
defects. One shirt is dravwn at random from the carton. What is the probability that

(i) it is acceptable to Jimmy?
{ii) it is acceptable to Sujatha?

Solution : One shirt iz drawn at random from the carton of 100 shirts. Therefore,
there are 100 equally likely outcomes.

(i) The number of outcomes favourable (i.e., acceptable) to Jimmy = 88 (Why?)

g : 88
Therefore, P (shirt is acceptable 1o Jimmy]) = e .88

{ii) The number of outcomes favourable to Sujatha =88 + 8 =96 (Why?)
L. 96
So, P (shirt is acceptable to Sujatha) = 100 =0.96

Example 13 : Two dice, one blue and one grey, are thrown at the same time. Write
down all the possible outcomes, What is the probability that the sum of the two numbers
appearing on the top of the dice is

i &7 (i) 137 (iii) less than or equal to 127

Solution : When the blue die shows 17, the grey die could show any one of the
numbers 1, 2, 3, 4, 5, 6. The same is troe when the blue die shows 27, °3°, *4°, *5" or
*6”. The possible outcomes of the experiment are listed in the table below; the first
number in each ordered pair is the number appearing on the blue die and the second
nurmber 15 that on the grey die.
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| (1)
(2, 1)
(3, 1)
4. 1)
(3. 1)
(6. 1)

o W e W R

Fig. 14.3

Note that the pair (1, 4) is different from (4, 1), (Why?)
S0, the number of possible oulcomes = 6 % 6 = 36.

(1) The outcomes favourable to the event ‘the sum of the two numbers is 8° denoted
by E, are: (2,6),(3.5),(4.4),(5.3). (6. 2) (seeFig 14.3)
i.e., the number of outcomes favourable 1o E = 5.
5

Hence, P(E) = .ﬁ

{ily As you can see from Fig. 15,3, there is no ontcome favourable to the event F,
“the sum of two numbers is 137,

5 PE) = > =0
i = 3%

(iil) As yvou can see from Fig. 15.3, all the outcomes are favourable 1o the event (5
“sum of two numbers £ 12',

S P(G) = ':';E_l
0. = 36
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EXERCISE 14.1

1. Complete the following statements:

2,

Tk

th

ﬁl

Tl

8.

(1
{iiy

{1y
{1v)
)
(1
(ii)

{iii)
{iv)

Probability of an event E+ Probability of the event ‘not E* =

The probability of an event that cannot happen is .. Such an event is
called .

The probability of anevent that is ceriain o happenis . Such an eveni
iscalled |

The sum of the probabilities of all the elementary evenis of an experiment 12

The probability of an event i greater than orequalto _____ and less than or
equal

Which of the following sxperiments have equally liksly outeomes? Explain,

A driver attempis to start o car. The car starls or does not start,

A player attemprs to shoot a basketball. Shethe shoots or misses the shot,
A trial is made Lo answer a troe-false question, The answer is right or wrong.
A baby is born. It is a boy or a girl.

Why is tossing a coin considersd 1o be a fair way of deciding which team should get the
ball at the bezinning of a football game?

Which of the following cannot be the probability of an event?
Z

{A) 3 (B) —-L.5 (C) 15% oy 07

I F{E)= 0.05, what is (he probability of *not E*?

A bag contains lemon flavoured candies only. Malini takes our one candy withour
loaking into the bag. What is the probability that she takes our

i)y an orange flavoured candy?
() 2 lemen flavoured candy?

It iz given that in 2 group of 3 swdents, the probability of 2 students not having the
same birthday is 0.992, What is the probability that the 2 students have the same
birthday?

A bag containg 3 red bails and 5 black balis. A ball is deawn at candom from the bag,
What iz the probability that the ball deawr is (i) ed ? (i) not ced?

9. A box containg 5 ved marbles, § white marbles and 4 green marbles. Unemasble is taken

out of the box al random. What is the probability that the marble taken our will be
(red? (i) white ! (iii) not green”?
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10,

12.

15.

16.

17.

18.

A piggy bank containg hundred S0p coins, fifty ¥ 1 coins, twenty T 2 coins and ten T 5
coinz, If it iz equally likely that one of the coins will fall out when the bank is rurned
upside down, what is the probability that the coin (1) willbe a S0 peoin ? (i) will not be
a ¥ 5 coin? '

Gopi buys atish from a shop for his aguarium. The
shopkeeper takes out one fish at random from a
tank containing 3 male fish and & female fish (see
Fig. 14.4). What is the probability that the fish taken
out is a male fish?

A game of chance consists of spinning an arrow g
which comes to test pointing at one of the numbess Fig. 14.4
1,2,3,4,5,6,7,8 (see Fig, 14.5), and these are equally

likely outcomes. What is the probability that it will qp
point at A A
1 37
i) an odd number? dev

{iiiy "a number greater than 27
{iv) & number less than 97
A die is thrown once, Find the probability of getting
(i) aprimenumber; (i} anumber lying between 2 and 6; {iii) anodd number,
One card is deawn from a well-shuifled deck of 52 cards. Find the probability of getting
{1} aking ofred colour (ii) a face card (111} & red face card
{iv) the jack of hearts () a spade (vi) the queen of diamonds
Five cards —the ten, jack, queen, king and ace of diamonds, are well-shuffled with their
face downwards. Ome card is then picked op-at random.

(i) What is the probability that the card is the gueen”

(iiy If the queen is drawn and put aside, what is the probability that the second card

picked up is (a) an ace? (b} a queen’?

Fig. 14.5

12 defective pens are accidentally mixed with 132 good ones. It i not possible to just
loak at a pen and tell whether or not it is defective. One pen is taken out at random from
this lot. Determine the probability that the pen taken out i a good one.

i) A lot of 20 bulbs contain 4 defective ones. One bulb is dravm at random from the lot
What is the probability that this bulb is defective?

(i} Supposge the bulb drawn in (i) is not defective and is not replaced. Now one bulb
it drawn at random from the rest. What i¢ the probability that this bulb is not
defective ?

A box contains 20 dizcs which are numbered from 1 to 9. If one disc is drawn at random
from the box, find the probability that it bears (i) a twe-digit number  (ii) a perfect
square number  (iii) a number divisible by 5.
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19. A child has a die whose six taces show the letiers as given below:

AlIBl [CIIDIIE| |A

The die is thrown gnge, What is the probability of getting  (iYAT (i} D7

20%, Suppose vou drop a die ai randorm on the rectangular region shown in Fig, 14,6, What is
the probabilicy that it will land ingide the circle with diameter 1m?

im

2m

Fig. 14.6

21. A lot consists of 144 ball pens of which 20 are defective and the others are good. Nuri
will buy a pen if it is good., hut will not buy if it is defeciive. The shopkesper draws one
pen at random and gives it to her. What is the probability that

(i) Shewill buy it ?
(i) She will not buy it ?
22. Refer to Example 13. (1) Complete the following table:

Ewimt:

‘Emuntdim’ = 3 4 o ‘G T L3 a I!i'.' 11 A2
S 5 kS

Probability | 3= | . | 386 36

(i A smdent argues that “there are 11 possible nurl,cumes 2.3,4,5,6,7, 8,9, 10, 't and
12, Therefore, each of them has a probability 1 Dro vou agree with this argument?
Jushly your answer.

23. A game consists of tossing a one rupee coin 3 (imes and noting its putcome each time,
Hanif wing it all the tosses give the same result i e, three heads or three tails, and loses
otherwise. Calculate the probability that Hanif will lose the game,

24. A die is thrown vwice, What is the probabilivy tha

i 5 will not come ap either time? (ii) 3 will come up at least once?
[Hint : Throwing a die twice and throwing two dice simmultanecusly are weared as the
same experiment]

* Not from the examination point of view.
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25. Which of the following arguments are correct and which are not correct? Give reazons
for your anawer.

(i) I fwo coing are tossed simultaneously there are thres possible cutcomes —twro
heads, two tails or one of each. Therefore, for each of these outcomes, the

|
probability is E
(i) 1f a die is thrown, there are two possible outcomes —an odd number or an even
1
number. Thecefore, the probability of getting an odd number ia g
142 Summary

In this chapter, you have studied the following points :
1. The theoretical (elagsical) probability of an event E, written as P(E), is defined ag

Number of outeomess favourable to E

P{E)=

Number of all possible outcomes of the expeniment

where we assume that the ourcomes of the experiment are equally likely,
2. The probability of & 2ure evenl (or certain event) ig 1.
3. The probability of an impozsible event i 0.
4. The probability of an event E is a nunber P{E) such that
0=PiE}=1

5. An event having only one ourcome is called an elementary event. The sum of the
probabilities of all the elementary events of an experiment is |,

6. For any evenl E,P(E) + P{E) = 1, where E stands for “not E', E and E are called
complemeniary eveants.

A Note 1o ThHE READER

The experimental or empirical probability of an event is based on
what has actually happened while the theoretical probability of the
event atiempts to predict what will happen on the basis of certain
assumptions. As the number of trials in an experiment, go on
increasing we may expect the experimental and theoretical
probabilities to be nearly the same.




