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Foreword

Punjab School Education Board, has been continuously engaged in preparation and
review of syllabi and texthooks, In today’s scenario. imparting right education to students
1% the joim responsibility of teachers as well as parents. With a view 1o carry oul entrusted
responsibility, some important changes pertaining o present day educational requirements
have been made in 1exthooks and syllabus in accordance with NCF 2003,

Mathematics has an important place in school curriculum and a good textbook is the
first requisite 1o achieve desired learming outcomes. Therefore, the content matter of
Muthematics-X1 has been so arranged so as to develop reasoning power of the students
and 1o enhance their understanding of the subject. Graded guestions and exercises have
been given Lo suit the memtal level of the students. This book is prepared by NCERT, New
Deelhi for class X1 and is being published by Punjab School Education Board, with the
permission of NCERT, New Delhi.

Every effort has been made w make the book useful for students as well as for the
teachers. However, constructive suggestions for its further improvement would be gratefully
acknowledged.

Chairman

Punjab School Education Board
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PROBABILITY 01

PIAUB)=P({A)+P(B-A) e (2)
and P(By=P(AnB)Y+P(B-A)
Subtracting (3) from {2) gives
PAVUB)-PB) =PA-P (A B)
or PAUBY=PA)+P(B)-P(ANB)
The above result can further be verified by observing the Venn Diagram (Fig 14.1)

5

Fig 14.1

If A and B are disjoint sets, i.e.. they are mutually exclusive events, then A B =4
Therefore PANB)=P(0p)=0
Thus, for mutually exclusive events A and B, we have
P{A _ B)=P{A)+P(B).

which is Axiom (i11) of probability.
14.2.4 Probability of event *wor A" Consider the évent A = {2, 4, 6, 8} associated
with the experiment of drawing a card from a deck of ten cards numbered from
1 to 10. Clearly the sample space is S= {1, 2, 3, ... 10}

If all the outcomes 1, 2, ..., 10 are considered to be equally likely. then the probability

1
of each outcome is E

MNow PiA)

Pi2) + P{4) + P(6) + P(8)
. 4.1 1 4

—_—t—
10 1w 1w 1w 10
Also event ‘not A'= A" ={1,3.5,. 7.9, 10}

Mow PIA"Y =P+ P(3) + PGSy + P{T) + P{9Y + P(1R

3
§
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B 6 3
T
3 2
Thus, P(A") = o !—;=1—P{a"k}

Also, we know that A’ and A are mutually exclusive and exhaustive events Le.,
AmA =band AU A =5

or PiA A" = PiS)
Now PiAY + P(A"y =1, by using axioms (i) and (iii).
or P{a')=Pnot Ay=1-—PA)

We now consider some examples and exercises having equally likely outcomes
unless stated otherwise.

Faample 5 One card 1s drawn from a well shuffled deck of 52 cards. If each outcome
is equally likely, caleulate the probability that the card will be

{i) adiamond (i1} not an ace

{iii} a black card (i.e.,a club or, a spade)  (iv) notadiamond

ivl nota black card.

Solution When a card is drawn from a well shuffled deck of 52 cards, the number of
possible outcomes is 52,
(i} Let A be the event 'the card drawn is a diamond’

Clearly the number of elements in set A is 13,

13

£ |
Therefore. P(A) = o=t

1
i.e. probahility of a diamond card = 1

(i} We assume that the event *Card drawn is anace’ is B
Therefore “Card drawn is not an ace” should be B,
4 1 12

y - o o ]__=]__
We know that P(B)Y =1 - P(B) 5 1313

(i) Let C denote the event “card drawn is black card’
Therefore, number of elements in the set C =26
26

I
ie. PO)= 52 9



PROBABILITY 03

1
Thus. probability of a black card = 3

(ivy We assumed in (1) above that A is the event “card drawn is a diamond’,
50 the event *card drawn is not a diamond’ may be denoted as A' or *not A’
Now P(not A) = | I"M—l—‘]‘_i

MNow Pinot ( 12

(vl The event *card drawn is not a black card” may be denoted as €' or *not 7,

pud | —

1
We know that P(not C) = 1 — P(C) = ]_E =

1
Therefore. probability of not a black card = 5

Example 6 A bag contains 9 discs of which 4 are red, 3 are blue and 2 are vellow, The
discs are similar in shape and size. A disc is drawn at random from the bag, Caleulate
the probability that it will be (1) red, (i1) vellow, (iii) blue. {iv) not blue,
(v} either red or blue,

Solution There are 9 discs in all so the total number of possible outcomes is 9,
Let the events A, B. C be defined as
A tthe disc drawn 1s red’
B: “the dise drawn is vellow’
C: “the dise drawn is blue’.
(i} The number of red discs =4, e, ni{Ad)=4

4
Hence P(A) = 3

(iiy The number of yellow dises =2, 1.e., n(B)=2

2
Therefore, PiB) = a

(111) The number of blue discs = 3, e, p(C) =3

31
Therefore. P(C)= —==
9 3

{iv} Clearly the event *not blue’ 1s *not C7. We know that Pinot Cy= 1 - P(C)
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l
Therefore Pinot C) = |- =

{v} The event ‘either red or blue® may be described by the set *A or

[FER

Since, A and C are mutually exclusive events, we have
: 4 1 7
PAorC)= PAUC)=PFA)+PC) = c+7=7
9 3 9

Evample 7 Two students Anil and Ashima appeared in an examination, The probability
that Anil will qualify the examination is (LO3 and that Ashima will qualify the examination
is (.10, The probability that both will qualify the examination is 0.02, Find the
probability that

{a) Both Anil and Ashima will not gualify the examination.

(k)  Atleast one of them will not qualify the examination and

{c) Only one of them will qualify the examination.
Solution Let E and F denote the events that Anil and Ashima will qualify the examination,
respectively, Given that

P(E) = 0.05, P(F) = 0.10 and P(E n F) = 0.02.

Then

{a) The event ‘both Anil and Ashima will not qualify the examination” may be
expressed as E"mF',

Since, E’is ‘not E', 1.e., Anil will not qualify the examination and F' is ‘not F', i.e.,

Ashima will not qualify the examination.

Also E'F =(EwF) (by Demorgan's Law)

Now ME w F)=PE)+PF)- P(E~F)

or P(EUF)=005+0.10— 0,02=10.13

Therefore P(E" ~F)=P(EUF) =1- P(EUF)=1- 0.13=087

{b) P (atleast one of them will not qualify)

= | — P(both of them will gualify)

=1- 002=098
{c) The event only one of them will qualify the examination is same as the event
either (Anil will gualify, and Ashima will not qualify) or (Anil will not qualify and Ashima



PROBABILITY 05

will qualify) i.e., EF or E' m E, where E 1 F” and E' 1 F are mutually exclusive.

Therefore, P(only one of them will qualify) =P(EnF orE" mF)
=PENF)+PE nF)=P(E)-PEnF) +HF)-P(EnF)
=0.05-0,02+0.10-0.02=0.11

Example 8 A committee of two persons is selected from two men and two women.

What is the probability that the committee will have (a) no man? (b) one man? (¢) two

men’?

Solution The total number of persons = 2 + 2 = 4. Out of these four person, two can

be selected in *C, ways.

{a} Mo men in the committee of two means there will be two women in the committee,
Out of two women. two can be selected in 1{_‘,‘3 =1 way,

. {-.:!

; 1x2=1 |
Thercfore P(no man )= - =

C, 4x3 6

(b} Omne man in the commitiee means that there 1s one woman, One man out of 2

can be selected in *C; ways and one woman out of 2 can be selected in *C, ways.

Together they can be selected in “C, x °C, ways,

ot 292 2
welore P{One man)=—"_ L= 2
Therefore ( ) c) TR
(¢)  Two men can be selected in *C, way.
Hence F{Twomen]z_[‘: e 2 o

J-C: -l(-:: 6

[EXERCISE (42

I, Which of the following can not be valid assignment of probabilities for outcomes

of sample Space § = {0,604, 0,0, 0, 0+ |
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Assignment o

T

111,

(al

(b

ic)
(d)

el

A coin is tossed twice, what is the probability that atleast one tail occurs?
A die is thrown, find the probability of following events:

(i)

(i)
(1ii)
(iv)
V)

0.1
1

?
0.l

.1

1
14

14

14

A prime number will appear.

A number greater than or equal to 3 will appear,

",
(.03
1

?
0.4

0.4

i
14

“,
0.0
1

?
0.5

0.2

-l
14

A number less than or equal to one will appear,
A pumber more than 6 will appear.

A number less than 6 will appear.

A card is selected from a pack of 52 cards,

(a)
(b)
ic)

A fair coin with | marked on one face and 6 on the other and a fair die are both
tossed. find the probability that the sum of numbers that turn up is (i) 3 (ii) 12
There are four men and six women on the city council. If one council member is

How many points are there in the sample space?
Calculate the probability that the card is an ace of spades.

o,

0.2

== Y

£
A

6
14

o,
0.6
!

?
0.y

0.3

15
14

Calculate the probability that the card is (i) an ace (ii) black card.

selected for a committee at random, how likely is it that it is a woman?

A fair coin 1s tossed four times, and a person win Re 1 for each head and lose

Rs 1.50 for each tail that turns up.

From the sample space calculate how many different amounts of money you can
have after four tosses and the probability of having each of these amounts,

Three coins are tossed once. Find the probability of getting
(i) atleast 2 heads

(i}
(iv)

-

If ﬁ is the probability of an event, what is the probability of the event ‘not A

A letter 1s chosen at random from the word ‘ASSASSINATION'. Find the

3 heads

atmost 2 heads
(vil) exactly two tails

(i) 2 heads
ivl no head

{vii} notail

ivi) 3tails
(ix) atmost two tails

probability that letter is (i) a vowel (ii) a consonant
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PROBABILITY 07

In alottery, a person choses six different natural numbers at random from | to 20,

and if these six numbers match with the six numbers already fixed by the lottery

committee, he wins the prize. What is the probability of winning the prize in the

game? [Hint order of the numbers is not important. |

Check whether the following probabilities P(A ) and P(B) are consistently defined
iy P(AY=10.5, P(B)=0.7, A B)=10.6

(i) P(A)=10.5 PB)=04 P(A L B)=08

Fill in the blanks in following table:

P(A) P(B) P(A ~ B) P(AUB)
o 1 I I

W 3 5 15

(i) .35 s 0.25 0.6

(i 0.5 .35 s 07

3 1
Given P(A) = s and P(B)y= e Find PiAor B), if Aand B are mutually exclusive
events,

I
and P(E and F) = 3" find

ba | =

1
If E and I are events such that P(E) = 3 Pl =

(1) P{E or F), (ii}) P(not E and not F}.

Events E and F are such that P(not E or not FF) = 0.25, State whether E and F are
mutually exclusive.

A and B are events such that P(A) =042, P{B) = 0,48 and PIA and B) = 0,16,
Determine (i) Pinot A), (i) P(not B) and  (iii) P(A or B)

In Class X1 of a school 40% of the students study Mathematics and 30% study
Biology. 10" of the class study both Mathematics and Biology. If a student is
selected at random from the class, find the probability that he will be studying
Mathematics or Biology.

In an entrance test that is graded on the basis of two examinations, the probability
of a randomly chosen student passing the first examination is 0.8 and the probability
of passing the second examination is (.7. The probability of passing atleast one of
them 15 0.95. What is the probability of passing both?

The probability that a student will pass the final examination in both English and
Hindi is 0.5 and the probability of passing neither is 0.1. If the probability of
passing the English examination is 0.75, what is the probability of passing the
Hindi examination”
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21, Inaclass of 60 students, 30 opted for NCC, 32 opted for NSS and 24 opted for
both NCC and NSS. If one of these students is selected at random, find the
probability that
(i) The student opted for NCC or NS5,

(i} The student has opted neither NCC nor NSS.
(i) The student has opted NSS but not NCC.

Wiscellaneons Examples

Fasmple 9 On her vacations Veena visits four cities (A, B, C and D) in a random
order. What is the probability that she visits

(i} A before B? (i} A before B and B before C7
iy A first and B last?  (iv) A either first or second?
(v} A just before B?
Solution The number of arrangements (orders) in which Veena can visit four cities A,
B.C,orDis 4! i.e. 24, Therefore, n (5) = 24,
Since the number of elements in the sample space of the experiment is 24 all of these
outcomes are considered to be egually likely. A sample space for the
experiment is
5 = {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB
BACD, BADC, BDAC, BDCA, BCAD, BCDA
CABD, CADB, CBDA, CBAD, CDARB, CDBA
DABC, DACB, DBCA, DBAC, DCAB, DUBA |
(i} Let the event “she visits A before B be denoted by |

Therefore.E = {ABCD, CABD, DABC, ABDC, CADB, DACB
ACBD, ACDB, ADBC, CDAB, DCAB. ADCB}

_mE) 12 1
Thes  P(E) n(S) 24 2

(i) Let the event *Veena visits A before B and B before C* be denoted by F.
Here F = {ABCD, DABC, ABDC, ADBC}

n(F) 4 |
Thurcﬁ‘}rﬁ-,F{F}—:{'S_}—i—E

Students are advised to find the probability in case of (1), (iv) and (v).
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Fxnmple 10 Find the probability that when a hand of 7 cards is drawn from a well
shuffled deck of 52 cards. it contains (i) all Kings (ii) 3 Kings (iii) atleast 3 Kings.