PROOFS IN MATHEMATICS Al

All Introduction

The ability to reason and think clearly is extremely useful in our daily life. For example,
suppose a politician tells vou, “If you are interested in a clean government, then you
should vote for me." What he acrually wants you to believe is that if vou do not vote for
him. then you may not get a clean government. Similarly, if an advertisement ells you,
*The intelligent wear XYZ shoes’, what the company wants you to conclude is that if
you do not wear X¥Z shoes, then you are not intelligent encugh. You can yourself
observe that both the above statements may mislead the general public. So, if we
understand the process of reasoning correctly, we do not fall into such traps
unknowingly.

The correct use of reasoning is at the core of mathematics, especially in constructing
proofs. In Class IX, you were introduced to the idea of proofs, and you actually proved
many statements, especially in geometry. Recall that a proof is made up of several
mathematical statements, each of which iz logically deduced from a previous staiement
in the proof, or from a theorem proved earlier, or an axiom, or the hypotheses. The
main teel. we use in constructing a prool, 1s the process of deduciive reasoning.

‘We start the study of this chapter with a review of what a mathematical staterment
is. Then, we proceed to sharpen our skills in deductive reasoning using several examples.
We shall also deal with the concept of negation and finding the negation of a given
statement. Then, we discuss what it means to find the converse of a given statement.
Finally, we review the ingredients of a proof learnt in Class IX by analysing the proofs
of several theorems. Here, we also discuss the idea of proof by contradiction, which
you have come across in Class 1X and many other chapters ol this book.

A1.2 Mathematical Statements Revisited

Fecall, that a ‘statement’ is a meaningful sentence which is not an order, or an
exclamation or a question. For example, *Which two teams are playing in the
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Cricket World Cup Final? is a question, not a statement. ‘Go and finish your homeworld’
is an arder, not a statement. *“What a fantastic goal!” is an exclamation, not a slatement.

Remember, in general, staternents can be one of the following:
= always 1rue
* always false
s gmbigious
In Clazs IX, you have also sindied that in mathematics, a statement is
acceptable only il it is ¢ither always true or always false. So, ambiguous sentences
are not considered as mathematical statements.
Let us review our understanding with a few examples.
Example 1 : Srate whether the following statements are always true, always false or
ambiguous, Justify your answers,
(i) The Sun orbits the Earth.
(i) Vehicles have four wheels.
(iii) The speed of light is approximately 3 x 10° km/s.
{iv) A road o Kolkata will be closed from November o March.
{v} All humans are mortal.
Solution @

(i) This gratement 15 always [alse, since astronomers have established that the Earth
orhits the Sun.

(ii) This statement is ambiguous, because we cannot decide it it is always true or
always false. This depends on what the vehicle is — vehicles can have 2, 3. 4, 6,
10. etc., wheels.

{iify This statement is always true. as verified by physicists.

(iv) This statement is ambiguous, becanse it is not clear which road is being referred
1o,

{v) This statemnent is always true, since every human being has to die some time.

Exumple 2 : State whether the following staternents are true or [alse, and justify your
ANSWErS.

(i) All eguilateral triangles are isosceles.
(i) Some isosceles triangles are equilateral.
(iii) All isosceles (riangles are equilateral.
{iv) Some rational numbers are integers.
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{v) Some rational numbers are not integers,
(vi) Notall integers are rational.
(vii) Between any two rational numbers there is no rational number.

Solution :
(i) This statement is true, because equilateral triangles have equal sides, and therefore
are isosceles.
{ii) This statement is true, because those isosceles triangles whose base angles are
60° are equilateral.
(iit) This statement ig false. Give a counter-example for it

{iv) This statement ig mrue, since rational numbers of the form E. where p is an
3 q

integer and g = 1, are integers {for example, 3= I 3!

{v) This statement is true, because rational numbers of the [orm £ P, q are integers

and g does not divide p, are not integers (for example, 2 ).

{vi) This statement is the same as saying ‘there i3 an integer which is not a rational
number’. This iz false, because all integers are rational numbers.

(vii) This statement Iz falze. As you know. between any two rational numbers y and £

r+3
lies 5 which is a rational number.
Example 3 : If x < 4, which of the following statements are true? Justify vour answers.
(i) Zx>38 i) 2x<6 (i) 2v <8
Solution :

(i) This statement is false, because, for example, x = 3 < 4 does not satisfy 2x > 8.

(i) This statement is false, because, for example, x = 3.5 < 4 does nof satisfy 2x < 6.
{iii) This staiement is true, because it is the same as x < 4.

Example 4 : Restate the following statements with appropriate conditions, so that

they become true statements:
(i) If the diagonals of a quadrilateral are equal, then il is a reclangle.

{ii} A line joining two points on two sides of a triangle is parallel to the third side.
(i) JE is irrational for all positive integers p.

(iv) All quadratic equations have two real roots.
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Solution :
(1) If the diagonals ol a parallelogram are equal, then it is a rectangle.

{ii) A line joining the mid-points of two sides of a triangle is parallel to the third side.
(iii) .fp is irrational for all primes p.

(iv) All gquadratic equations have at most two real roots.

Romark : There can be other ways of restating the statements above. For instance,
(ii1) can also be restated as * ,j’; is irrational for all positive integers p which are not a
perfect square’.

EXERCISE Al.l

1. State whether the following statements are always true, always false or ambiguous.
Tustify your sanswers.

(i) All mathematics texthooks are interesting.
(i) The diztance from the Earth o the Sun is approximately 1.5 10F km,
(iif) All human beings grow old.
{iv) The journey from Unarkashi to Harsil is tiring.
(v) The woman saw an elephant through a pair of binoculars,
2. State whether the following stalements are tue or false, Justify your answers.
iy All hexagons are polygons. (i} Some polygons are pentagons.
(i) Mot all even numbers are divisible by 2. (iv) Somereal numbers are irational,
{v) Mot all real numbess are ratonal.

3. Letaand bk bereal numbers such that ab (), Then which of the following statements are
true? Justify your answers.

) Both o and b must be zeso. iii} Both o and & must be non-zero,
{ii)  Either a or b must be non-Zero.
4. Restate the following statements with appropriate conditions, so that they become true,
) It =65 thena =k, (i) Ifx*=y,thenx=y.
iy Wix+yPt=x+y, thenx=0. {iv) The diagonals of a quadrilateral
bigect each other.
Al.3 Deductive Reasoning

In Class IX, you were introduced to the idea of deductive reasoning, Here, we will
work with many more examples which will illustrate how deductive reasoning is
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used to deduce conclusions from given statements that we assume to be true. The
given slatements are called ‘premises’ or ‘hypotheses®. We begin with some examples.

Example 5 : Given that Bijapur is in the state of Karnataka, and suppose Shabana
lives in Bijapur. In which state does Shabana live?
Solution : Here we have two premises:
(i) Bijapur is in the state of Karnataka (i) Shabana lives in Bijapur

From these premises, we deduce that Shabana lives in the state of Karnataka.
Example 6 : Given that all mathematics iextbooks are interesting, and suppose you
are reading a mathematics textbook., What can we conclude about the textbook you
are reading?
Solution : Using the two premises (or hypotheses), we can deduce that you are
reading an interesting textbool.
Example 7 : Given that ¥ = - fix + 3, and suppose x = 3. What is ¥7
Solution : Given the two hypotheses, we getyv=—-6(3)+ 5=- 13

Example 8 : Given that ABCD is a parallelogram, D e
and suppose AD = 5 em, AB = 7 cm (see Fig, Al.1).
What can you conclude about the lengths of DC and

BC?
Solution : We are given that ABCD is a parallelogram. A B
So, we deduce that all the properties that hold for a Fig. ALl

parallelogram hold for ABCD, Therefore, in particular,

the property that ‘the opposiie sides of a parallelogram are equal to each other’, holds.
Since we know AD =35 cm, we can deduce that BC =35 cm. Similarly, we deduce that
DC=7cm.

Remark : In this example, we have seen how we will often need to find out and use
properties hidden in a given premise.

Example 9 : Given that \[p is irrational for all primes p, and suppose that 19423 is a
prime. What can you conclude about .f19423 7

Solution : We can conclude that /10423 is irrational,

In the examples above, you might have noticed that we do not know whether the
hypotheses are true or not. We are assuming that they are true, and then applying
deductive reasoning. For instance, in Example 9, we haven’t checked whether 19423
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is a prime or not; we assume it to be a prime for the sake of our argument. Whart we
are trying lo emphasise in this section is that given a particular statement, how we use
deductive reasoning to arrive at a conclusion. What really matters here is that we nse
the correct process of reasoning, and this process of reasoning does not depend on the
trueness or falsity of the hypotheses. However, it must also be noted that if we start
with an incorrect premise {or hypothesis), we may arrive at a wrong conclusion.

EXERCISEAL1.2

1. Giventhat all women are mortal, and suppose that A is a woman, what can we conclude
about A?

2. Griven that the product of two rational numbers is rational, and suppose a and b are
rationals, what can vou conclude about ab?
3. Given that the decimal expansion of irrational numbess iz non-lerminating, non-recuring,

and /|7 ie irrational, what can we conclude about the decimal expansion

of J177

4, Giventhat v=2%+ 6 and x = — 1, what can we conclude about the value of 7

5. Giventhat ABCD iz a parallelogram and <~ B = 807 What can you conclude about the
other angles of the pazallelogram?

6. Given that PORS iz a cyclic quadrilateral and alse its disgonals bisect each other. What
an you conclude about the quadrilateral?
7. Given that J}; i irrational for all primes pand also suppose that 3721 &5 a prime, Can

you conclude that 3721 is an irrational number? Is your conclusion correct? Why or
why not?

Al4 Coenjectures, Theorems, Proofs and Mathematical Reasoning

Consider the Fig. Al.2. The first circle
has one point on it, the second two points,
the third three, and so0 on. All possible
lines connecting the points are drawn in
each case.

The lines divide the circle into
mutmally exclusive regions (having no
common portion). We ean count these
and tabulate our resultz as shown ;
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Number of points Number of regions
i 1
ik 2
3 4
4 1
5
‘6
=

Some of you might have come up with a formula predicting the number of regions
given the number of peints. From Class IX, vou may remember that this intelligenl
ruess is called a “conjecture’.

Suppose your conjecture is that given ‘n’ points on a circle, there are 2* !

mutually exclusive regions, created by joining the points with all possible lines, This
seems an extremely sensible guess, and one can check that il n = 5, we do get 16
regions. So, having verified this formula for 3 points, are you satistied that for any »
points there are 2" ' regions? If so, how would you respond. if someone asked vou,
how you can be sure about this for n = 25, say? To deal with such questions, you
would need a proof which shows beyond doubt that this resull is rue, or a counter-
example to show that this result fails for some “n’. Actually, if you are patient and try
it out for n = 6, you will find that there are 31 regions, and for n = 7 there are 57
regions. So, n = 6, 1s a counter-example to the conjecture above. This demonstrates
the power of a counter-example. You may recall that in the Class IX we discussed
that to disprove a statement, it is enough to come up with a single counter-
example.

You may have noticed that we insisted on a proof regarding the number
of regions in spite of verifying the result for n = 1, 2, 3, 4 and 5. Let us consider
a few more examples. You are familiar with the following result (given in Chapter 5):

l+2+3+ . 4+n= w_ To eatablish itz validity, it is not enough to verify the

result form =1, 2, 3, and 40 on, because there may be some i’ for which this result is
not true (just as in the example above, the result failed for n = 6). What we need is a
proot which establishes its truth beyond doubt, You shall learn a proof for the same in
higher claszes.
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Now, consider Fig. A1.3, where PQ and PR
are tangents 1o the circle drawn [rom P.

You have proved that PQ = PR (Theorem 10.2),
You were not satisfied by only drawing several such

figures, measuring the lengths of the respective B
tangents, and verifying for yourselves that the result ‘
was frue in each case. Fig. AL3

Do you remember what did the proof consist of 7 It consisted of a sequence of
statements (called valid arguments), each following from the earlier statements in
the proof, or from previously proved (and known} results independent from the result
to be proved, or from axioms, or from definitions, or from the assumptions you had
made. And you concluded your proof with the statement PQ = PR. i.e., the statement
you wanted to prove. This is the way any proof is constructed.

We shall now look at some examples and theorems and analyse their proofs to
help us in getting & better understanding of how they are constructed.

We begin by using the so-called *direct’ or *deductive” method of prool. In this
method, we make several statements. Each is based on previous statements. If
each statement is logically correct (i.e., a valid argument), it leads to a logically correct
conclusion.

Example 10 : The sum of two rational numbers is a rational number.
Solution :
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Remuark : Note that, each statement in the proof above is based on a previously
established fact, or definition,

Example 11 : Every prime number greater than 3 is of the form 6k + 1 or 6k + 5,
where k is some integer.

Solution :

Remark : In the above example, we have arrived at the conclusion by elimimﬁng
different options. This method is sometimes referred to as the Proof by Exhaustion.
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7

Theorem Al.l1 (Converse of the
Pythagoras Theorem) : If in a iriangle the
square of the length of one side is equal
1o the sum of the squares of the other two
sides, then the angle opposite the first side
is a right angle.

Proof :
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Remark : Each of the results above has been proved by a sequence of steps, all
linked together, Their order is mportant. Each step in the prool follows from previous
sieps and earlier known results. (Also see Theorem 6.9.)

EXERCISEAL3
In each of the following questions, we ask you to prove a statement. List all the steps in each
proof, and give the reazon for each step.
1. Prove that the sum of two consecutive odd numbers is divisible by 4,

2. Take two consecutive odd numbess. Find the 2um of their squares, and then add 6 to the
restll. Prove that the new number is always divisible by B,

3. Ifp=5isaprime number, show that p? + 2 s divisible by 3.
[Himitz Use Example 11].
4. Lelxand ybe mtional numbers. Show that xy is a ralional number.

If a and & are pogitive integers, then you know thata = bg + v, 0= r < b, where g 13 a whole
mumber. Prove that HCF (g, b) = HCF (b, r).

[Hint : Let HCF (b, v} = h. 50, b=k hand r =k h, where k, and k, are coprime. |

6. Aline parallel to side BC of a mangle ABC. miersects AB and AC at D and E respectively.

Prove that A—D = E
DE

EC

th

AL.5 Negation of a Statement

In this section, we discuss what it means to ‘negate’ a statement, Before we start, we
would like to introduce some notation, which will make it easy for us to understand
these concepts, To siart with, let us look at a statement as a single unit, and give it a
nams. For example, we can denote the statement ‘Tt rained in Dalhi on | September
2005 by p. We can also write this by

p: Itrained in Delhi on | September 2005.
Similarly, let us write

g All teachers are female.

r. Mike’s dog has a black tail.

5 2+2=4
Triangle ABC is equilateral.

i

This notation now helps us 1o discuss properties of starements, and also to see
how we can combine them, In the beginning we will be working with what we call
‘sirnple” statements, and will then move onto ‘compound” statements.
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Mow consider the following table in which we make a new statement from sach
of the given statements.

Original statement New stalement

p: Itrained in Delhi on ~p: It is false that it rained in Delhi

1 September 2005 on 1 September 2005.

g2 All teachers are fernale. ~ g: It is false that all teachers are
female.

r: Mike’s dog has a black tail. ~r: It is false that Mike’s dog has a
black fail.

5:242=4, ~g: Itis false that 2 + 2 = 4.

7: Triangle ABC is equilateral. ~r; It is false that triangle ABC is
equilateral.

Each new statement in the table is a negation of the corresponding old statement.
That is, ~p, ~g, ~r, ~5 and ~t are negations of the statements p, g. r, 5 and 1, respectively.
Here, ~p is read ag ‘not p’. The statement ~p negates the assertion that the statement
p makes. Notice that in our usual talk we would simply mean ~p as ‘It did not rain in
Delhi on 1 September 2003." However. we need to be careful while doing so. You
might think that eme can obtain the negation of a statement by simply nserting the
word ‘not’ in the given stalement at a suitable place. While this works in the case of
p, the difficulty comes when we have a statement that begins with ‘all’. Consider, for
example, the stalement ¢: All leachers are [emale. We said the negation of this statement
is ~qg: It is [alse that all teachers are [emale. Thizs is the same as the statement *There
are some teachers who are males.” Now let us see what happens if we simply insert
‘not"in g. We obtain the statement: *All teachers are not [emale’, or we can obtain the
statement: ‘Not all teachers are female.” The [irst statement can confuse people. 1t
could imply (if we lay emphasis on the word *All") that all teachers are male! This is
certainly not the negation of g. However, the second statement gives the meaning of
~g. 1.e., that there is at least one teacher who is not 4 female. So, be careful when
writing the negation of a starement]

So, how do we decide that we have the correct negation? We use the following
criterion,

Let p be a statemend and ~p s negation. Then ~p s false whenever p is
trie, gnd ~p is true whenever p is false.
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For example, if it is true that Mike’s dog has a black tail, then it is false that
Mike’s dog does not have a black tail. If it is false that ‘Mike’s dog has a black tail’,
then it is tue that ‘Mike's dog does not have a black wail’.

Similarly, the negations for the statements s and ¢ are;

§: 2+ 2=4; negation, ~5: 2+ 2% 4.
t: Triangle ABC is equilateral; negation, ~f: Triangle ABC is not equilateral.
Mow, what is ~{=4)? [t would be 2 + 2 =4, which is &. And what is ={~1)? This

would be ‘the triangle ABC iz equilateral”, i.e., r. In fact, for any statement p, ~(~p)

is p.
Example 12 : State the negaiions for the following siatements:

(i) Mike's dog does not have a black tail.

(i) All irrational numbers are real numbers.

(iii) 2 isirrational.

{iv) Some rational numbers are integers.

{v) Not all teachers are males.

{vi) Some horses are not brown.

{vii) There is no real number x, such that x¥* = — 1.

Solution :
(i) It is false that Mike’s dog does not have a black tail, i.e., Mike's dog haz a black

tail.
(i) It is false that all rrational numberzs are real numbers, i.e., some (at least one)

irrational numbers are not real numbers. One can also write thas as, ‘Nat all
irrational numbers are real numbers.’

(iii) Itis false that \f7 is irrational, i.e., /2 is not irrational.

(iv) Tt is [alse that some rational numbers are integers, i.e., no rational number is an
integer.

(v) It is false that not all reachers are males, i.e., all teachers are males.

{vi) It is false that some horses are not brown, i.e., all horses are brown.