Solution Total number of possible hands = 7,

(i) Number of hands with 4 Kings=*C i B 0 , (other 3 cards must be chosen from
the rest 48 cards)
2P i SN |

Hence P (a hand will have 4 Kings) = 53[:? = 1735

(i) Number of hands with 3 Kings and 4 non-King cards = *C, »*C,

1 _ CxTC, 9
Therefore P (3 Kings) = 52["? 1547

(i) Platleast 3 King) = P(3 Kings or 4 Kings)
= P(3 Kings) + P{4 Kings)

9 L%
1547 7735 7735

Example 11 If A, B, C are threc events associated with a random experiment.
prove that

P(AUBwWC) = P(A)+P(B)+P(C)-P(AnB)-P{ANC)
-P(BNnCO)+P(ANBANC)

solution Consider E = B« C so that
PiAUBLC)=P{AUE)

= P(A)+P(E)-P(A~E) R
Now

P(E)=P(BwC)
=P(B)+P(C)-P(BrC) e (2)
Also AnE=An(BwC) = (AnB)u(AnC)[using distribution property of

intersection of sets over the union). Thus

P(ANE)=P(ArB)+P(ANC)- P[(AnB)(ANC)]
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= P(AnB)+P(ANC) - P[ANBNC] .. (3
Using (2} and (3) in {1}, we get
P[AwBUC]=P(A)+P(B)+P(C)-P(BNC)
- P(AnB)-P(ANC)+P(ANB~C)

Example 12 In a relay race there are five teams A, B, C, D and E.

{a) What is the probability that A, B and C finish first, second and third,
respectively.

(b)  What is the probability that A, B and C are first three to finish (in any order)
{ Assume that all finishing orders are equally likely)

Solution If we consider the sample space consisting of all finishing orders in the first

: 5!
three places, we will have P, i.e., (5-3) =5 % 4 = 3 =60 sample points, cach with

|
i babilit —.
a probability of 60

{a) A, BandC finish first, second and third, respectively. There is only one finishing
order for this, i.e., ABC.

Thus P{A, B and C finish first, second and third respectively) = —

60
(b} A, Band C are the first three finishers. There will be 3! arrangements for A, B
and C.  Therefore, the sample points corresponding to this event will be 3! in
number,
So P (A, B and C are first thr “'h—j!—ﬁ—L
o (A, B and C are first three 10 finis '_ﬁﬂ_ﬁﬂ_lf}

Miscellaneous Exercise on Chapter 14

I. A box contains 10 red marbles, 20 blue marbles and 30 green marbles. 5 marbles
are drawn from the box, what is the probability that
(i) all will be blue? (ii) atleast one will be green?

1. 4 cards are drawn from a well — shuffled deck of 52 cards. What is the probability
of obtaining 3 diamonds and one spade?
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A die has two faces each with number “1°, three faces cach with number *27 and
one face with number ‘3", If die 1= relled once, determing

(i) P(2) (ii) P(1 or 3) (iii) P(not 3)

In a certain lottery 10,000 tickets are sold and ten equal prizes are awarded,
What is the probability of not getting a prize if you buy (a) one ticket (b) two
tickets () 10 tickets.

Out of 100 students, two sections of 40 and 60 are formed. If vou and your friend
are among the 100 students, what is the probability that

{a) you both enter the same section?

(b) vou both enter the different sections?

Three letters are dictated to three persons and an envelope is addressed to each
of them, the letters are inserted into the envelopes at random so that each envelope
contains exactly one letter. Find the probability that at least one letter is in its
proper envelope.

A and B are two events such that P{A)=0.54, P{B) = 0.69 and P(A m By =10.35.
Find (i) P(A W B) (i) PIA" m B") (i) PLA B (iv)P(Bri A")

From the employees of a company, 5 persons are selected to represent them in
the managing committee of the company. Particulars of five persons are as follows:

5. No. Name Sex Age in yvears
1. Harish M 30
2. Rohan M 33
3. Sheetal F 46
4. Alis F 28
% Salim M 41

A person is selected at random from this group to act as a spokesperson. What is
the probability that the spokesperson will be either male or over 35 years?

If 4-digit numbers greater than 5,000 are randomly formed from the digits
0, 1,3, 5, and 7, what 1s the probability of forming a number divisible by 5 when,
(1) the digits are repeated? (ii) the repetition of digits is not allowed?

The number lock of a suitcase has 4 wheels, each labelled with ten digits i.e.,
from (0 to 9. The lock opens with a sequence of four digits with no repeats. What
i5 the probability of a person getting the right sequence to open the suitcase”
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In this Chapter, we studied about the axiomatic approach of probability. The main
features of this Chapter are as follows:
@ Event: A subset of the sample space
@ Impossible event ;: The empty set
® Sure evenr: The whole sample space
© Complementary event or ‘not event’ ; The set A" or 5 — A
© Event A or B: The set A B
@ Event A and B; The set A ~ B
© Event A and not B: The set A - B
& Mutually exclusive evenr: A and B are mutually exclusive if A~ B=¢

© Exhaustive and mutually exclusive events: Events E , E_..., E_are mutually
exclusive and exhaustive it E, WE, w . UE =SandE nE =¢ ¥i=zj
@ Probability: Number P () associated with sample point @ such that

(i) 0<P(m) =1 (ii) Zp(w,} forallm e §=1

(i) P(A)= z P (e } for all w g A. The number P(w ) is called probability
of the outcone .
© Equally likely outcomes: All outcomes with equal probability
© Probability of an event: For a finite sample space with equally likely outcomes
A

nis)

Probability of an event P(A)= . where n(A) = number of elements in

the set A. n(S) = number of elements mn the set S.
@ If A and B are any two events, then
P(A or B) = P(A) + P(B) - P(A and B)
equivalently, P{A w B) = P(A) + P(B) - P(A n B)
® If A and B are mutually exclusive, then P{A or B) = P(A) + P(B)
@ If Acis any event, then

P(not A) =1 - P(A)
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Hisrorical Note

Probability theory like many other branches of mathematics, evolved out of
practical consideration. It had its origin in the 16th century when an Italian
physician and mathematician Jerome Cardan (1501-1576) wrote the first book
on the subject “Book on Games of Chance” (Biber de Ludo Aleae). It was
published in 1663 after his death.

In 1654, a gambler Chevalier de Metre approached the well known French
Philosopher and Mathematician Blaise Pascal (1623-1662) for certain dice
problem. Pascal became interested in these problems and discussed with famous
French Mathematician Pierre de Fermat (1601-1663). Both Pascal and Fermat
solved the problem independently. Besides, Pascal and Fermat, outstanding
coniributions to probability theory were also made by Chnistian Huygenes (1629
1665), a Dutchman, J. Bernoulli (1654-1705), De Moivre (1667-1754), a
Frenchman Pierre Laplace (1749-1827), the Russian P.L Chebyshev (1821—
IROT), A. A Markov (1856-1922) and A. N Kolmogorove (1903-1987).
Kolmogorov is credited with the axiomatic theory of probability. His book
‘Foundations of Probability” published in 1933, introduces probability as a set
function and is considered a classie.
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Appendix 1

INFINITE SERIES

ALl Introducrtion

As discussed in the Chapter 9 on Sequences and Series, a sequence a, a,, ... @, ...
having infinite number of terms is called infinite sequence and its indicated sum, i.e.,
a ta,ta t o, a o+ s called an dnfinte series associated with infinite sequence.
This series can also be expressed in abbreviated form using the sigma notation, i.e.,

=
oy td, “'Uﬂ"‘,,.:Zaﬁ'
) k=l

In this Chapter, we shall study about some special tyvpes of series which may be
required in different problem situations,
A2 Binomial Theorem for any Index
In Chapter 8. we discussed the Binomial Theorem in which the index was a positive
integer. In this Section, we state a more general form of the theorem in which the
index is not necessarily a whole number. It gives us a particular type of infinite series.
called Binomial Series. We illustrate few applications, by examples.

We know the formula

“ +.T}R= .n'cu + u':] X+, ., + -r,cﬂ x"
Here. n is non-nepative integer. Observe that if we replace index n by negative

integer or a fraction, then the combinations "C . do not make any sense,

We now state (without proof), the Binomial Theorem, giving an infinite series in
which the index is negative or a fraction and not a whole number.

Theovem The formula

m(m—l}xz +m[m—1](m—2]x3 .
1.2

(14x)" =14 mc+
1.2.3

holds whenever |.d =},
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Remark 1. Note carefully the condition | x | < L le., — 1= x =<1 is necessary when m
is negative integer or a fraction. For example, if wetakex= - 2andm= - 2, we
obtain

5 -2} =3 1
(-2 = 1o (2)(2) 2 g
or I=1+4+12+...
This is not possible

2. Note that there are infinite number of terms in the expansion of {1+ x)". when
15 a negative integer or a fraction

AT G O
Consider {a+.ﬁ}”— [a[]-r—ﬂ =a [1+—]
a o

) HmleLM[E] ﬁ
) .2 173

This expansion is valid when = <1 or equivalently when | 6| < | a .

The general term in the expansion of (a + H)" is
g p

m{m—=1)(m=2)..(m—r+1)a™"b"
112-'31"!'
We give below certain particular cases of Binomial Theorem, when we assume

|x}< 1. these are left to students as exercises:
I (I+x)'=1-x+x2-x+_ . .

2 (l-®)t=1l+x+F+n+,..
3 (I+x)¥=1-2x+3¢ — ' +...
4, (1 —x) =142+ 37 +4+, .

Example | Expand [I— %) ", when | x| <2
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Solution We have

]+£+£+
4 32 7

ALLI Infinite Geometric Series
From Chapter 9. Section 9.5, a sequence ¢, a,, ¢, .... a_is called G.P., if

. . .
. —r{constant) for k = 1, 2, 3, .., n—1. Particularly, if we take @, = o, then the
L8

resulting sequence a, ar, ar”, ..., ' is taken as the standard form of G.P., where a is

first terim and #, the common ratio of G.P,
Earlier, we have discussed the formula to find the sum of finite series

a+ar+a”+ . +ar " which is given by

:a{l—r‘")r

1-r

5

U

In this section, we state the formula to find the sum of infinite geometric series
atar+ar+.. +ar’ '+ .. and illustrate the same by examples.

Let us consider the G.P. 1, E i
309
2
Here a=1,r= E We have
'_E) 2Y
S 21—223{1‘{5] } (D)
3

2 P
Let us study the behaviour of (E] as # becomes larger and larger.
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" | 5 10 20

]
[_—J 0.6667 01316872428 | 0.01734152992 000030072866

)

n
3] becomes closer and closer to

We observe that as # becomes larger and larper, [

2

“
zero. Mathematically, we say that as » becomes sufficiently large, [:{] becomes

H
sufficiently small. In other words, as 7= m(;] — 0, Consequently, we find that

the sum of infinitely many terms is given by S =13,
Thus. for imfinite geometric progression a, ar, . ... if numerical value of common
ratio » is less than 1, then

‘. u(l—r") _a i

" 1-¢ I=r 1-r
. . ar”
In this case, p" .y ) 88 n— =0 since |r|<l and then [ — 0, Therefore,
=
of
S,,—?] B 05 | —»a0 .,

Symbolically, sum to infinity of infinite geometric series is denoted by S, Thus,

we have  S=——
l-r
For example
I 1 1 1
2
ORS00 . SRR T
11 3 B
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Example 2 Find the sum to infinity of the G.P. ;
-5 5 -§

— — S—

4'16" 64"

) 1
Solution Here ﬂ"*T and f'*-z. Also |r|<1.

—3
Hence, the sum to infinity is = % =—1.
4

A.l.4 Exponential Series
Leonhard Euler (1707 — 1783), the great Swiss mathematician introduced the number
¢ in his calculus text in 1 74%, The number ¢ is useful in calculus as winthe study of the
circle.

Consider the following infinite series of numbers

!+l-+nt-+-l-+u]—+ (1
o2 3 4

The sum of the series given in (1} 1s denoted by the number ¢

Let us estimate the value of the number e.