{vii) It is false that there is no real number x, such that x* = — 1, i.e., there is at least

one real number x, such that ¥ =- 1.
Remark : From the above discussion, youmay arrive at the following Werking Rule

for obtaining the negation of a statement :

(i) Firstwrite the statement with a ‘not’.
(i) Ifthere is any confusion, make suitable modification , specially in the statements

involving *All' or "Some".



bt
D

Provors 1N MaTuemaTics

EXERCISE Al4d
1. State the negations for the following atatements

{i’ Man is mortal. (i} Line l'is paralle] to line m.
(ifiy This chapter has many exercizes. {iv) All integers are rational numbess.
(v) Some prime numbers are odd. fvi) No studend is lazy.

{(wil) Some cats are not hlack.

{viii) There is no real number x, such that +fx = 1.

() 2 divides the positive integer a. () Integers a and b are copiime.

2. Incach of the following questions, there are two statements. State it the second is the
negation of the first or noL

(0 Mumtaz is hungey. (ii} Some cats are black.
Mumtaz is not hungry. Some cats are brown
{iiiy All elephants are huge. {iv) All fire engines are red.
Omne elephant is nol huge. All fire engines are not red.

{v) Nomanizacow
SOME MEen are cows.

Al.6 Converse of a Statemoent

We now investigate the notion of the converse of a staternent. For this, we need the
notion of 4 *compound’ statement, that is, a statement which is a combination of one or
more ‘simple’ statements. There are many ways of creating compound statements,
but we will focus on those that are created by connecting two simple statements with
the use of the words “if” and ‘then’. For example, the statement *If it is raining, then it
is difficult to go on a bicycle’, is made up of two statements:

p ltis raining

g Tvis difficult to go on a bicyele.

Using our previous notation we can say: If p, then g. We can also say *p imiplies
g", and denote it by p = 4.

Now, supose vou have the statement *If the water tank is black, then it contains
potable water.” This is of the form p = ¢, where the hypothesis is p (the water tank
is black) and the conclusion is g (the tank contains potable water). Suppose we
interchange the hypothesis and the conclusion, what do we get? We get g = p, 1.e., if
the water in the tank is potable, then the tank must be black. This statement is called
the converse of the stalement p = 4.
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In general, the converse of the statement p = g is ¢ = p, where p and g are
statements. Note that p = g and g = p are the converses of each other.
Example 13 : Write the converses of the following statements :
(i) If Jamila is riding a bicycle, then 17 August falls on a Sunday.
(if) If 17 August ig a Sunday, then Jamila is riding a bicyele.
(iii) If Pauline is angry, then her face mrns red.
(iv) If a person has a degree in education, then she is allowed to teach.
{v) If a person has a viral infection, then he runs a high temperature.
(vi) If Ahmad is in Mumbai, then he is in India.
(vii) If triangle ABC is equilateral, then all its interior angles are equal.
{viii) If x is an irrational number, then the decimal expansion of x is non-terminating
NON-recuITing,
(ix) If x— a is a factor of the polynomial p(x}, then pla) = 0.
Solation : Each statement above is of the [orm p =2 ¢. So, 10 find the converse, we
first identify p and g, and then write ¢ = p.
(1) p: Jamila is riding a bicycle, and ¢: 17 August falls on a Sunday. Theretore, the
converse is: If 17 August falls on a Sunday, then Jamila is riding a bicycle,

{ii) This is the converse of (i). Therefore, its converse iz the statement given in
{1) above,

(iiiy If Pauline's face turns red, then she is angry.
{iv) If a person is allowed to teach, then she has a degree in education.
{(v) If a person runs a high temperature, then he has a viral infection.
(vi) If Ahmad is in India. then he is in Mumbai.
{vii) If all the interior angles of triangle ABC are equal, then it is equilateral.

(viii) If the decimal expansion of ¥ is non-terminating non-recuring, then x is an
nrational number,
(ix) If pla} = 0, then x — a is a factor of the polynomial pix).

MNotice that we have simply written the converse of each of the statements
above without worryving if they are true or false. For example, consider the following
staterment: IF Ahmad is in Mumbai, then heis in India. This statement 18 true, Now
consider the converse: If Ahmad iz in India, then he is in Mumbai. This need not be
true always — he could be in any other part of India.
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In mathematics, especially in geometry, you will come across many situations
where p = q is true, and vou will have to decide if the converse, i.e., g = p. is also
e,

Example 14 : State the converses of the {ollowing staternents. In each case, also
decide whether the converse is true or false.

(i) If u iz an even integer. then 2 + 1 is an odd integer.

{ii) If the decimal expansion of a real number is terminating, then the number is
rational.

(i) If a wansversal intersects two parallel lines, then each pair of comresponding
angles is equal.

(iv) If each pair of opposiie sides of a quadrilateral is equal, then the quadrilareral is
a parallelogram.

{v) If two mangles are congruent, then their corresponding angles are equal.

Solution :

(i) The converse is *If 2r + 1 is an odd integer, then n is an even integer.” This is a
falze statement (for example, 15 = 2(7) + 1, and 7 is odd).

{ii) “If a real number is rational, then its decimal expansion is terminating’, is the
converse. This 13 a false statement, because a rational number can also have a
non-terminating recurring decimal expansion.

(iii) The converse is "If a transversal intersects two lines in such a way that each
pair of corresponding angles are equal, then the two lines are parallel.” We have
assumed, by Axiom 6.4 of your Class IX textbook, that this statement is true.

(iv) *If a quadrilateral i3 a parallelogram, then each pair of 1t opposite sides is equal”,
is the converse. This is true (Theorem 8.1, Class [X).

{v}) *If the corresponding angles in two triangles are equal, then they are congruent”,
is the converse. This statement is Talse, We leave it to vou to [ind suitable counter-
examples.

EXERCISEALS

1. Write the converses of the following statements.
() TIf it is hot in Tokyo, then Sharan sweats a lot.
{m) It Shalini is hungry. then her stomach grumbles,
(ifiy If Jaswant has a scholarship, then she can get a degree.
{iv) If a plant hag flowers, then it is alive,
{v) Ifan animal i5 a cal, then it has a Lail.



234 M aTHEMATICS

2. Write the converses of the following statements. Also, decide in each case whether Lhe
converze iz true or false,

{iy Iftriangle ABC is isosceles, then its base angles are equal.

(i) If an integer is odd. then its squaie is an odd infeger,
(i) Ifat=1thenx=1.
{iv) If ABCD is & parallelogram, then AC and BD bigect each other.
(w) Ifa, bande,are whole numbers, thena+ (F+c)=la+ b+
{vi) W xandy are two odd numbess, then x + v i8 an even number.

{wii) Tfwertices of a parallelogram lie on 2 circle, then it is a rectangle.

ALT Prooflby Contradiction

So far, in all our examples, we used direct arguments to establish the truth of the
resulis. We now explore “indirect” arguments, in particular, a very powerful tool in
mathematics known as *proof by contradiction®. We have already used this method in
Chapter | to establish the irrationality of zeveral numbers and also in other chapiers to
prove some theorems. Here, we do several more examples to illustrate the idea.

Before we proceed, let us explain what a contradiction is. ITn mathematics, a
contradiction occurs when we get a staternent p such that p is tue and ~p, its negation,
is also true. For example,

r chg. where @ and & are coprime.

g: 2 divides both *g¢” and *F’,

If we assume that p is true and also manage to show that ¢ is true, then we have
arrived at a contradiction, because g implies that the negation of p is true. If you
remember, this is exactly what happened when we tried to prove that /7 is irrational
{see Chapler 1).

How does proof by contradiction work? Let us see this through a specific example.

Suppose we are given the following :

All women are mortal. A g a woman. Prove that A is moctal,

Even though this is a rather easy example, let us see how we can prove this by

contradiction.

® Let us assume that we want 10 establish the truth of a staternent p (here we
want to show that p : “A is mortal” is true).
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® So, we begin by assuming that the statement is not true, that is, we assume that
the negation of p is true (i.e., A is not mortal).

e We then proceed to casry our a geries of logical deductions based on the truth of
the negation of p. (Since A is not mortal, we have a counter-example to the
statement "All wormen are mortal," Hence, it is false that all women are mortal )

e Ifthis leads to a conmradiction, then the contradiction arises because of our faulty
asau.mpﬂﬂn that p is not true, (We have a contradiction, since we have shown
that the statement ‘All women are morial' and ils negation, ‘Not all women are
mortal® is true at the same time. This contradiction arose, because we assumed
that A is not mortal.)

® Therefore, our assumption is wrong, i.e., p has to be true. (So, A iz mortal.)
Let us now look at examples from mathematics,

Exnmplt: 15 : The product of a non-zero rational number and an irrational number is
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o We now prove Example 11, but this time using proof by contradiction. The proof
is given below: ' )
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Remark : The example of the proof above shows you, yet again, that there can be
several ways of proving a resull.