Since every term of the series (1) is positive, it is clear that its sum is also positive.
Consider the two sums

1 1 1 1

e N e e s (2)

31 41 5l n!

o1 ! i
ﬁnd 2_J+2_3+¥+”--+ 1"4 + o {_‘I'}
Observe that

S T PR P |

fs]_ﬁan 57 = 4 » Which gives 5153

LIRS T LR I |

TR ar zj-s_nuugw:s TR

s | d_I—L hich i l'ii

SE_IEGM 2% 16+ Which gives <55
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Therefore, by analogy, we can say that

i |
;‘! = ‘—‘2,1_] , whenn =2

We observe that each term in (2} is less than the corresponding term in (3),

T ke 1 (S| 1 |
Therefore i*a*"ﬁ—!*m*'r—iiﬁ—i{*?*?* "'"_’—,,r"f e [4)

Adding (t p oo ] on both sides of (4), we get,

laralararat )
1=+ o ot oy
112! 31 41 51 1!

1 P ) P SESEUEN T e - (3)
TRETTET S A R e
T I
= Al I+ttt ok
2= NE T 2%

Left hand side of (3) represents the series (1 ). Therefore ¢ = 3 and also ¢ > 2 and
hence 2=e=< 3.

Hemark The exponential series involving variable x can be expressed as

2 3 "
¥ X X X X
O =] e — e, —

It 2! 37 al
Example 3 Find the coefficient of &° in the expansion of &' as a series in
powers of x,
Solution In the exponential series

2 2

X X
S P
1! i 3

replacing x by (2x + 3), we get
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5 5 e
(-.I+3] ; (2x+3) ”
1! 2!

Eh-l-:l = |4

(2x+3)" _ (3+2x)"

Here, the general term is . This can be expanded by the

! n!
Binomial Theorem as
] 5 ’ a=l a -1 2 n
E[3’+'C,3‘ (2x)+" C,3" 7 (2x) +...+(2x) ]
"{:1?"_21:
Here, the coefficient of ¥ is T . Therefore, the coefficient of x* in the whole

series is

e r:IC 3n—221 o _] T’l -2
2 Z _}

L " —

3"'
Z [” [usmg ml=nn—1y{n — 2)1]
]

2 ]
z[iﬁﬁ_ﬁ_ ]
| LR 1 R 1|

- 26_,.1
Thus 2¢* is the cDeFﬁclenl of x* in the expansion of ¢

Alternatively &' = &' | ™
a2 3
o |:1+2_x+&.}_+{2x] +i|
1! 21 3
22

Thus, the coefficient of ¥* in the expansion of ¢ is © 5y

L"'*

=2¢

Example 4 Find the value of ¢, rounded off to one decimal place.

Solution Using the formula of exponential series involving x, we have

3
& T R < .
E =l e, —
1n 20 3 mil
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Putting x = 2, we get

=1+2+2+E+E+i+i+
37315 45

> the sum of first seven terms > 7.353.

On the other hand, we have

2 2 g5 g o) 9ff 3 af 9
e ) B R el ot el ' ezl B 4 pod o i
Ino21 31 41 3! 6 6 6

4. 1 1Y 4| 1 7
=T+—|l4+=4|=| +.|=T+—| —|=T7+==
15[ 3 [3} J T ?|5 T4,
3

Thus, & lies between 7.355 and 7.4. Therefore, the value of ¢, rounded off 10 one
decimal place. is 7.4.

A.LS Logarithmic Series

Another very important series is logarithmic series which is also in the form of infinite
series. We state the following result without proefand illustrate its application with an
example,

Theorem If | x |- 1, then

2 3
X

it
|ug,.[|+x]=x—?+?—...

The series on the right hand side of the above is called the logarithmic series.
The expansion of log_(1+x} is valid for x = 1. Substituting x = | in the
expansion of log, (1+x), we get

' 1N

log 2=1——=4=———+..
e 273 4
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Example 5 If a, B are the roots of the equation * — px+g =0, prove that

(NP o
t I

a4 B p e
2 3

Iﬂgu(l+ px+qx1)=[{1+ﬁ}x—

113_1': ﬂj.r:‘ Ij:!_rl J'j]-x]
Solution Right hand side = | %= 5 + 3 It s ﬁ"'_T"'T_---

log, (1+cx)+log(l+fx)

Evge(l+[m+ﬂ]x+aﬁr:)

= Iﬂgr(l Fpx :}ch) = Left hand side.
Here, we have used the facts a+f=p and aff=g¢ . We know this from the

given roots of the quadratic equation. We have also assumed that both |ex|< 1 and

[Bx|=1.



Appendix 2

MATHEMATICAL MODELLING

A1 Inmtroduction

Much of our progress in the last few centuries has made it necessary to apply
mathematical methods to real-life problems arising from different ficlds — be it Science,
Finance, Management etc. The use of Mathematics in solving real-world problems
has become widespread especially due to the inereasing computational power of digital
computers and computing methods, both of which have facilitated the handling of
lengthy and complicated problems. The process of translation of a real-life problem
into a mathematical form can give a better representation and solution of certain
problems. The process of translation is called Mathematical Modelling.

Here we shall familiaries you with the steps involved in this process through
examples. We shall first talk about what a mathematical model is, then we discuss the
steps involved in the process of modelling.

A.2.2 Preliminaries

Mathematical modelling is an essential tool for understanding the world. In olden days
the Chinese, Egyptians, Indians, Babylonians and Greeks indulged in understanding
and predicting the natural phenomena through their knowledge of mathematics. The
architects, artisans and craftsmen based many of their works of art on geometric
prinicples,

Suppose a surveyor wants to measure the height of a tower. It is physically very
difficult to measure the height using the measuring tape. So. the other option 1s to find
out the factors that are useful o find the height. From his knowledge of trigonometry,
he knows that if he has an angle of elevation and the distance of the foot of the tower
to the point where he is standing, then he can calculate the height of the tower.

So. his job is now simplified to find the angle ol elevation to the top of the tower
and the distance from the foot of the tower to the point where he is standing. Both of
which are easily measurable. Thus, if he measures the angle of elevation as 40 and
the distance as 450m, then the problem can be solved as given in Example 1.
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Example | The angle of clevation of the top of a tower from a point O on the ground,
which is 450 m away from the foot of the tower, 15 40°. Find the height of the tower,

Solution We shall solve this in different steps.

Step | We first try to understand the real problem. In the problem a tower is given and
its height is to be measured. Let & denote the height, It is given that the horizontal
distance of the toot of the tower from a particular point O on the ground is 450 m. Let
d denotes this distance. Then o = 450m, We also know that the angle of elevation,
denoted by 8, is 407,

The real problem is to find the height b of the tower using the known distance o
and the angle of elevation 6.

Step 2 The three quantities mentioned in the problem are height,
distance and angle of elevation.

S0 we look for a relation connecting these three quantitics.
This is obtained by expressing it geometrically in the following
way (Fig 1).

AB denotes the tower. OA gives the horizontal distance h
from the point O to foot of the tower. £AOB is the angle of
glevation. Then we have

h 0430 A
tin = — orh=¢ tan B v 11 450 m
d Fig 1

This is an equation connecting €, i and o,

Step 3 We use Equation (1) to solve . We have 8 = 40°, and ¢ = 450m, Then we get
h = tan 407 = 450 = 450 = 0,839 = 377.6m

Step 4 Thus we got that the height of the tower approximately 378m.

Let us now look at the different steps used in solving the problem. In step 1, we
have studied the real problem and found that the problem mvolves three parameters
height, distance and angle of elevation. That means in this step we have studied the
real-life problem and identified the parameters.

In the Step 2, we used some geometry and found that the problem can be
represented geometrically as given in Fig 1. Then we used the trigonometric ratio for
the “tangent” function and found the relation as

hh=dtan®

So, in this step we formulated the problem mathematically. That means we found
an equation representing the real problem,
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In Step 3. we solved the mathematical problem and got that &= 377.6m. That is

we found

Selution of the problem,
In the last step, we interpreted the solution of the problem and stated that the

height of the tower is approximately 378m. We call this as

Interpreting the mathematical solution to the real situation

In fact these are the steps mathematicians and others use to study varous real-

life situations. We shall consider the question, “why is it necessary to use mathematics
to solve different situations.”

Here are some of the examples where mathematics is used effectively to study

various situations,

!-\-J

Proper flow of blood is essential to transmit oxygen and other nutrients to various
parts of the body in humanbeings as well as in all other animals, Any constriction
in the blood vessel or any change in the characteristics of blood vessels can
change the flow and cause damages ranging from minor discomfort to sudden
death. The problem is to find the relationship between blood flow and physiological
characteristics of blood vessel,

In ericket a third umpire takes decision of a LBW by looking at the trajectory of
a ball, simulated, assuming that the batsman is not there. Mathematical equations
are arrived at, based on the known paths of balls before it hits the batsman’s leg,
This simulated model is used to take decision of LBW,

Meteorology department makes weather predictions based on mathematical
models, Some of the parameters which affect change in weather conditions are
temperature, air pressure, humidity, wind speed, etc, The instruments are used to
measure these parameters which include thermometers (0 measure temperature,
barometers to measure airpressure, hygrometers to measure humidity,
anemometers to measure wind speed. Once data are received from many stations
around the couniry and feed into computers for further analysis and interpretation,

Department of Agriculture wants to estimate the yield of rice in India from the
standing crops. Scientists identify areas of rice cultivation and find the average
yield per acre by cutting and weighing crops from some representative fields,
Based on some statistical techniques decisions are made on the average vield of
rce.

How do mathematicians help in solving such problems? They sit with experts in
the area, for example, & physiologist in the first problem and work out a
mathematical equivalent of the problem. This equivalent consists of one or more
equations or inequalities ete. which are called the mathematical models. Then
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solve the model and interpret the solution in terms of the original problem. Before
we explain the process, we shall discuss what a mathematical model 1s.

A mathematical model is a representation which comprehends a situation,

An interesting geometric model is illustrated in the following example.

Example 2 (Bridge Problem) Konigsberg is a town on the Pregel River, which in the
|8th century was a German Island €

town, but now is Russian. Within
the town are two river islands
that are connected to the banks
with seven bridges as shown
in(Fig 2).

People tried to walk around
the town in a way that only
crossed each bridge once. but it
proved to be difficult problem.
Leonhard Euler. a Swiss Fig 2
mathematician in the service of
the Russian empire Catherine the Great, heard about the problem. In 1736 Euler proved
that the walk was not possible to do. He proved this by inventing a kind of diagram
called a l‘iﬂl‘ﬂ:‘ﬂl‘l{, that 1s made up of w:rt_ices River bank
{dots where lines meet) and arcs (lines) (Fig3). A

He used four dots (vertices) for the two
river banks and the two islands. These have
been marked A, B and C, D. The seven lines jgand C Island D
{arcs) are the seven bridges. You can see that
3 bridges (arcs) join to riverbank, A. and 3 join
(3] rwerbulntc B. 5 bridges {:lrc:‘s‘.l Join to ishind River kiank
C, and 3 join to island D). This means that all B
the vertices have an odd number of arcs, so Fig 3
they are called odd vertices (An even vertex
would have to have an even number of arcs joining to it).

Remember that the problem was to travel around town crossing each bridge only
once, On Euler’s network this meant tracing over cach arc only once, visiting all the
vertices. Euler proved it could not be done because he worked out that. to have an odd
vertex yvou would have to begin or end the trip at that vertex. (Think about it). Since
there can only be one beginning and one end, there can only be two odd vertices if vou
are to trace over cach arc only once. Since the bridge problem has 4 odd vertices, it
Just not possible to do!
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After Euler proved his Theorem, much River bank
water has flown under the bridges m Konigsberg, A
In 1875, an extra bridge was built in Konigsberg,
joining the land areas of river banks A and B

(Fig 4). Is it possible now for the Konigsbergians Ts1and lsland.p
o go round the city, using each bridge only once?
Here the situation will be as in Fig 4. After :
the addition of the new edge, both the vertices R“*;ih"“k
A and B have become cven degree vertices. Fig 4

However, D and C sull have odd degree. So. it
iz possible for the Konigsbergians to go arcund the city using each bridge exagtly once.

The invention of networks began a new theory called graph theory which is now
used in many ways, including planning and mapping railway networks (Fig 4).

AZ3 What is Mathematical Modelling?

Here, we shall define what mathematical modelling is and illustrate the different
processes mvolved in this through examples,

Delinition Mathematical modelling is an attempt to study some part (or form) of the
real-life problem in mathematical terms.