Theorem A1.2 : Out of all the line segments, drawn from a point to points of a
ling not passing through the point, the smallest is the perpendicular 1o the line.
Proof :
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EXERCISEALG

1. Supposea+b=c+d, and a < ¢, Use proof by contradiction o show b = d.

2, Letrbearational number and x be an irrational number. Use proof by contradiction to
show that »+ x 15 an imational number,

3. Use proof by contradiction to prove that if for an integer a, o is even, then 0 is a.
[Hint : Azsume g is not even, thal is, it s of the form 2a + 1, for some integes m, and then
pioceed,]

4. Use prool by contradiction to prove that if Tor an integer a, a* is divisible by 3, then a 14
divisible by 3.

5. Use proof by contradiction to show that there is no value of k for which 6 ends with the
digit zerg,

6. Prove by contradiction that two distinet lines in a plane cammot intersect in more than
one poinl

ALS Summary
In this Appendix, you have studied the following points ;
1. Different ingredients of a proof and other related concepts leamnl in Clase IX,
2. The negation of a statement,
3. The converse of a statement,
4. Proof by contradiction.



MATHEMATICAL MODELLING

A21 Iniroduction

e An adult human body containg approximately 1,50,000 km of arteries and veins
that carry blood.

® The human heart pumps 5 to 6 litres of blood in the body every 60 seconds.
® The temperamure at the surface of the Sun is abour 6,000° C.

Have you ever wondered how our scientists and mathematicians could possibly
have estimated these results? Did they pull out the veins and arteries from some adult
dead bodies and measure them? Did they drain oul the blood to arrive al these results?
Did they iravel to the Sun with a thermometer to get the temperature of the Sun?
Surely not, Then how did they get these [igures?

Well, the answer lies in mathematical modelling, which we introduced to you
in Class IX. Recall that a mathematical model is a mathematical deseription of some
real-life situation. Also, recall that mathematical modelling is the process of creating a
mathematical model of a problem, and using it 1o analyse and solve the problem.

So, in mathematical modelling, we take a real-world problem and convert it to an
equivalent mathematical problem. We then solve the mathematical problem, and imerpret
its solution in the situation of the real-world problem. And then, it is important to sce
that the solurion, we have obtained, *makes sense’. which is the stage of validating the
model. Some examples, where mathematical modelling is of great importance, are:

(i) Finding the width and depth of a river at an unreachable place.
(i) Estimating the mass of the Earth and other planets.
{ii) Estimating the distance between Earth and any other planet.

{iv) Predicting the arrrival of the monsoon in a country.
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{v) Prediciing the trend of the stock market.
(vi) Estimating the volume of blood inside the body of a person.
{(vil) Predicting the population of a city after 10 years.
(viii) Estimating the number of leaves in a tree.
(ix) Estimating the ppm of different pollutants in the atmosphere of a city.
(x) Estimarting the effect of pollutants on the environment.
(xi) Estimating the temperature on the Sun’s surface.

In this chapter we shall revisit the process of mathematical modelling, and take
examples from the world around us to illustrate this. In Section A2.2 we take you
through all the stages of building a model. In Section A2 3, we discuss a variery of
examples. In Section A2.4, we look at reasons for the importance of mathematical
modelling,

A point to remember is that here we aim to make you aware of an important way
in which mathematics helps to solve reil-world problems. However, vou need to know
some more mathematics to really appreciate the power of mathematical modelling. In
higher classes some examples giving this flavour will be found.

A2.2 Stages in Mathematical Modelling

In Class IX, we considered some examples of the use of modelling, Did they give you
an insight into the process and the steps involved in it? Let us quickly revisit the main
steps in mathematical modelling.

Step 1 (Understanding the problem) : Define the real problem, and if working in a
ream, discuss the issues that you wish to understand. Simplify by making assuraptions
and ignoring certain [actors so that the problem is manageable.

For example, suppose our problem is to estimate the number of fishes in a lake. It is
not possible to capiure each of these fishes and count them. We could possibly capture
a sample and from it try and estimate the total number of fishes in the lake.

Step 2 (Mathematical description and formulation) : Describe, in mathematical
terms, the different aspects of the problem. Some ways to deseribe the featurcs
mathematically, include:

o deline variables

» write equations or inequalities

» gather data and organise into tables
s make graphs

# calculate probabilities
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For example, having taken a sample, as stated in Step |, how do we estimate the
entire population? We would have to then mark the sampled fishes. allow them to mix
with the remaining ones in the lake, again draw a sample from the lake, and see how
many of the previously marked ones are present in the new sample. Then, using ratio
and proportion, we can come up with an estimate of the wtal population. For instance,
let us take a sample of 20 fishes from the lake and mark them, and then release them
in the same lake, so as to mix with the remaining fishes. We then take another sample
(say 50), from the mixed population and see how many are marked. So, we gather our
data and analyse it.

One major assumption we are making is that the marked fishes mix uniformly
with the remaining fishes, and the sample we take is a good representative of the
entire population.

Step 3 (Solving the mathematical problem) : The simplilied mathematical problem
developed in Step 2 is then solved using various mathematical techniques.

For instance, suppuse in the second sample in the example in Step 2, 5 [ishes are

O
i ie., 0 of the population is marked. It this is typical of the whole

marked. So,

1
population, then Eth of the population = 20.

So. the whole population = 20 x 10 = 200.
Step 4 (Interpreting the solution) : The solution obtained in the previous step
is now looked at, in the context of the real-life situation that we had started with in
Step 1.

For instance, our solution in the problem in Step 3 gives us the population of
fizshes as 200,

Step 5 (Validating the model) : We go back to the original situalion and see il the
results of the mathematical work make sense. If so, we use the model until new
information becomes available or assumptions change.

Sometimes, because of the simplificarion assumptions we make, we may lose
essential aspects of the real problem while giving its mathemartical description. In
such cases, the solution could very ofien be off the mark, and not make sense in the
real situation. Tf this happens. we reconsider the assumptions made in Step 1 and
revize them to be more realistic, possibly by including some factors which were not
considered earlier.
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For instance, in Step 3 we had obtained an estimate of the entire population of
fishes. It may mnol be the aciual number of fishes in the pond. We next see whether
this is a good estimate of the population by repeating Steps 2 and 3 a few times, and
taking the mean of the results obtained. This would give a closer estimate of the
population.

Another way of visualizing the process of mathematical modelling iz shown
in Fig. A2.1.

Real-life problem
Simpiify

Describe the problem
in matheinatical terms

w

Solve the
Change problem

assumptions T

Interpret the
solution in the
real-life simation

Does the solution e Model is
capture the real-life >
situation?

No

L

suitable

Fig. A21

Modellers look for a balance between simplilication (for ease ol solution) and
accuracy. They hope to approximate reality closely enough to make some progress.
The best outcome is to be able to predict what will happen, or estimate an outcome,
with reasonable accuracy. Remember thai different assumptions we use for simplifying
the problem can lead to different models. So, there are no perfect models. There are
good ones and yet better ones.
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EXERCISE A2.1
1. Consider the following situation.

‘A problem dating back to the early 13th century, posed by Leonardo Fibonacci asks

how many mbhr:w;wm#dhmw ;fmmmd with just two and let them reproduce.
Assume that a pair of rabbits produces a pair ofqﬁpndg each month and that each
pair of rabbits produces their first offspring at the age of 2 months, Month by month
the number of pairs qubbms is given by the sum of the rabbits in ma g preceding
months, except for the Oth and the 15t months,

After just 16 months, you have nearly 1600 pairs of rabbits!
Clearly state the problem and the different stages of mathematical modelling in this
situation.
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A2.3 Some ustrations

Let us now consider some examples of mathematical modelling.

Example 1 (Rolling of a pair of dice) : Suppose your teacher challenges you 1o the
following guessing game: She would throw a pair of dice. Before that you need to
guess the sum of the numbers that show up on the dice. For every correct answer, you

get two points and for every wrong guess you lose two points. What numbers would
be the best guess?

Solution ;

Step 1 (Understanding the problem) : You need w know a few numbers which
hawe higher chances of showing up.

Step 2 (Mathematieal description) @ In mathematical terms, the problem translates
to finding oul the probabilities of the various possible sums of numbers that the dice
could show.

We can model the situation very simply by representing a roll of the dice as a random
choice of one of the following thirty six pairs of numbers.

(L, 1) (1,2) (1,3) (1,4) (1,5) (L, 6)
(2.1) 2,2) (2,3) (2,4) (2,5) (2,6)
(3.1) (3,2) (3,3) (3,4) (3, 5) (3,6)
4, 1) (4,2) (4,3) (4,4) (4,5) (4,6)
6.1 (5.2) (3,3 (5.4) (5.5) (5,6)
(6,1) (6,2) (6,3) (6,4) (6, 5) (6,6)

The first number in each pair represents the number showing on the first die, and the
second number is the number showing on the second die.

Step 3 (Solving the mathematical problem) : Summing the numbers in each pair
above, we find thar possible sams are 2, 3,4, 3.6, 7, 8.9, 10, 11 and 12, We have to find
the probability for each of them. assuming all 36 pairs are equally likely.

We do this in the following table.
sim | 2|3|4a|ls]6]|7 9lw|un |z

8
o Tadl21slals]lsls|a] 5|21
Probability | 3¢ | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36

Observe that the chance of getting a sum of a seven is 1/6, which is larger than the
chances of getting other numbers as sums.
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Step 4 (Interpreting the solution) : Since the probability of getting the sum 7 is the
highest. you should repeatedly guess the number seven.

Step 5 (Validating the model) : Toss a pair of dice a large number of times and
prepare a relative frequency table. Compare the relative frequencies with the
corrgsponding probabilities. If these are not close, then possibly the dice are biased.
Then, we could obtain data to evaluate the number towards which the bias is.

Before going to the next example, you may need some background.

Not having the money you want when you need it, is a common experignce for
many people. Whether it is having enough money for buying essenrials for daily living,
or for buying comforts, we always require money. To enable the customers with limited
funds to purchase goods like scooters, refrigerators, televisions, cars, etc., a scheme
known as an insialment scheme (or plan) is introduced by traders.

Sometimes a trader introduces an instalment scheme a5 a marketing strategy to
allure customers (o purchase these articles. Under the instalment scherme, the cusiomer
is not required to make full payment of the article at the time of buying it, She/he is
allowed to pay a part of itat the time of purchase, and the rest canbe paid in instalments,
which could be monthly, quarterly, hal{-vearly, or even yearly. Of course, the buyer
will have to pay more in the instalment plan, because the seller is going io charge some
inierest on accouni of the payment made at a later date {called deferred payment).

Before we take a few examples to understand the instalment scheme, let us
understand the most [requently used 1erms related 1o this concept.

The cash price of an article is the amount which a customer has to pay as full
payment of the article at the time it is purchased. Cash down payment is the amount
which a customer has to pay as part payment of the price of an article al the time of
purchase.

Remark : If the instalment scheme is such that the remaining payment is completely
made within one year of the purchase of the article, then simple interest is charged on
the deferred payment.

In the past, charging interest on borrowed money was often considered evil, and,
in particular, was long prohibited. One way people got around the law against
paying interest was to borrow in one currency and repay in another, the interest
being disguised in the exchange rate.

Let ug now come to a related mathematical modelling problem.
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Example 2 : Juhi wants to buy a bicycle. She goes to the market and finds that the
bicycle she likes is available for ¥ 1800, Juhi has ¥ 600 with her. So, she tells the
shopkeeper that she would not be able o buy it. The shopkeeper, after a bit of
calculation, makes the following offer. He tells Juhi that she could take the bicycle by
making a payment of ¥ 600 cash down and the remaining money could be made in two
monthly instalments of ¥ 610 each. Juhi has two options one is to go for instalment
scheme or to make cash payment by taking loan from a bank which is available at the
raie of 10% per annum simple interest. Which option is more economical to her?

Solution :

Step 1 (Understanding the problem) : What Juhi needs to determine is whether
she should take the offer made by the shopkeeper or net. For this, she should know the
two rates of interest—one charged in the instalment scheme and the other charged
by the bank (i.e., 109%).

Step 2 (Mathematical description) @ In order to accept or reject the scheme, she
needs to determine the interest that the shopkeeper 13 charging in comparison to the
bank. Observe thar since the entire money shall be paid in less than a year, simple
interest shall be charged.

We know that the cash price of the bicycle = ¥ 1800,
Also, the cashdown payment under the instalment scheme = ¥ 600,

So, the balance price that needs to be paid in the instalment scheme =¥ (1800 — 600
=¥ 1200.

Let ¥ % per annum be the rate of interest charged by the shopkeeper.
Amotmt of each instalment = ¥ 610
Amount paid in instalments =¥ 610+ 610=7 1220
Inierest paid in instalment scheme =% 1220 -3 1200 =7 20 (1}
Since, Juhi kept a sum of T 1200 for one month, therefore,
Principal [or the first month =% 1200
Principal for the second month = 3 (1200 — 610) =% 590

Balance of the second principal ¥ 590 + interest charged (3 201) = monthly instalment
(T 610) = 2nd instalment

S0, the total principal for one month =3 1200 + ¥ 590 =% 1790

, 1790 = rx1
Now, interest =7 100 12 (2)



Mazurmamcal. Mopeiine nEg

Step 3 (Solving the problem) : From (1) and (2)

1700 %+ 1 -
100x12

20> 1200

ar = W =13.14 {HPIJTI'JI.)

Step 4 (Interpreting the solution) : The rate of interest charged in the instalment
scheme = 13.14 9.

The rate of interest charged by the bank = 10%

S0. she should prefer to borrow the money from the bank t buy the bicycle which is
more economical.

Step 5 (Validuting the model) : This stage in this case is not of much importance
here as the numbers are fived. Howewer, if the formalities for taking loan from the
bank such as cost of stamp paper, etc., which make the effective interest rate more
than what it is the instalment scheme, then she may change her opinion.

Remark @ Interest rate modelling is still at its early stages and validation is still a
problem of financial markets, In case, different interest rates are incorporated in fixing
instalments, validation becomes an important problem.

EXERCISEA2.2
In each of the problems below, show the different stages of mathematical modelling for solving
the pioblems.

1. Anomithologizl wantg lo estimate the number of parrots in a large feld. She uses a net
o cateh some, and ealches 32 parrots, which she rings and sets free. The lollowing
week she manages (o nel 40 parrots, of which 8 are ringud_

i) What fraction of her second catch is 4
ringed? —a ;

(i) Find an estimate of the total numbes 7%, 5 s
of parrots in the field. %}# :

2. Suppose the adjoining fgure represents oF &
an acrial photograph ofa [orest with each :??1’,
dot representing a tree. Your purpose is to 2 25
find the number of trees there are on this 2
tract of land as part of an environmental e 3 - _,;-{ _-",
Census.
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3. ATV can be purchazed for ¥ 24000 cash or for T 8000 cashdown payment and gix

monthly instalments of ¥ 2800 each. Ali goes to market to buy a T.Y., and he hasz
T BOOO with him. He has now two options, One is to buy TY under instalment scheme
oi lo make cazh payment by taking loan from gsome linancial society. The sociely
charges simple interest ai the rate of 18% per annum gimple intersat. Which option
is better for ALT

A2.4 Why is Mathematical Modelling Important?

As we have seen in the examples, mathematical modelling is an interdisciplinary subject.
Mathematicians and specialists in other fields share their knowledge and expertise to
improve existing products, develop better ones, or predict the behaviour of certain
products.

There are, of course, many specific reasons for the importance of modelling, bu

maost are related in some ways to the following ;

® To gain understanding, It we have a mathematical model which reflects the

essential behaviour of a real-world system of interest, we can undersiand that
system better through an analysis of the model. Furthermore. in the process of
building the model we [ind out which {actors are most important in the system,
and how the different aspects of the sysiem are related.

To predict. or forecast, or simulate. Very often, we wish w know what a real-
world system will do in the future, but it is expensive, impractical or impossible to
experiment directly with the system. For example, in weather prediction, to study
drug efficacy in humans, finding an optimum design of a nuclear reactor, and so
on.

Forecasting is very important in many types of organisations, since
predictions of future events have (o be incorporated into the decision-making
process. For example:

In marketing departments, reliable forecasts of demand help in planning of
the sale sirategies.

A school board needs to able to forecast the increase in the number of
school going children in various districts so as o decide where and when
start new schoals.

Most ofien, forecasters use the pasi data to predict the fumre. They first analyze
the data in order 1o identify a pattern that can describe it, Then this data and
pattern is extended into the finure in order to prepare a forecast. This basic
strategy is employed in most forecasting techniques, and is based on the assumption
that the pattern that has been identified will continue in the [uture also.
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o To estimate. Often, we need io estimate large values. You've seen examples of
the trees in a forest, [ish in a lake, etc. For another example, before eleclions, the
contesting parties want to predict the probability of their party winning the efections.
In particular, they want to estimate how many people in their constituency would
vote for their party. Based on their predictions, they may want to decide on the
campaign strategy. Exit polls have been used widely to predict the number of
seats, a party is expected to get in elections.

EXERCISE A23

1. Based upon the data of the past five vears, wy and forecast the average percentage of
marks in Mathematics that your school would obtain in the Clase X board examination
at the end of the year.

AlS Summary
In this Appendix, you have studied the following points ;

1. A mathematical meodel is a mathematical description of a real-life situstion. Mathematical
modelling is the process of creating a mathematical model, solving it and using it to
understand the real-life problem.

2, The various steps involved in modelling are : understanding the problem, formulating
the mathematical model, solving it, interpreting it in the real-life situation, and, moat
importantly, validating the model,

3. Developed some mathematical models.

4. The imporiance of mathematical modelling.
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ANSWERS/HINTS
]

) 22x5x7

(iv) 3xTxrl1l1x13

il LCM=182:HCF=13
i) LCM=420,HCF=3
22333

1) Mo Zzeroes fii) 1

i -2.4
{iv)

i) dxt-x-4
(iv)

—-x+1

EXERCISE 1.1

) 22313

(V) 17x19x23

(i) LCM=23460: HCF=2
(1) LCM=11339:HCF=|
7. 36 minules

EXERCISE 2.1

(i} 3 fiv) 2

EXERCISE 2.2

11
(i) 5%
(V) =15, 415

i) 3t -32x 41
(v) 4t +x+ 1

EXERCISE 3.1

1) Requiied pair of linear squations is

(im) 323 5% 17

{it) LCM=3024: HOF =6
(i) LCM= 1800:HCF=1

fv) 4 (vi) 3

13
)] ——=s =
¢ 3 2

A
) =1, =
) 3

i) 2 ++5
(il ot —dxt 1

& +y= 10 x5~ y=4, wherey ig the number of girls and v is the number of boys.