Conversion of physical situation into mathematics with some switable
conditions is known as mathematical modelling. Macthemaiical modelling is
nothing but a technigue and the pedagogy taken from fine arts and not from the
hasic sciences, Let us now understand the different processes involved in Mathematical
Modelling. Four steps are involved in this process. As an illustrative example, we
consider the modelling done to study the motion of a simple pendulum,

Understanding the problem

This involves, for example, understanding the process involved in the motion of simple
pendulum, All of us are familiar with the simple pendulum. This pendulum is simply a
mass (known as bob) attached to one end of a string whose other end is fixed at a
point. We have studied that the motion of the simple pendulum is periodic, The period
depends upon the length of the siring and aceeleration due to gravity. So, what we need
to find is the period of oscillation. Based on this. we give a precise statement of the
problem as

Statement How do we find the period of oscillation of the simple pendulum?
The next step is formulation,

Formulation Consists of two main steps,
l. Identifving the relevant factors In this, we find out what are the factors/
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parameters involved in the problem. For example, in the case of pendulum, the factors
are period of oscillation (T). the mass of the bob (m). effective length (7) of the pendulum
which is the distance between the point of suspension to the centie of mass of the bob.
Here, we consider the length of string as effective length of the pendulum and acceleration
due to gravity (g), which is assumed to be constant at a place,

S0, we have identified four parameters for studying the problem. Now, our purpose
is to [ind T. For this we need to understand what are the parameters that affect the
period which can be done by performing a simple experiment.

We take two metal balls of two different masses and conduct experiment with
each of them attached to two strings of equal lengths, We measure the period of
oscillation. We make the observation that there is no appreciable change of the period
with mass. Now, we perform the same experiment on equal mass of balls but take
strings of different lengths and observe that there is clear dependence of the period on
the length of the pendulum,

This indicates that the mass m 1s not an essential parameter for finding period
whereas the length / is an essential parameter.

This process of searching the essential parameters is necessary before we go
to the next step.

2. Mathematical deseription This involves finding an equation. inequality or a
geometric figure using the parameters already identified.
In the case of simple pendulum, experiments were conducted in which the values
of period T were measured for different values of /. These values were plotted on a
graph which resulted in a ¢uive that resembled a parabola. It implies that the relation
between T and / could be expressed
T2=4& w (1)

2
It was found that £ = 2 . This gives the equation
£

I
T=2x |—
ﬁ,’g o (2)

Equation (2) gives the mathematical formulation of the problem.

Finding the solution The mathematical formulation rarely gives the answer directly.
Usually we have to do some operation which involves solving an equation, caleulation
or applying a thearem etc. In the case of simple pendulums the solution involves applying
the formula given in Equation (2).
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The period of oscillation calculated for two different pendulums having different
lengths is given in Table 1
Table 1

) 225 em 2T75cm
T 3.04 sec 3.30 ser

The table shows that for / = 225 em, T = 3.04 se¢ and for / = 275 ¢m, T = 3,36 sec,

Interpretation/Validation

A mathematical model is an attempt to study, the essential characteristic of a real life
problem. Many times model equations are obtained by assuming the situation in an
idealised context. The model will be useful only if it explains all the facts that we would
like it to explain. Otherwise, we will reject 11, or else, improve 1t, then test 1t again. In
other words, we measure the effectiveness of the model by comparing the resulis
obtained from the mathematical model, with the known facts abeut the real
problem. This procesy is called validation of the model, In the case of simple
pendulum, we conduct some experiments on the pendulum and find out period of
oscillation. The results of the experiment are given in Table 2.

Table 2
Periods obtained experimentally for four different pendulums

Mass (gms) Length {cms) Time (sccs)
385 275 3.371
225 3.056
230 275 3352
225 3.042

Now, we compare the measured values in Table 2 with the calculated values given in
Table 1.

The difference in the observed values and calculated values gives the crror. For
example, for { =275 ¢m, and mass m =385 gm,

erfor=3.371 —3.36 =0.011
which is small and the model is accepted.

Once we accept the model, we have to interpret the model. The process of
describing the solution in the context of the real situation is called interpretation
af the model, In this case. we can mterpret the solution in the following way:

(&} The period is directly proportional 1o the square root of the length of the
pendulum.
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{b) It is inversely proportional to the square root of the acceleration due to gravity.

Our validation and interpretation of this model shows that the mathematical model
is in good agreement with the practical (or observed) values. But we found that there
is some error in the calculated result and measured result, This is because we have
neglected the mass of the string and resistance of the medium, So, in such situation we
look for a better model and this process continues.

This leads us to an important observation, The real world is [ar too complex to
understand and describe completely. We just pick one or two main factors to be
completely accurate that may influence the situation. Then try to obtain a simplified
model which gives some information about the situation. We study the simple situation
with this model expecting that we can obtain a better model of the situation.

Now, we summarise the main process involved m the modelling as

(&) Formulation b} Solution (c] Interpretation/Validation
The next example shows how modelling can be done using the techniques of finding
graphical solution of inequality.

Example 3 A farm house uses atleast 800 kg of special food daily. The special food is
a mixture of com and soyabean with the following compositions

Table3
Material | Nutrients present per Kg| Nutrients present per Kg | Cost per Kg
Protein Fibre
Corn 09 02 Rs 10
Sovabean 60 06 Rs 20

The dietary requirements of the special food stipulate atleast 30% protein and at most
5% fibre. Determine the daily minimum cost of the food mix.

Solution Step | Here the objective is to minimise the total daily cost of the food which
is made up of com and soyabean. So the variables (factors) that are to be considered
are

x = the amount of com
y = the amount of soyabean
z = the cost
Step I The last column in Table 3 indicates that z, x, p are related by the equation
z=10x + 20y w113}

The problem is to minimise z with the following constraints:
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fa) The farm used atleast 800 kg food consisting of corn and soyabean
le,x+y=800 e (2]

(b)  The fbod should have atleast 30% protein dietary requirement in the proportion
ag given in the first column of Table 3. This gives

009 +0.60 = 0.3 (x +3) i (2]
{c) Similarly the food should have atmost 5% fibre in the proportion given in
2nd column of Table 3, This gives
0.02¢ + 0.06 y < 0.05 (x + ) - (4)
We simplify the constraints given in (2), (3) and (4) by grouping all the coefficients
ulfx

Then the problem can be restated in the following mathematical form.
Statement Minimise z subject to

x4y =800
0.21x— 30p=0
0.03x- 0ly =0

This gives the formulation of the model.

Step 3 This can be solved graphically. The shaded region in Fig 5 gives the possible
solution of the equations. From the graph it is clear that the minirourm value is got at the
point (470.6,329.4) ie., x=470.6 and = 329.4,

1500

1000
N

S00

| | |
0 500 100D 1500

Optimum: x = 470.6 kg
y=3294lkg
z=Rs 11294
Fig 5
This gives the value of z as z=10 = 470.6 + 20 = 3294 = 11294

This 1z the mathematical solution.
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Step 4 The solution can be interpreted as saying that, “The minimum cost of the
special food with corn and sovabean having the required portion of nutrient contents,
protein and fibre is Rs 11294 and we obtain this minimum cost if we use 470.6 kg of
com and 322.4 kg of soyabean.”

In the next example, we shall discuss how modelling is used to study the population
of a country al a particular tinie.

Fxample 4 Suppose a population control unit wants to find out “how many people will
be there in a certain countrv after 10 yvears™

Step 1 Formulation We first observe that the population changes with time and it
increases with birth and decreases with deaths,

We wimnt to find the population at a particular time. Let r denote the time in years,
Then ¢ takes values 0. 1, 2. ..., 1= 0 stands for the present fime, r = 1 stands for the next
year ¢tc. For any time f, let p (¢) denote the population in that particular year.

Suppose we want to find the population in a particular year, say £, = 2006. How
will we do that, We find the population by Jan. 1st, 2005. Add the number of births in
that year and subtract the number of deaths in that year. Let B(r) denote the number of
births in the one year between ¢ and ¢ + | and D(f} denote the number of deaths
between ¢ and ¢ + 1. Then we get the relation

PU+1)=P@H+B()-D(H
Now we make some assumptions and definitions

B()
1 P iz called the birth rate Tor the time interval fto ¢+ 1.

D (1)
2 P_lft} 15 called the death rafe for the time interval £ 1o ¢ + 1.

Assumpiions

1. The birth rate is the same for all intervals. Likewise. the death rate iz the same
for all intervals. This means that theie is a constant 5, called the birth rate, and a
constant o, called the death rate so that, forall 1 = 0.

ﬁ—w an ﬂ';—]} 0 el
P (1) P(1)

2. There is no migration into or out of the population, i.e., the only source of population
change is birth and death.
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As a result of assumptions | and 2, we deduce that, for 1= 0,
P (t+ 1)=PE + B - D
= P{r) + EB{{) — dP(})
=({1+&-d)P(y) I
Setting t=01in (2) gives
P(1) = {1+ 5 d)P (0) (3
Setling /= 1 in Equation (2) gives
F2)=(1+b-d)P(1)
=(1+b-d)(1+b-ad)P (D) {Using equation 3)
=(1+5—dy Bl
Continuing this way, we get
P(=(1+b-dy P (D) o (4)
forr=0. 1. 2. ... The constant | + b — ¢ 1s often abbreviated by » and called the growth
rate or, in more high-flown language, the Malthusian parameter, in honor of Robert
Malthus who first brought this model to popular attention. In terms of 7, Equation (4)
becomes
Py =P()r" . 1=0,12, .. e 43)

P(#) 15 an example of an exponential function. Any function of the form or ', where ¢
and r are constants, is an exponential fanction.
Equation (5) gives the mathematical formulation of the problem.

Step 2 — Solution
Suppose the current population is 250,000,000 and the rates are b = 0.02 and = 0.01.
What will the population be in 10 years? Using the formula, we caleulate P(10).
P{10) = (1.01)" (250,000,000)

={1.104622125) (250,000,000}

=276,155.531.25
Step 3 Imterpretation and Validation
Naturally, this result is absurd, since one can't have 0.25 of a person.
So, we do some approximation and conclude that the population is 276,155,531
{approximately). Here, we are not getting the exact answer because of the assumplions
that we have made in our mathematical model.

The above examples show how modelling is done in variety of situations using

different mathematical techniques,
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Since 4 mathematical model is a simplified representation of a real problem, by its
mmmhmlt-mas&umpummd a:ppmxﬁnaums,ﬂbmmly the most important
question is to decide whether our model is a good one or not i.e.. when the obtained
results are interpreted physically whether or not the model gives reasonable answers.
ITa model is not accurate enough, we try to identify thec smm;ea ofme shomnmga
Tt may happen that we need a new formulation, new
hence a new evaluation. Thus mathm}ahcalmﬂdﬁllin;gﬁm be m::,ztlﬂ ofthe: made]]ing
process as. shommthnﬂowehnrrgwmbclw
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ANSWERS

EXERCISE 1.1 |

(iv), (V) (wi). {vii} and (viii) are 3eis.
e (ii) e (iil) & (vije (vie (vie
A =4-3,2.-1,0,1,2,3,4.56 | {ii) B :
C=1{1726,35,44,53,62, 71,80} (iv) D=2,

F

1

1

E={T. RRILGONMEY} (vi
{x:x=3nnenand | <n<d} (i)
jxix=5.penandl=n=4 } (iv)
fx:x=w peNand 1 <n <10}
A={13,5...} (i} B={0,1,2,3,4}
C={-2.-1.0.1.2 } (ivfy D={L.O.Y A}
E = { February, April, June, September, November }
F={b.c.d.f g hj}

> (¢) (i)« (a) (iii) <> (d) (iv) > (b)

| EXERCISE 1.2 ]

x:x=2.mevandl=n=5}
x : x is an even natural number }

(iii). {iv)

Fiite (i) Infinte () Fmite (iv) Infinite {(v) Finite
Infinite (i) Finite (i} Infinite (iv) Finite {(v) Infinite
Yes fii} No (i) Yes (iv) No

No (i) Yes 6. B=D.E=G

EXERCISE 1.3 |

o (i) @ {iii) < (iv) o (V) & (vi) =
False (it} True (i) False (iv) True (v) False  (vi) True

. (ijas {34+ Al {vias leA, (vii) as {1.2. S}cAL

(viii) as 3 AL (ix) as ¢ = A, (xi)as d = A,

(i)
(i)
(i)
(iv)
(1)
(i)

boial (e iahibtiabl

il {2k {35 (L2} {1,3},42,3} {123} (iv) &
(-4, 6] (i) (-12.-10) (i) [0.7)

[3.4]

jx:x eR -3<x=<0} (i) {x:x eRo6=x<12}
{x:x eR 6=<x<121} fiv) fx B:-23<x-<5) 8 (iii)
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EXERCISE 1.4]
) XuY=1{1,2,3.5} M AUB=dabeceioul
(i) AvB=ix:x=1 2.4 5oramultiple of 3 }
V) AuB={r:l<x<10,xeNi(vy AuB=1{1,2.3}
Yes, AvyB={a b e}l 3. B
(1) 41.2,3,4.5.6} (i) 11.2.3.4.5.6.7.8 + (m) {3.4.5.6.7,8}
(iv) i3,4,5.6,7.8.9,10} (v){1,2,3.4,5,6,7,8}
(vi) 41.2,3.4.5.6.7.8.9.10} fvii) {3.4.5.6,7.8.9.10}
@ Xn¥={L3} (@ AnB={a} @ {3} vy (V¢
i) 47.9,11} (iiy {11,13} (iii) & (iv){ 11 ¢
(v) ® (vi} 47.9,11} (vil) &
(vii) 47.9,11} (ix} {7,9.11} (x} {7.9.11,15}
(i} B (i) C (i) D (iv) ¢
vy {2} (vi} { x:xisan odd ptime number } & (i)
M £3.6,9.15 18,21} (i) 43.9.15,18.21} (iii) {3,6.9, 12 [B.21}
(iv) {4.8.16,20} (v {2.4.8,10,14, 16} (v) {5,10,20}
(vii) 420} (viiiy {4.8,12.16 } (ix) 12,6, 10, 14}
(x) {5,10.15} (xi) 12,4.6,8,12, 14, 16} (xii) {5, 15,20}
(i) {act (ii) & (iii) 4 b.4 !
Set of irrational numbers 12, (i)F  (i)F (i) T (iv) T
| EXERCISE l.1=|
() {5.6.7.8.9, (i) {1.3.5.7.9 (iii) 47.8.9 }
(iv) {5,7,9} (v) {1.2.3.4} (vi) {1.3,4,5.6.7.9}
) {defig.hl (i) {ab.ch} (@) {b.d.fh}
(v) $bodel
{i) {.x:xisan odd natural number }
(i) {x:x isaneven natural number

(1if)

fx:x e Nandxis not a multiple of 3 }
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. AxB={(1,3),(1.4),(2,3),(2,4)}

ANSWERS 337

{(iv) 4 x:xisapositive composite numberorx=1 }
(V) 4 :xisapositive integer which is not divisible by 3 or not divisible by 5}
{vi) {x:xe Nandxisnota perfect square }

{(wii) {x:xe N andxisnol aperfect cube }

(vili)y {x:xeNandx =3} (M) {x:xeNandx =2}

{x) {x:xeNandx<T3} (xi) {x:xeNandxi%}

A’ 1s the set of all equilateral triangles.
iy U (i) A fiif) & {ivl ¢

Miscellaneous Exercise on Chapter 1

. Ac BLAcC, B, DeA, DeB, D

(i} False (i) False (i) True {iv) False (v) False
(vi) True
WemaytakeA=4 1.2}, B=41,3:.C=42.3¢}

| EXERCISE 2.1

o x=2andy=1 1. ThenumberofelemenisinAxBiz 9,
. GxH={(7.5),(7.4).(7.2),(8,5).(8.4). (8, 2)}

H % G=14(5, 7). (5. 8. (4, 7). (4, 8), (2, 7). (2, 8)}
(1) False
P x Q= {{m, m), (m, m), (m, n), (n, m)}
{ii) True
(i) True
AxA={E1, -1 L1 —1) (1, D}
AxAxA= {(~1.-1,-1), (~L.=1, 1), (-1, 1. -1}, (1. 1, 1). (1. -1, -1). (1. -1, 1).
(1, 1L, -1 (1, L, 1)}
A=la. bt B={x y}

A » B will have 2*= 16 subsets.

A={r.yztand B={1.2}

A=1-1,0, 1}, remaining elements of

AxAare (-1, 1), (-1, 1), (0. 1), (0, 0). (1, 1), (1. 0), (1, 1)
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|[EXERCISE 2.2

. B= {{1,3_}. '[2-; G}: fg: 9]5 {45 12’”’

Domain of R= {1, 2. 3. 4}
Rangeof B=43,6.9 12}
Codomainof R={1,2, .., 14}

- R={(1,6),(2,7), (3, 8}}

DomainofR = {1, 2, 3}
Range of R =16, 7, B}

. R=4(1.4).(1.6). (2. 9). (3. 4). (3. 6). (5. 4). (5. 6)}

) R={(x.):y=x-2forx=5.6,T}
(i) R=1(53),(6.4).(7.5)}. Domain of R = {5, 6, 7}, Range of R = {3.4, 5}
(0 BR= (1. 1) (1.2). (1. 3) (1. 4). (1, G). (2 4), (2. 6). (2, 2). (4. 4). (6, 6),
(3.3). G, 6)}
(i) DomainofR = {1,2. 3. 4,6}
(iii) Rangeof R=1{1.2.3.4. 6}

DomainofR=40.1.2.3.4.5.} 7. R=42.8).(5.27), (5, 125), (7, 343)}
Range of =45, 6,7, 8,9, 10}
Wo. of relations from A into B = 28 9 DomamofRE=Z

Rangeof R=17

| EXERCISE 2.3 |

(i) yes.Domain=42, 5, 8.11. 14, 17}. Range= {1}
(i} yes,Domain=(2.4.6.8 10, 12,14} Range=41.2.3.4.5,6,7}
(i) Mo,
(i) Domain= R, Range = (—e0, 0]
{i) Domain of function = {x: -3 =x <3}
Range of function = {x : 0 =x <3}
W fFi=-5 @@ fIM=9% () [F3H=-11

iy t(0)y=32 (i) 1(28)= 4—;2' {ii1) t{-10)=14 {iv) 100
(I} Range = (-, ) (i) Range=[2,00) (i) Range=R
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Miscellaneous Exercise vn Chapter 2

21 3. Domain of function is set of real numbers except 6 and 2.
Domain = [1, «), Range = [0. o)
Diomain = R, Range = non-negative real numbers

. Range=[0D, 1)

(F+g)x=3x-2 B.a=2.b=-1 9. () No (ii) No (i) No
(f-g)x=—-x+4
[i]x:x_*l’ .|

a 2x -3 2

1) Yes, (i1) No 11. Ne 12. Rangeof /=13,5,11,13}

| EXERCISE 3.1 |

=L gy 198 i R 267
@ 34 (i) —— (i) — (iv) =
(1) 39°22'30" (ii)-229°5'27" (i) 300° (ivy 2107

: 20m
12m 4. 12* 38 5 T 6. 5:4
G 2 i i T
D s o () o

| EXERCISE 3.2 |

_ R 2
smx=——.c¢se¢x=——.se¢x=~l Lanx*——-«ﬁ.cal =
2 NE)

-

5 4 5 3
COSEC X =—, 008 X=——8Cr=—"lan X=—-colx=—
3 5 4 4

[ O P Y

. 4 5 3 5
SinX=——,COSeL X =——,C08 X =——,5eC¥=——,fan X =
5 4 5 3

: 12 13 5 12 3
5in X=——,CO88C X =—— cos x=—, tan x=_?-“’”=_ﬁ
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; 3 13 12 13 2
smx=ﬁ.nﬁsmx=?.msx=——,smx=——.c01x=—?

13 12

. 2 8. 3 0, —

o=

| EXERCISE 3.3 |

NEPS|
D) ;f; i) 2 3

Wiscellancous Exercise on Chapter 3

A5 51
5 "5
6 o5
3 3
JE+2JE"\JIIS—EJI_5'4+J1—5
4 4
|[EXERCISE 4.1
. 3+i0 2. 04§00 3 0+1 4.
, 19 20§ L 17,5
2= . % " ET 8.
..-.Iiz....zﬁ' 14 -ii....jE i _4.-4..1 3
3 27 25 25
0+l 14. 0—i n2

14+287
440

V5 .3

£l S

14 14
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Miscellaneous Exercise on Chapter 4

g g 3&?4:;99:
Jz 7 u'}“?z.[ii;lﬁ B. x=3.y=-3 9. 2
| 12, 0 14. 4
EXERCISES.1 |
i) {1.2.3.4} {iiy 4..-3.-2.-1,0,1234.}
(i) No Solution (i) fo.—4.-3}
(i) {.-2,-1,0,1} (i) (-wo, 2)
@ =10 1.5, (i) (-2.00)
(4. o) 6., [—ee, -3) 7. {—eo, 3] 8. (oo 4]
(-6 10, (== —6)  11. (-»,2] 12. (-8, 120]
. (4, ) 14, (-2, 2] 15. (4, =) 16, (-0, 2]
<3 x2-1
(@) e >Is [Lw) rr—>
o ST o [5) e
T 22 82
(5.7).07.9) 24, (6.8).(8.10).(10.12)

. 9cm 26. Greater than or equal to 8cm but less than or equal to 22em
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Miscellaneous Exercise vn Chapter 3

[2.3] 2. (0,1] 3,

[-4.2]

5« 1]

= 50

(-23,2] 5.
=5, 5)

3,3) R e R LR
= B o .{_1.‘?] e
’ S 321012345678 910
(5. 02)

(5, o) —ca oo
LT R & T B
(-7, 11]

I-7.11] :
-0 &3
g, T S, N, PR T8 910711213

Between 20°C and 25°C

Mote than 320 litres but less than 1280 litres.
More than 562.5 litres but less than 900 litres.
9.6 <MA <16.8

EXERCISE 6.1

() 125.(i)60. 2. 108 1. 5040
3 6. 20

EXERCISE 6.2

(i) 40320, (ii) 18 ’. 30.No 3. 28
(1) 30. (if) 15120

EXERCISE 6.3

504 ). 4535 1. 60
56 6. 9 7. (i)3. (i) 4

4. 336

4. 120,48
8. 40320
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9. (i) 360, (ii) 720. (iii) 240 10. 33810
1. (i) 1814400, (i1) 2419200, (iii) 25401600
| EXERCISE 6.4
1. 45 1. (D56 3. 210 4. 40
5. 2000 6. 778320 T. 3960 8. 200
v, 35
Miscellaneous Exercise on Chapter 6
L 3600 2. 1440 3. (i}504, (ii) 38R, (i) 1632
4. 207200 5. 120 . SO400 7. 420
8. xR, 9, 28R0 10. BCA2C, 11 151200
| EXERCISE 7.1 |
1. 1-10x + 4057 — 802 + BOx* — 32%°
3240 20 g ¥
3. = M A B X
S 2 x T T
3. 64 2% 576 x° + 2160 x* - 4320 2+ 4860 »* - 2916 x + T29
, X510 1005 1
C 243 81 27 9x 3 ¥
; 15 &6 1
5. x'5+6x4+|5x1+2{!+;2—+F+F
6. 384736 7. 11040308032 8. 14060401
9. 9509900499 10, (L1y®=e = 1000  11. 3{a*h + ab’); 4046
12. 20"+ 15x* + 15x2 4+ 1), 198
Miscellaneous Exercise on Chapter 7
2. 396.J6 3. 288+ 1245~ 100" —4af + 2
4. 09510
s E+E_E+E_4x.a.£+i+£_5
= R P A 2 2 16

. 270 = 5dad + 11722 — 1164°%2 + 117a%* — 5da’x + 274"
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3,8,15,24,35

T29

EXERCISE 8.1

B

4
T 3. 2,4,8,16and 32

1

25,125,625, -3125, 15625

v e 128
. 360
10. =

3+ 1 +35+ 7T +323+ ...