To solve graphically draw the graphs of these equations on the same axes on graph

papes.
Gi!’]&:?, Bl:rjl's =3.
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A

(1) Required pair of linsar equations is
Sx+ Ty =50; Tx + 5y = 46, where x and y represent the cost (in ¥ of a pencil and of
a pen respectively.
To zolve graphically, deaw the geaphs of these equations on the same axes on graph
papes.
Cost of one pencil =% 3. Costof one pen =% 5

(1) Intersect at a point i) Coincident (i) Parailel

1) Consistent {{) Inconsistent 1) Consislent
{iv) Congigtent {v) Consistent

M Consistent (i) Inconsistent (i) Consistent {iv) Inconsistent

The solation of {1} above, 13 given by ¥ = 3 —x, where x can take any value, 1.2., there are
infimitely many solufions.

The solution of (iii} sbove is x =2, y =2, i.e,, unique solution.

5. Length=20m and breadth = 16m.

6. One possible answer for the three parts:

1.

@ 3x+2y-T7=0 i) 2e+3y—12=0 (i) de+6By—16=0
Vertices of the triangle are (— 1, 0, (4, M and (2, 3).

EXERCISE 3.2

) #=9,y=35 ) ¥=9,.1=06 (i) y=3x-3,
where x can take any value, ie., infimlely many solutions,
(iv) x=2, y=3 {v) x=0, y=0 (vi) k=2, y=3

2. x=-2, y=5, m=-1

M x—y=26, x=73y, where rand y are two numbers (x >y} x=39,y= 13,

) x—y=18. x+y=180, wherex and y are the measures of the two angles in degrees;
X=00, y=8§1.

(i) Tx+ 6y=3800, 3z + 5y = 1750, where x and ¥ are the costs (0 T) of one bat and one
ball respectively: =500, y = 50.

(iv) &+ 10py=103, 2+ 15y= 155, where xis the fixed charge (in ¥) and yis the charge (in
Tperkm), x=3, y=10; 2235,

(vl llx—Y+4=0, 6xr—5y+3 =0, where rand y are numerator and denominator of the

fraction; % (x=T, y=9.

(vi) x—3y—10=0x-Ty+30=0,where r and y are the ages in vears of Jacob and his
som; x =40, y=10.
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EXERCISE 3.3
L ;r=E.;|.r=E i) x=2, y=1 {11} J|:=£,:,r=-i
3 5 13 12
(iv) =2, y=-3
2. 0 x—y+2=0.2x-y- 1 =0, where xand y are the numerator and denominator of the
Fraction: —-
ion; 2
(i) x=3y+10=0, x-2y-10=0, where xand y are the ages (in years) of Nun and Sonu
respectively. Ageof Nuri (x)= 50, Age of Sonu (y) =2(.
() x+y=9, 8x—y=0 wheiexandyare respectively the tens and unils digiis of the
numbes; 18,
(i) x+2y=40, x+v=25 wherexand y are respectively the number of ¥ 50 and ¥ 100
notes; x= 10, y=15.
) x+4y=27 x+ Iy=21, where x is the fixed charge {in T) and y is the additional
charge (in¥) perday; r=15, y=3.
EXERCISE 4.1
L @ Yes ) Yes ) Mo {iv) Yes
{v] Yes {vil No {vil) Mo {vitl) Yes
2. i 2+ x—528=0, where xiz breadih (in metres) of the plot.
() x*+x—306=0, where x is the smaller integer.
(i) #*+32x—273 =0, where x (in vears) iz the present age of Rohan.
{iv) w?—8u— 1280 =0, where & (1n km/h) s the speed of the wrain.
EXERCISE 4.2
L@ 2,5 i) ~2,2 (i)~ —2
2 V2
R |
W g T
2. @) 9.36 (i) 23,30
). Numbersare 13 and 14. 4. Positive inlegers are 13 and 14,
5, S5cmand 12cm 6. Number of articles = 6, Costof each article=7 15
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[}

EXERCISE 4.3

—— 2 2 3+43
1. () Real roots do notexist () Equal roats, —=»—= (i) Distinct roots:
e NG 2
2. ) k=%2Jp i) k=6
3 Yes.40m, 20m 4. No 5. Yes. 20m, 20m
EXERCISE 5.1
L @) Yes 15, 23,31,...formsan AP aseach succeeding term is oblained by adding & in
its preceding texm.

: 3V [(3Y . _

(i) No. Volumesare V. = ’[E Ve (i) Yes. 150,200.250,.. . forman AP,

() No.Amount mmu[ni}l{m}[nir :uum[uir

i) No, Amounts are 100 100 100
2. (0 10.20,30,40 ) -2,-2,-2,-2 Gy 4,1,-2,-5

vy —1, —i,u.—l v —1.25-1.50,-1.75.-2.0

R

3. () a=3 d=- (i) @a=-35, d=4

Bl sl (V) a=06. d=1.1

3 3

4 G N iy Yen d=1i4, 205
. 1 1 s kel e 4 T

il No (i) Yes 3ty

(i) Yes.d=-2:-02,-112,-132 {iv) Yes.d=4: 6,10, 14

(v Yes.d=2:3+42,3+5/2,3+642 (vi) No

(vii) Yes.d=—d; — 16,— 20, 24 P SO L . . .
2 2 2

(] Mo x) Yes.d=a;5a,6a, Ta

i) No (i) Yes.d= 2; +/50, 472, \98

(xdil) Mo fxiv) Mo o Yes J=24:97, 121,145

EXERCISE 5.2
L 1 a =28 (i) d=2 (i) ‘a=46 (v} n=10 W) =35
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. @ C (i) B
30 i [ig,[8] i) 6} ]
fv) 2], [0]. [2].[4] w [53]. 231 . [3]. |
4. 16thterm 5 @ 34 i) 27
6. Mo 7. 178 B &
9. Sthierm 1. | 11. 63th perm
12, 100 13. 123 14. &0
15. 13 16, 4,10,16,22,...
17. 20th teem from the last term iz 138,
18, =13,-8, -3 19. 11th year 20. 10
EXERCISE 5.3
' 4 .. 33
1. @ 245 {1y -180 (i) 5505 [iv) 20
1 : i
L 0® lDd;ﬁE (m) 286 (i) —8930
'y 7 ,
L @ n=16.S =40 (i) d= 3 5,=273 (i) a=4, §,=246
(iv) d=-l,a,=8 v)a= —%- iy =? (vi) n=3, a =34
_ 54
(Vi) n=6, d=— (viii) =7, a=-8 x) d=0
X a=4
4. 12 Bypuitingu=9.d=8, 8 =636 in the formmla S = ;]’24 + (n = 1)d], we getaguadratic
equation 4nt + 5n - 636 =0. On solving, we getn= —1—3: 12 | Out of these two roots only
one root 12 i5 admissible,
3
5. n=16, dz'g 6. n=38 5=6973 7. Sum=1661
8. S, =5610 9 10. (i) S,,=525 (i) S =-465
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H. 8 =38 =4 0,=5 -8 =1; §=3, 0,=8,-8.=-1,
4,=8,,~8,=-15; 8 =8 -8 =5-2n.
12. 4920 13, 56l 14, 625 15, ¥ 27750
16. Values of the prizes (in ¥) are 160, 140, 120, 100, 80, 60, 40.
17, 23 18. 143em
1% 16 rows, 5 logs are placed in the top tow. By pulting S = 200, o= 20, d =-| in the formula
5= %[Ea + (n—1)d], we get, 415 — n* =400, On solving, n = 16, 25. Therefore, the
number of rows is cither 16or25. a,, =a+24d=~4
i.&., number of logs in 25th row is — 4 which iz not possible. Therefore n =23 is not
possible. For n=16,q,,= 3. Therefore, there are 16 rows and 5 logs placed in the top
oW,
20. 370m
EXERCISE 5.4 (Optional)*
1. 32ndtecm 2. 8,=20,76 3. 3B5am
4. 3 5 730m?
EXERCISE 6.1
1. () Solar (i1} Sirnilar {11} Equilateral
{iv) Egual, Proportional 3. No
EXERCISE 6.2
L @ 2em (1) 24cm
2. () Mo (i) Yes (i) Yes
9. Through O, draw a line paraliel 1o DC, intersecting AD and BC at E and Frespectively.
EXERCISE 6.3
L (i) Yes. AAA AABC~APQR 1) Yes. 555, AABC - AQRP
(i) No {iv) Yes SAS, AMNL-AQFR
{v] Mo (vi) Yes. AA ADEF-APQR
2. 537,555,557
14, Produce AD o a point E such that AD = DE and produce PM (o 2 puint N such that

15.