T Y L A
—l———— =1 — |#| — || — || — |+
2 6 24120 2 G 24 120
3 3
2.2 1,0,-1; 2424140+ (=D)+.. 14 IE,E,—and—
| EXERCISE 8.2 |
Al LG
FreT 2. 3072 4. 2187
1 ,
(2) 13%, (b) 12%, (c) 9% 6. =1 7 —[1-[{11}““}
il i 1 In
ﬁ[ﬁJ”l)L]z_l] 9, 1-(4) 19, 2% (1)
2 1+a 1-x

22+%[3"—1)

16 L =
?;z;?[z -1) 15,

5 2 P e T
12, r=—or—; Termsare—,1,—or—,l,—
25 R IR R

2059 or 463
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SR o . A% 8
Ty T 4—816,-32.64,. 18. El(w 1) "
494 20. rR 21. 3.,-6,12,-24 26. 9and 27
-1
n=—i- 30, 120, 480.30(2% 31. Rs 500 (1.D)™
-l +25=1
Miscellaneous Exercise on Chapter §
4 2. 1606 < IRe o 4. B, 16,32
L o " 2 :
4 11. (i) ﬁ(ll} —1]———, H}——E[i =10 )
1680

Rs16680 14. Rs39100 15, Rs43690  la. Rs17000;20,000
Rs5120 18, 25 days

EXERCISE 9.1

?squarc wnit.
(0, @), (0, - a) and (~v3a.0) or (0. ), (0, - ), and (v34.0)

15 1
{ﬂlJ’-z—J’||,fiiJ|x1—x|i & (2 ﬂJ 5, _E

i 9, 135°

1 1
| and 2, or E and 1. or— | and -2, or _E and — 1

EXERCISE 9.2
y=0mdx=0 2. x-2p+10=0 3. y=mx
(V3 +1)x~(V3-1)y=4(s3-1) 5. Bty+6=0
x—By+23=0 7. Sxt+3p+2=0
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Jx—4p+E=0 0, S5x—y+20=0
(1+mx+3(1+my=n+ll 1. x+y=35
x4+ 20-6=02r+y-6=0
J?:x~+-y-2={}and-ql"§x+-y+-2=ﬂ 14, 2x—-9p+85=10

192 ; : :
L=E[C~2ﬂ}+124.942 16. 1340litres. 18, 2kr + hy = 3kh.
| EXERCISE 9.3 |
1 1 5 5
1 i +n:__=[l; ii =_2 +—,—i._; iii = B o Wy
( ¥ ,?-T 2 {11) ¥ x 3 3 (i) p=0x+0,0,0
x L, e W
{1} E'l--'g*:l.q'.ﬁ,' (11} E_}_z “l'z" 2;
2

2, g . 2 : ; ;

(i) »¥= =y intercept with y-axis= e and no intercept with x-axis.
L. 5 units
65 o sew T kpdr] -

; & iy — nits, —= 3.

(-2, 0)and (8, 0) 5. (i) ﬂ“ﬂlﬁ.[ﬂ}ﬁ‘ I ke
Ix—4y+18=0 7. p+Tx =21 8. 30%and 150
22

9
[\E +2)xt(§!«@—1)y23£ +1 or (-.E-—Z}x-+-{1-+- 2\6)}':—11-8«5
% : . [ﬁ “E] . B

; + = 13- 55" 2% 14. m~2.cu2
y-x=1.03

Miscellaneanus Exercise on Chapter ¥

(8)3.(b)+2,(c)borl

8 32
2x=3y=6-3x+ly=6 3. (U,HEJ,[G,?]
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5

‘Cm ﬂ';ﬁ' 5. ¥=— 6. 20-3y+18=0
. k* zquare units 8. § 10, 3x—y=7, x+3y=9

13x+ 13y =6 13, 12 4. Zifunits

The line is parallel to x - axis or parallel to y-axis

=1, »v=1lorz=—4, yp=13 17. (=1;-4).

-+

I'iﬁ 20. 18x+12p+11=0

13

[?C’) 23, 119x+ 102y=125

[EXERCISE 10.1]

¥4 —dy=0 L. ¥ +y¥+dx—-6p-3=0

36x* +3602 36— 18y +11=0 4 P2+ - -2y=0

Y+t +2ax +2bp+ 26 =0 6. eof-5,3,r=6

1 i

. e(2.4), r=.J65 8. co(4,—-5).r=.53 9. c{z,ﬂ};r=z
L Bty -Gx-8p+15=0 11. 2+ -Tx+59-14=0
LB P A -21=0& ¥4 - 12x+ 11=0

XA —ax—by =0 I, 2+ —dr—dy =3

Inside the circle; since the distance of the point to the centre of the circle is less
than the radius of the circle.

EXERCISE 10.2 |

. F(3,0), axis - x - axis, directrix x =— 3, length of the Latus rectum =12

3 3
F (0, 3 axis - y - axis, directrix y =— = length of the Latus rectum =6

F (-2, 0), axis - x - axis. directrix x = 2, length of the Latus rectum =8
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4. F(0,-4), mas - y - axis, directrix y = 4, length of the Latus rectum = 16

5
F (7. 0)axis-x - axis, directrix x=— i,leng’ch of the Latus rectum= 10
2 2

'_Ji

-9 , o . 9 _
6. F(0, T},ams - ¥ - axis, directrix y= 3’ length of the Latus rectum =9

7. ypr=24x 8 x=-12 9. y=12k
10. y2=-8x 11. 2)2=0x 12. 2x*= 25y

[EXERCISE 10.3 |

i)
1. F (£420.0): V (£ 6, 0); Major axis = 12: Minor axis =8 , ¢ — %‘
16
Lamus rectum = ?
2. F (0. £.51) V(0. £ 5); Major axis = 10; Minor axis =4 . e = ."E__l:
8
Latus rectum = 3
- . . i
3. F (247, 0): V (£ 4, 0); Major axis = 8; Minor axis = 6 , ¢ = = i
9
Latus rectum = 3
4. F (0, £475): V (0% 10): Major axis = 20; Minor axis = 10 , e = =4
Latus rectum = 5
; . o Ve
5. F (13 .05 V (£ 7. 0); Major 2xis =14 ; Minor axis = 12 , e = S
2
Latusg rectum = e
6. F (0, £104/3 ); V (0.% 20); Major axis =40 ; Minor axis =20, e = =3

Latus rectum =10



10.

13,

16.

19.

F (0. + 42 ) V (0.% 6); Major axis =12 : Minor axis =4 . e

4
Latas rectum =§

F['U.:t'\h_s}; V (0. 4); Major axis = 8§ ; Minor axis =2 , e

3 3

1
Latus rectom = —
2
. F [t..JE.[I}: Vo (+ 3, 0); Major axis = 6 ; Minor axis = 4 , ¢
Latus rectum =~i
2 3 2 2
¥ 3 PO S O s & 0
25 0 144 169 3o 20
2 2
2.7 i, 2.2 6,
@ 4 1 5 169 144
3 a 2 a
2 ¥ TR i P
64 100 16 7 25 0
r .
J" X ¥
—+ =] 20. + 4y =52 or —+—=1
10 40 ¥y =s2on 52 13
EXERCISE 10.4
, , 5 9
. Foci (£ 5, 0N, Vertices (£ 4, 0); e= a° Latus reclum = E
. Foci (0 £ 6), Vertices (0, =3} e= 2; Latus rectum = |8
. Foci (0, £/13 ). Vertices (0, +2); e = %:L&’ms rectum =9
: z 5
Foei (+ 10, 0), Vertices (* 6, 0); e == : Latus rectum =—

o[



350

10

[

(¥

. yand z - coordinates are zero
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214 6 14 5
Foa {{]',-l_-?j, Vertices E{],:Ej; £ -—T : Latus rectum —£
; : /65 49
. Foci (0, £+f65 ). Vertices (0, +4). e =_4— : Latus rectum :EH
4 5 T 25 39 9 16
x o 5
£ Xy i L X g o 2y
16 9 25 144 25 20
2 2 2 3 3
= ¥ g, X9 s X.*
4 12 49 343 5 5
Miscellaneous Exercise on Chaprer 11
. Focus is at the mid-point of the given diameter.
2.23 m (approx.) i, 91l m{approx.) 4. L.536m(approx.)
s 2 5
—+—=1 6. 18squnits 7. —+—=1
g1 9 i 25 9

Eﬁa

EXERCISE 11.1

P

.y -coordinate is zero
LIV, VIIL V, VL II. T1I. VII
(i} XY - plane (@ Cr.y. 0) (iify Eight

EXERCISE 11.2
245 (i) 43 (i) 2426 (iv) 245

. x-2:=0 5. Ox 4258 +252-225=10

Miscelluneous Exercise on Chapter 11

. {1,-2.8) 2. 7.547 3, g=-2, b==-—,¢=2

z_
2y -2 ?J-+zz=j’ 109
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ANSWERS 35l

EXERCISE 12.1
) ”
B 2 7 3. & 4, >
L . 7 , 1 L
2 : ' 7
B 10. 2 11- 1 12 o
: =g
e i 2 15 L 1¢ N
b . b e = Fa ﬂ_’
a+l
. 4 18, 19. 0 20, 1
b
0 22, 2 23, 3.6
Limit does not exist alx=1
Limit does not existatx=10 26. Limit does not existatx =10
0 8. o=0.b=4
BEm fe)=0and I f(x) = (a-q) (@ a) ... (@-a)
lim 7y exists for all a # 0. 31, 2

For fﬂ J(x) to exists, we need m = m, }-‘I_Iﬂ [ (x) exists for any integral value

of m and ».
EXERCISE 12.2
2. 1 3. 9
e -2
(i) 327 (i) 2x-3 (i) 3 (v) (x-1)°
mrr—l +a{__:=j-1}1'p"2 +02(?! __2}?‘».1- +..,+ﬂ'”_l
a—h

M 2x-a-b (@) dax(a’+b) @) [T,
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.I:.i'}

11.

. —cogec? x — gosec x colf x 16.

MATHEMATICS

ne® —amx™ —x" + o

(x-a)

A
M 2 () 20— 152 +6c—4 (i) F{Hh} () 15¢'+ —

= -2 x(3x-2)
W * o () (x+1)  Gx-1y 10, — sinx
(i) cos2x (i) sec x tan x
{iii) Ssecxtan x —4sinx {iv) — cosecx colx

{v) —3cosec’x —3Scosecxcotxy (vi) Scosx+ ésinx
(vil) 2sec? y — Tsec x tan x

Miscellaneous Exercise on Chaprer 12
i ¥ . g
-1 () =5 (u1) cos{r+ 1) (iv) —sin| x = 2. 1

=T

?-!- pe 4. 2c(axth) (cx +d) + a (ex + df

_ad—be_ S s )

(et dy R N ]

Y - - xl +2h =

apx’ E'E"IH"'WE by . apx” + px+zbq ar 1. if{-ﬁ—-smx
[:px2+gx+r:] (ax+b) X

2

ﬁ 12. M[:L[x+f}}"_l

(ax+ bj""l (ex+d)™ [mc{\a:r +b)+nalcx+ d}] 14. cos (x+a)

=1

-2 Jsec x tan x

—_— 18. %
(sin x—cos x) (sec x+1)

1+sinx

.on-
19, HEIN X COEX

24



29.

3,

booosx+ad sin x+ bd

(e+dcos x)

COs a

00321

x (5x cos x + 3x sin x + 20 sin x—12co0s x)

—x” 8in x —sin x + 2% c08 x

—4 ﬁinx(ar"’ +8in x}+(p+q cos x)(2a x +cos x)

—~tan’x(x+cos x) + (x—tan x )(1 —sin x)

35+ 15rcosxr+ 28 cosx+ 28xsin r—135gin x

(3x+7cosx)

z

x cm%{ﬂ sin x — x cos x )

sin‘x

ANSWERS 353

1+ tany — ¥ secx

(x+sec x) (1-sec’x )+ (x —tan x). (I +sec x tan x)

SINX—HXCOSX
it

s x
3 2
6.32 6.
157.92 10.
9,9.25 2.

100, 29.0% 6.

93, 103.58, 1027

EXERCISE 13.1

g.4 3. 233

14 7. 323

11.28 11. 1034
EXERCISE 13.2

n+l mt =1
g 3. 16.5.74.25

2 12
o4, 1.69 7. 107.227¢
10. 5.55.435

(1+tam-}2

4. 7
8. 5.1
12. 7.35

19.434

27,132
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Miscellaneons Exercise on Chapter 13

1. 4.8 2. 6.8 3. 2,12
5. (101,199 (ii)10.2, 1,98
6. 20.3.036
|EXERCTSE 14.1]
1. No.
2. () {1,2,3,4,5,6} (i (i) {3,6F  (v) 11,23t (v) {6}
(vi) {3.4.5.6}.AUB={1.2.3.4.5.6}. AnB=¢, BUC= {3,6}.EnF= {6}.
DE = ¢,

A-C={1,245 D-E={123},EnF =4¢. F ={1,2}

3. A=1(3.6).(45).(5.4).(6.3), (4.6). (5.5). (6.4). (5.6). (6.3). (6.6) }
B=1{(1,2),{2.2),(3, 2). (4,2),(5,2), (6,2), (2,1}, (2,3), (2:4), (2,5), (2,6)}
C={(3.6).(6.3).(5.4). (4.5). (6.6)}
A and B, B and C are mutvally exclusive.

(i) AandB;Aand C;Band C;Cand D {(i1)Aand C (i) Band D

(i} “Getting at least two heads™, and “getting al least two tails”

(i) “Getting no heads™, “getting exactly one head™ and “getting at least two

heads™

(i) "Getting at most two tails”, and “getting exactly two tails”
(iv) “Getting exactly one head™ and “getting exactly two heads™

(v) “Getting exactly one tail”, “getting exactly two tails”, and getting exactly
thres tails™

There may be other events also as answer to the above question.

6. A= {2 1), (2.2). (23), (2.4), (2.5, 2.6). (4.1). (4.2), (4.3). (44, (4.5). (4.6),
(6,1).(6.2). (6.3), (6.4). (6.5), (6.6)}
B= {(1, 1), (L2),(1,3), (14), (1,5), (1,6), (3,1), (3,2), (3,3), (3.,4), (3.5), (3,6),
(5,1),05,2).(3,3),(5.4), (5,5).(5.6)}
C= {(1,1).(1,2),(1,3),(1,4),(2,1), (2,2}, (2,3), (3,1}, (3.2), (4. 1)}
(1) A" = {(L1L(1.2) (13} (LA (L5) (L6) (3.1) (3.2).(3.3),(3.4).(3.5).(3.0),
(5,1).(5.2), (5.3).(54).(5.5). (5.6)! =B
(i) B'={Z.10(22).(2.3).(24). (2.5). (2.6}, (4.1). (4.2).(4.3). (4.4). (4.5). (4.6).
(6,1}, (6.2). (6.3). (6,4). (6.5). (6.6) =A
(i) AUB={(1.1), (1.2). (13). (1.4). (1.5}, (1.6), (3.1, (3.2). (3.3). (3.4). (3.5).
(3.6). (5.1),(5.2). (5.3). (5.4). (5.5). (5.6). (2.1), (2,:2), (2.3). (2.5),
(2,6), (4.1), (4.2), (4,3), (4,4, (4,5), (4.,6), (6,1), (6,2), (6.3), (6,4),
(6.5), (6,60} =8

‘e
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(ivi AnB=4¢
(V) A—C={(2.4). (2.5), (2.6). (4.2). (4.3), (4.4), (4.5), (4.6). (6.1). (6.2). (6.3).
(6.4),(6.5), (6.6)}
(vi) BUC={{L.1).(1.2). (1.3).(L4),(1.5). (1.6). (2.1), (2.2).(2.3). (3.1). (3.2).
(3.3). (34). (3.5).(3.6). (4.1).15.1).(5.2). (5.3). (5.4).(5.5). (5.6)}
(vii) BAC={(L.1},(1.2).(13), (1.4). (3.1). (3.2)}
@ii) ANB'AC={(2,4).(2.5), (2.6). (4.2). (4.3). (4.4). (4.5). (4.6), (6.1).(6.2),
(6,3). (64). (6.5), (6.6)}
(1) True (i) True (iii) True (iv) False (v) False (vi) False

|EXERCISE 14.2]

. (@)Yes (b)Yes (c)No (d)No (e)No 2. %

121 5 1 o
) 3 (i1) 3 (iii) G (iv) 0 (v} ¢ 4. (a) 52 (b) = (c) (1)13 (11]'2

% BT 3

(i}ﬁ (H}E 6. 3

. Rsd.00 gain, Bs1.50 gain. Re 1.00 loss, Rs3.50 loss, Ks6.00 loss.

1 1 3
P { Winning Bs 4.00) =E , P{Winning Rs 1.50) =E"P (Losing Re. 1.00} =§

1 1
P {Losing Bs 3.50) =E' P (Losing Rs 6.00) #E.
L RS T D P e P
(1) n {11} 3 1t} 5 (1v) 2 {v) n (wi) 2 {viL) 3 {wiil) 3 (ix) 3

2
1

1

B il
10, II}E ﬁJ}E 11. 38760

(i) No, because P(ANB) must be less than or equal to P(A) and P(B). (ii) Yes
4

7 3
{QE (i) 0.5 (i) 0.15 14. T

o8 e : :
@5 @3 16. No 17. (i)0.58 (i) 0.52 (iii) 0.74
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0.6 19. U35 20. 0.65

19 ppmict 11 IV
ﬁ}ﬁ {11) 30 {111} T

Miscellancous Exercise on Chapter 14

30 00 B B
! 3 e ph 3 & i |
(i) &ncj (1) MCS 5-:1‘-:4
) 1 N 1 5 oo 999{#(3 Q_ENCI
L s Gas @ (b)) (e 0
(1) 5 (11) s (1) 6 B 1000 1:]r.'r[:'u|.$E ) m[:n}tl:-C_m
17 16
—  (b)— T
@5 ©5 o 2
4
()0.88 (i)0.12 (i) 0.19 (iv) 034 . -
3 1
Wg Wy e Soa0
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CHAPTER 8

B.6 Infinite G.P. and its Sum

G.P, of the form a. ar, ar?, a#, ... is called infinite G.P. Now, to find the formulae for
finding sum to infinity of a G.P., we begin with an example.
Letus consider the G.P,

IR
i°9
2
Here a=1, -"—E.Wehave

Let us study the behaviour of [%J as » becomes larger and larger:

n i i ] 20

27"
{ ?] 0.666T 0. I3T6ET2438 0.01734152992 000030072866

2 L]
We observe that as » becomes larger and larger, (3-] becomes closer and closer to

2 "
zero. Mathematically, we say that as » becomes sufficiently large, [EJ becomes

2 n
sufficiently small. In other words as #— m*[;] — (. Consequently, we find that the

sum of infinitely many terms is given by §_ =3.
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Now, for a geometric progression, a, ar, a#’. ..., if numerical value of common ratio r
15 less than 1. then

_a(l=-#"}_ a ar

"g-r) l-r 1-r
In this case agp —von, ¥ — ) since ¢ < |. Therefore

Symbolically sum to infinity is denoted by §_ or 8,

Thus, we have 8=7—.
For examples,
1 1 1 1
i 14— —F — = =7
[.]'.]' +z+22 2.’1 l-i
2
i1 I 1 . B 3
U T T e R = e
A L 1_[1] 14+ L 3
2
Exercise 8.3

Find the sum to infinity in each of the following Geometric Progression,

L. T;—% {Ans. 1.5) 2. 06, 1.2, .24, .. (Ans. 7.5)
20 80 35 -3 3 -3 -3
A Tl (Ans. =) 4, PR T {Ans. 5 )

5. Provethat 37 x 3% x 3T, — 3
6. Letx=1+ata?+..andy=1+b+ %+ ..., where lg| <1 and || < 1. Prove that

Lab+ ¥ +..=
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CHAPTER 12

12.6 Limits Involving Exponential and Logarithmic Functions

Before discussing evaluation of limits of the expressions involving exponential and
logarithmic functions. we introduce these two functions stating their domain, range and
also sketch their graphs roughly.

Legnhard Euler (1707—1783), the great Swiss mathematician introduced the munber
g whose value lies between 2 and 3. This number is useful in defining exponential
function and is defined as fix) = &', x € R. Iis domain is R, range is the set of positive
real numbers. The graph of exponential fanction, i.e., ¥ = #is as given in Fig . 13.11.

Y

o

|

graph of y = ¢’

Fig. 13.11

Similarly, the logarithmic function expressed as log R* — R is given by log x=y.
if and only if & = x. Its domain 15 R* which is the set of all positive real numbers and
range is R. The graph of logarithmic function y = log x is shown m Fig. 1312,
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Y
'
o /:
graph of y = logx
Fig. 13.12
In order to prove the result ];1_?% 2 ‘; L 1, we make use of an inequality involving
it T
the expression which runs as follows:

1 g e’ —1
l+|x|_ x

= 1+ {e—2)|x| holds for all x in [-1, 1] ~ {0},

£ —]=l

Theorem 6 Prove that hr'ré
Proof Using above inequality, we get
1 = € e I

l+|x|

<1+|x(e—2), xI[-1,1]~ {0}

]:im l = 1 = l =
Also w50 14 [« 1+ lime| 140
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and  lim[1+(e=2)x[]=1+ (e~ lim|x|=1+(e-2)0=1
Therefore, by Sandwich theorem. we get

lim 2 =1y
EE x
. log, (1+x
Theorem 7 Prove that leL)=l
=0 x
log, (1+x
Proof Let ¥= ¥ . Then
log, (1+ x)=xy
= l+x=e"
¥ _1
= £ =1
x
e” =1
or y=1
Xy
.:, —
= lim lim p=1{sincex — 0 gives xy — {0)
S R
. .ot
nllmyzl[asllm =1J
a—+ 0 i D xy
= lim 11%—*—9-} Jﬂl—:1
i-nd 1
- |
Example 5 Compute Irlmu ;r
Solution We have
EF ir
e —togg® —L g
r=i x Ja+0 Jy
=F

a6l
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e'—sinx—1
Example 6 Compute hmf
;o8 —ginx—1 .. |e"=1 sinx
Solution We have H7=yﬁ{ " —T}
L
s Y a0 ¥
|
Example 7 Evaluate ol 5
I s |
Solution Putx=1+ A then as y —1— - 0. Therefore.
lim OB X _ i log, (1+A) :1[m UMM:J}
PR | how i k ¥l ¥
Exercise 13.2
Ewaluate the following limits, il exist
) _1 E.2+.1.' s E"J
1. lim (Ans. 4) i lim—— (Ans. %)
x40 x -+ X
o ] ) EE]J'I..l' —l
3, lim (Ans. &%) 4, lim — (Ans. 1)
P ¥ — 5 =1 ¥
ES i E
. el —e . x(e =1
5, lim (Ans. &%) 6. hmg (Ans, 2)
##3 X =3 #=4] —cosx
.1 1+ 2 . log(1+x
7. Lin 2B F2X) g s 8. lim M (Ans. 1)
] x #=0 Sll] X
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i S0 h(cosx —sinx)+sinx(cosh—1)+ cos x(cosh—1)
i+l h

i gh—1
lim ——h——l{msx—mn x)+ 1ln1l}Slnx(‘:mT1

{cosh—1)

+limcosx
heall k=0

= cosx —sinx
G Al = f[r+h]—f[r}=mn{r+h}s'r.n{x+§::]—xs'tnx

#-m h beoal h

; x+ﬁ1}LsmxcusFr+smhmsx} xsinx
= lim-—
ki h
xsinx[:cns}r - l}+rcusxsmh+ h[:sln xcosh+sinh cnsx}
= lim
) h

xsinx(cosh—1)

: sinfr | . :
+lim;_, xcosx . +lim(sinxcos i+ sin hcos x)
—

b0
= xcosx+sinx
Example 21 Compute derivative of
(i) Ax) = sin 2% (ii) g(x) = cotx
Solution (i) Recall the trigonomelric Tormula sin 2x =2 sin x cos x. Thus
Fix) _H (2sinxcosx)=2 E—-{sinx cosx)
dx e dr

ax E[{sin x}' COSX + smx{:msx}l:l

=2{ (cosx)cos x -+ sinx(-sinx) |

=2{cos? x —sin x}

CcOsX
1) By denmfion, gir) = COlx=—; . ¥e use the quofient mle on this ciion
(i) By definiti {x) t - Wi th ient Tul this fimeti

: dg i{cut = i(cusx]
wherever 11 18 defined. & &\ sinx
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~ (cosx)'(sinx)—(cosx)(sinx)’
' (sin x)?

_ (—sinx){sin x)—{cosx)(cosx)

(sin x}z

B sin® x + cos® x

= ———— " =—cosec’x
sI° X

1
Alternatively, this may be computed by noting that colx :t_ . Here, wenze the fact
anx

that the derivative of fan x is sec? x which we saw in Example 17 and also that the
derivative of the constant function iz 0.

dg d a 1
—— —— 11 = —
dr  dx b abx [ tan x]

(1) (tan x)— (1) (fan x)
h (tan x)°

~ (0)(tan x) —(sec x)

(tan x)°
—sect x 4
—. T —Cosec X
tan” x

Example 22 Find the derivative of

5
L X —ODBX L x+cosx
(i) ———— (if)

sifx tan x

5
: : X —coex . . .
Solution (i) Let A{x)=———— We use the quotient rule on this function wherever

sinx
it is defined.

W(x) = (x* —cosx)'sinx —{xz —cosx)(sinx)
{zinx)
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 (5x* +sinx)sinx— (x° —cosx)cos

sin’ x

—x"cosx+5x" sinx+1

{sin x}z

i 5 . e X+ Ccosx L
(i) 'We use quoticnt rule on the function e T— wherever it is defined.