PM =MN. Tom EC and NE.
42m



254 M aTHEMATICS
EXERCISE 7.1
L () 242 (i) 442 (i) 2y +5*
2. 39; 39km 3. No 4. Yes 5. Champa is correct,
6. (1) Square {1} Noguadnlateral (i1} Parallelogram
7. 7.0) 5. 9,3 9. +4,QR =41, PR =82, 942
10, 3x+y-5=0
EXERCISE 7.2
5 7
1. (1,3 I o T o ],
e 25 {e3)
3. <Jolm: Sthlineatadistance af 22.5m 4. 2:7
5 3
5. I:I;[—E-ﬂ] 6. k=606, ¥v=3 T 03, -10)
8. [_.E, _Ej 9, [“L EJ,{{},j}, (1EJ 10. 24 sq, units
7 7 2 ' 2
EXERCISE §.1
L () sinA=— mh:%—j (1) sinCz%mnsC:%
7
2.0 1 ~c:»::niu!sh=—-m:uﬂsh=i 4. smgzﬁ.m,q:E
4 7 17 8
smﬂ-——s m-sB=Estanﬂ=i :mﬂ:]—fcosecﬂ=l
13 13 12
T ﬁ ] ﬁ b
ER 1 64 m 64 (]
. N T .
9 M1 (i) O 10, simP = 5 cosP T ran P -
L1. ) False {ii) True (i) False (1w} Falso (v} Falsc
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i

Z i
2. sinA = —r—w—'ﬂtM

EXERCISE 3.2

: : T . 43-248 67

M 1 (ii) 2 i) ———— (i) ———— © 3
@ A ) D (i) A fivi C 3. £LA=45% /B=15°
(il False (i1} Troe {i1i) False (iv] False (v) True

EXERCISE 3.3

1+ cot’A
sin A = ttan.&—ﬂl—-tsegﬁ R
1,||'1+<:u[ cotA

3 san A = -.,’se::]h -1

oosh =
e

sac A

|
-.,flsaczﬁ—l1 Jseck A — 1

3. () B iC GD (v D
EXERCISE 9.1

1. 10m 2. #3m 3. 3m 243m 4. 1043m

5. 43m 6. 193 m 7. 20(V3-1)m s, U.E{J§+1)m

0. lﬁ%m 10. Z'D-ﬁm, 20m, 60m 11, ll]\Em, 10m 12 T{ﬁ+l)m

13, 7563-um 14. 58\3m 15. 3 seconds
EXERCISE 10.1

1. Infinitely many

2. (i) Omz (1) Secant (i) Two  {iv) Pomtof comtact 3D
EXERCISE 10.2

1. A 2. B X A 6. Jem

Rem 12. AB=15¢m AC=13em
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EXERCISE il.1
e 13 2. I e 3, LEs e
7 3 3

4. 1) 285 {ii) 235.5cm?

_ ] n 4413,

5 ) Lcm (i) 231cm (iiiy | 231 - — cm

6. 204375cm?: 686.0625 cm® 7. R344cm?

3 7 ; L. 385 4

8. ) 19.625nm? iH) 58873 cm? 9. (i) 285 mm (i) B T

22275 ;
10. em? n, B8E 12. 189.97 kem?
28 126
13. 716268 14. D
EXERCISE 12.1

1. 160em? 2. 572cmt 3 2145emd

4. Greatest diameter =7 cm,surface area = 332.5 cm?

5. :’t.ﬁ (x+24) 6. 220mm? 7. 44md, 729000

8. 18cm’ 9. 374cm®

EXERCISE 12.2

1. mem?

2. 66 cm?. Volume of the air inside the moded = Volume of air inside {cone + cylinder + cone)
= {%nr‘lﬁ] + 'Itr!'hz + % :|tr3h1 ]- where r is the radius of the cone and the cylinder, &, is
the height (length) of the vone and h, is the height (length) of the cylinder.

I
Required Volume = 707 (fy 434, + fy).
3. 338cm? 4. 523.33cm’ 5. 100 h. RO220kg
7. 1131 m (approx.) 8. Mot correct. Correct answer is 346.51 cm?.
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PE ks

EXERCISE 13.1

&.1 plants. We have used direct method because nurnerical values of x, and f, are small.

545.20 3. f=20 4. 759
57.19 6. 2211 7. 0.099 ppm
12.48 duys 9. 69.43%

EXERCISE 13.2

Mode = 36.8 years, Mean = 3537 years. Maximum number of patients admitted in the
hospital are of the age 36.8 years (approx.), while on an average the age of a patient
admitted to the hospital is 35.37 years,

2. 65.625 hours
3. Modal monthly expenditure = ¥ 1847.83, Mean monthly expenditure =% 2662.5.
4. Mode: 30.6, Mean=292, Maststates/U.T. have a student teacher ratio of 30.6 and on

S e

an average, this ratio is 29.2,

Mode=4608.7 runs 6. Mode =447 cars
EXERCISE 13.3
Median= [37 units, Mean= 13705 units, Mode = 135.76 units,

The three measures are approximately the same in this case.

x=8y=T7 3. Median age =35.76 years
Median length = 146.75 mm 5. Median life = 340698 howrs
Median=38.05, Mean=832, Modalsize=788

Median weight = 56.67 kg

EXERCISE 14.1
m 1 (i) 0, impossible event {iii) 1, sure or certain eveat
(iv) | v 0,1

2. The expariments (iii) and (iv) have equally likely outcomes.

3. When we toss & coin, the outcomes head and tail are equally lkely, So, the resull ol an

4!

pl

individnal coin toss is completely unpredictable.

B 5. 095 6. (i) O my |
0.008 T

pod e B 13 o B L
(i T (in) 17 1) 7 10. S (ii) I
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o 126 = b 3 i) 2 1
© 13 . (D) 3 (i} 5 {dii) a Lv)
] o v
13. (i) 2 i} 2 i) 2
s 1 W 3 o S i 4 1 . i
-0 3% U3 @) 76 ™ 52 ™ 3 W5
15 () = W@ ©0 16, X
. (1) 5 i1y (a) 4 I T
17. = i) — 18, () > ik (i .
. (@) 5 il 19 . (1) E i} 10 1ii) 5
1 ok L . 31 o 8
19. O > (i) & 20. ) 216 ¢ M 5
22, @
Sumon 2 3| 4| 5| 6] 7 8 g |G| 1| B
2 dice
raiiy| 2| Z| 2| Al 2] el 2l A 22 L
Y| 36| 36 36| 36| 36| 36| 36| 36| 36| 36| 36
{i) No. The eleven sums are not equally likely.
3
23, E: Possible outcomes are : HHH, TTT, HHT, HTH, HTT, THH, THT, TTH. Hete, THH
means tail in the frat toss, head on the second Loss and head on the third loss and o on.
25 .. 41
24. 1 E m} 16
25. (1) Tncorrect. We can classify the outcomes like this but they are not then ‘equally

likely", Reason is that “ong of each’ can resull in two ways — from a head on first
coin and tail on the second ¢oin or from a tail on the first coin and head on the
second coin. This makes it twicely as likely as two heads (or two tails).

(i) Correct. The two outcomes considered in the guestion are equally likely,
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L

EXERCISE Al.l
i) Ambiguous () True (i) True {iv) Ambigunous

{v) Ambiguous
W Tros fi) True (it} False {iv) True ) Troe

3. Only (i) is rue.

S

ook

i) fa=0anda®=3 thena=>ph.
i) Mxyz0and=y thenr=y.
(m) Hix+yr=x'+yandy+0, thenx=0.
{iv) The diagonals of a parallelogram bisect each other,

EXERCISE Al.2
fis mortal 2. abis raticnal
Decimal expansion of Jﬁ 15 mon - terminating novn-regurring,
y=T 5 LA=100° 2C=1H°, £D= 18P
PORS is arectangle.

Yes, because of the premise. No, becanse ~.|I|3’]"_'-':.1 = §1 which is not irrational. Since the
premise was wrong, the conclusion is false,

EXERCISE AlS

Take two consecutive odd rnumbers as 2n + | and 2r + 3 for some integer n.

EXERCISE Al4

{1 Man is not mortal.
) Linelis not parallel to line s
{iii) The chapter doss not have many exercises,
{iv) Mol all integess are rational numbers,
{v) All prime numbers are not odd.
ivi) Some students ape lazy:
fvii) Al cats are black.

{viii] Thers 1% at least one real number x, soch that J_ =-1.
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{ix) 2 does not divide the posilive integer a.
x) Integers &and b are not coprime.
2. @) Yes (i) Mo (1) No (iv) No (V) Yes
EXERCISE Al.5
1. @) If Shavan sweats a lot, then it is hot in Tokyo,
(i) If Shalini’s stomach grumbles, then she 15 hungry.
(i) Tf Jagwant can get a degree, then she hag g scholarship.
{iv) If aplantis alive, then it has flowers,
{v) If an amimal has a tail, then it 15 a cat.
2. (@ If the base angles of triangle ABC are equal, then it is isosceles. True.
(i) If the square of an integer it odd, then the integer is odd. True.
) Fr=1, thens®= |. True,
(iv) IfACand BD bisect gach other, then ABCD is a parallelogram, True.
v) Wa+{b+cl={a+b)+c. then a, band &£ are whole numbers. Falge.
(vi) If x+ ¥1s an even number, then x and y are odd. False.
vit) If o parallelogram iz a rectangle, its veitices lie on a circle. True.
EXERCISE Al.6
1. Suppose o the contrary & = d.

-

oy

See Example 10 of Chapter 1.
6. SeeTheorem 3. of Class IX Mathematics Textbook.

EXERCISE A2.2

|
S i 5 (i) 160

2. Toke 1 cm® area and count the number of dots in it Total nomber of trees will be the
product of this number and the area (in em®).

Rate of interest in instalment scheme 18 17.74 %, which iz less than [8 B,

3

EXERCISE A23

Smdents find their own answers.