(x4 cosx) tanx —(x + cosx) (tan x)'
- (tan x)*

K(x)

(1 —sinx)tanx — (x+ cosx)sec’ x
{lan x}"‘
Miscellaneous Exercise on Chaprer 12

1. Find the derivative of the following functions from first principle:

(i) —x (ii) (-x)* (iii) sin (x+1) (iv) ecos (x —E}

53

Find the derivative of the following funcions (it is to be understood thata, b. ¢, d

p, ¢. r and s are fixed non-zero constants and m and » are integers):

=
3 —+ 2
Lo(x+a) 3. (px+q) [I 3) 4. (e +d)(cx+4d)
1
_ ax+b ; " . 1
T oex+d ' l—i o +hxtc
X
ar+h ' h
g — D y Petaxtr 10, =Pz
ot gx+r ax+b X &
1. 4fx-2 12, (ax+b)" 3. (ax+5)" (ex+d)"
. COSX
14, sin (x + a) | 5. cosec x cot x 16. ;
14sinx



254

28.

MATHEMATICS

SiNX-+Cosx secx—1
o - 18. = 1%, sin” x
SNt —Cosx secr+1
a+bsinx & sin(x+ a) 22, *(55inx—2
4 — al. - k. X Bllx —3C0EX
e+ dcosx cosx ( )
. [x3+1}msx 24, {ﬂxz*ﬁiﬂ-f}{lﬁ’“?“““}
_ i
4x+5sinx _ X ':“5(
(x+cosx) (x—tanx) 2o Axt Ttz 27. ___\4
ax+joosx gin x
X x
29, [x+secx)(x—tany 0. :
I+tanx { }{ ) sin” x

Summary

@ The expected value of the function as dictated by the points to the left of a
point defines the left hand limit of the fumetion at that point, Similarly the nght
hand limit.

@ Limit of a function at 2 point i8 the common value of the left and right hand
limits, if they coincide.

@ For a function fand a real number a, hr_f fix) and (@) may not be same (In
fact, one may be defined and not the other one).

# For functions fand g the following holds:

lim [ £ () g()]=lim £(x): lita g(x)
lim | £(x). g(x)]=lim £ (x) lim g ()

Iim‘i"rh}]:’mﬂﬂ
g(x) | limg(x)

“ Following are some of the standard Limits

b

" (]
L X =g :F
lir =sa” !
Fhe X—a
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. sinx

lim——=1
¥ ¥

]jml_ cOSX_,
x40 x

@ The derivative of a function fat a is defined by

e d @t h)-F(a)
f(a)=lim .

# Derivative of a function f"at any point x is defined by
f‘l[x] :_ﬂﬂ:ﬁm f[-r +'ﬁ}_.f[x]
dx ka0 h
@ For fimetions » and v the followmg holds:
(e v) =u'+y
() =’y + '

[E] = v_zw provided all are defined.

¥ ¥

“ Following are some of the standard derivatives.

%{f}:m’“"
%{sﬁnx}:msx

d .
ir{wsx}— sinx

Historical Note

In the history of mathematics two names are prominent to share the credit for
inventing calculus, Issac Newton (1642 - 1727 ) and G.W. Leibnitz (1646 - 1717).
Both of them independently invented caleulus around the seventeenth century.
After the advent of calculuz many mathematicians contributed for further
development of ealeulus. The rigorous concept is mainly attributed to the great
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mathematicians. A.L. Cauchy, J.L Lagrange and Karl Weierstrass. Cauchy gave
the foundation of caleulus as we have now generally accepted in our textbooks.
Cauchy used D* Alembert’s limit concept to define the derivative of a function.
Starting with definition of a limit, Cauchy gave examples such as the limit of

gin o Ay fix+i) ‘Z'tx]
@

for @= 0, He wrote s ;

s and called the limit for

i—> 0, the “function derive’e. ¥ for f7 ().

Before 1900, it was thought that calculus is quite difficult to teach. 8o calculus
became beyond the reach of youngsters., But just in 1900, John Perry and others
in Bngland started propagating the view thal essential ideas and methods ol caleulus
were simple and could be taught even in schools. FL. Griffin. pioneered the
teaching of caleulus o first year students, This was regarded a3 one of the most
daring act in those days.

Today not only the mathematics but many other subjects such as Physics.
Chemisiry, Economics and Biological Sciences are enjoying the fruits of calculus.



Chapter 13

@ STATISTICS )

¢ “Statistics may be rightly called the science of averages and theit
estimates.” — A LBOWLEY & AL RODDINGTON @

13.1 Tnireduction

We know that statistics deals with data collected for specific
purposes. We can make decisions about the data by
analysing and interpreting il. In earlier classes. we have
studied methods ol representing data graphically and in
tabular form. This representation reveals certain salient
features or characteristics of the data. We have also studied
the methods of finding a representative value for the given
data, This value is called the measure ol central tendency.
Recall mean (arithmetic mean), median and mode are three
measures of central tendency. A measure of central
tendency gives us a rough idea where data points are Karl Pearson
centred. But. in order o make better interpretation from the G5ha80)
data, we should also have an idea how the data are scattered or how much they are
bumched around a4 measure of central tendency.
Consider now the runs scored by two batsmen in their last ten matches as follows:
Batsman A : 30,91, 0,64,42,80,30,5,117, 71
Batsman B : 53, 46. 48, 50. 53, 53, 38. 60, 57,32

Cleatly, the mean and median of the data are

Batsman A Batsman B
Mean 33 33
Median 53 53

Recall that, we calculate the mean of a dafa (denoted by 7 ) by dividing the sum
of the observations by the number of observations, i.e.,
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Therefore, the coordinates of the foci are (0. £+ Jﬁ y and that of the vertices are
(0. +4). Also,

N7 261

The eccentricity e= 5 = The latus rectum = e

2
Example 15 Find the equation of the hyperbola with foci (0. + 3) and vertices

Ji
4 e
( ) )
Solution Since the foci is on v-axis, the equation of the hyperbola is of the form
¥ X
a B
11 11
Since vertices are (0. % 3 oa= g

25
Also, since fociare (0, £3);¢c=3 and ¥ =2 -a’= -
Therefore, the equation of the hyperbola is

T 100 37 — 44 27 = 275
] % , e, S | :
4 4

Example 16 Find the equation of the hyperbola where foct are (0, £12) and the length
of the latus rectum is 36.

Solution Since foci are (0. + 12), it follows that ¢ = 12.

25°
Length of the latus rectum= —— =36 or ¥ = 18a
o
Therefore cl=gl + b, gives
144 = P+ 18a
1.€., @+ 18z -1 =1,
50 a=-24,6

Since & cannot be negative. we take a = 6 and so B* = 108,

2

x*
Therefore, the equation of the required hyperbola is % T =1_ie. 3P -2'=108
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[EXERCISE 10.4

In each of the Exercises 1 to 6, find the coordinates of the foci and the vertices, the
eccentricity and the length of the latus rectum of the hivperbolas.

1‘1 }IJ y.'t J.']

S o el 2, =il 3. 9 4at=3

16 9 9 27 % 5
4. 1622 — 9 =576 5. 5o 0=136 6. 497 — 162 = 784,

Ineach of the Exercises 7 to 15, find the equations of the hyperbola satisfying the given
conditions.
7. Vertices (2. 0), foci (+3,0)
8. Vertices (0, =35), foci (0, 8)
9. Vertices {0, +3), foci (0,4 3)
1), Foci(+5,0), the transverse axis 15 of length 8.
11. Foci (0, £13), the conjugate axis is of length 24.
12. Foci{t3 .JE , 0). the latus rectum is of length 8.
13. Foci (£ 4, 0), the latus rectum is of length 12

4
14. vertices (£ 7.0), ¢= E
3. Foci(0,+ J10 ), passing through (2.3)

—
ur

Miscellaneous Examples

Example 17 The focus of a parabolic murrer as shown 1 Fig 10.31 is at a distance of
5 em from its vertex. Tf the mirror is 45 cm deep. find Y
the distance AB (Fig 10.31). A

(Fig ) - 45 -,

Solution Since the distance from the focus to the
vertex is 5 cm. We have, =35, If the origin is taken al
the vertex and the axis of the mirror lies along the
positive x-axis, the equation of the parabolic section is

P=4(51x=20x < ol " >X
Note that x=45 Thuos

3 =900
Therefore ¥p=+30
Hence AB= 2vy=2=%30=060cm, W B
Example I8 A beam is supported at its ends by Fig 10.31

supports which are 12 metres apart. Since the load is concentrated at its centre, there
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is a deflection of 3 cm at the centre and the deflected beam is in the shape of a
parabola. How far from the centre is the deflection 1 cm?

Solution Let the veitex be at the lowest point and the axis vertical. Let the coordinate
axis be chosen as shown in Fig 10.32,

Fig 10.32

The equation of the parabola takes the form x?= 4ay. Since it passes through

3 c 36x100
6— R = —| s Esn
( mﬂ]‘Wehave (6 =4a [mﬂj.ie 7 e

=300 m

1 2
Let AB be the deflection of the beam which is ﬁ m. Coordinates of B are (x, ﬁ }.

2
T 1= Ax i
Therefore x 4 = 300 = 100 24

ie. x= J24 = 2.6 metres

Example 19 A rod AB of length 13 cm resis in between two coordinate axes in such
a way that the end point A lies on x-axis and end point B lies on
y-axis. A point P(x, ¥} is taken on the rod in such a way

that AP = & cm. Show that the locus of P is an ellipse. A

Solution Let AB be the rod making an angle § with B
OX ag shown in Fig 10,33 and P (x, v) the point on it
suchthat AP=6 cm.

Since AB= 15 cm, we have Q

PBE= 9%cm. )
From P deaw PQ and PR perpendiculars on y-axis and
x-axis, respectively. Fig 10.33
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From A PBQ, cos B =

3
9

From APRA sin= %

Since cozfl +sinff=1

or

Py 2

(5 (&)
9 6
2P <

—— g ——
Bl 36

Thus the locus of P is an ellipse.

-

Wiscellaneous Exercise an Chapier 10

If a parabolic reflector is 20) cm in diameter and 5 cm decp, find the focus.

An arch is in the form of a parabola with its axis vertical. The arch is 10 m high
and 5 m wide at the base. How wide is it 2 m from the vertex of the parabola?
The cable of a uniformiy loaded suspension bridge hangs in the form of'a parabola,
The roadway which is horizontal and 100 m long is supported by vertical wires
attached to the cable, the longest wire being 30 m and the shortest being & m.
Find the length of a supporting wire attached to the roadway 18 m from the
middle.

Amn arch is m the form of a semi-ellipse. It is 8 m wide and 2 m high at the centre,
Find the height of the arch at a point 1.5 m from one end.

A rod of length 12 om moves with its ends alwavs touching the coordinate axes.
Determine the equation of the locus of a point P on the rod. which is 3 em from
the end in contact with the x-axis.

Find the area of the triangle formed by the lines joining the vertex of the parabola
x* = [y to the ends of its latus rectum.

A man mnning a raceconrse notes that the sum of the distances from the two flag
posts from him is always 10 m and the distance between the flag posts is 8 m.
Find the equation of the posts traced by the man,

An equilateral triangle is inseribed in the parabola 3* =4 ax, where one veitex is
at the vertex of the parabola. Find the length of the side of the triangle.
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Summary

In this Chapter the following concepts and generalisations are studied.

# A circle is the set of all points in a plane that are equidistant from a fixed point
in the plane.

# The equation of a circle with centre (&, k) and the radiug r is
x—HP+(y—k?=#F.

@ A parabola is the set of all points in & plane that are equidistant from a fixed
line and a fixed point in the plane.

4 The equation of the parabola with focus at (a, () ¢ > 0 and directrix x=-a is

2= dax,
4 Latus rectum of a parabola is a line segment perpendicular to the axis of the
parabola, through the focus and whose end points lie on the parabola.
& Length of the latus rectum of the parabola 3= 4ax is 4a.
& An ellipse iz the set of all points in a plane, the sum of whose distances from
two fixed points in the plane 15 a constant,

Z
# The equation of an ellipse with foci on the x-axis is 3 +-§? =L

4 Latus rectum of an ellipse is a line segment perpendicular to the major axis
through any of the foci and whose end points lie on the ellipse,

xz ,}"2 ZIJI
# Length of the latus rectum of the ellipse — E.:_2=1 i =—.
a a

# The eccentricity of an ellipse is the ratio between the distances from the centre
of the ellipse to one of the foci and to one of the vertices of the ellipse.

# A hyperbola is the set of all points in a plane, the difference of whose distances
from two fixed points in the plane is a constant.

2
# The equation of a hyperbola with foci on the r-axis is : —2—;:1—1 =]
a
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# Latus rectum of hyperbola iz a line segment perpendicular to the transverse
axis through any of the foci and whose end points lie on the hyperbola.

2 k3 7
x 25

4 Length of the latus rectum of the hyperbola -'_l_i_zli T ——

a a

# The eccentricity of a hyperbola is the ratio of the distances from the centre of
the hyperbolz to one of the foci and 1o one of the vertices of the hyperbola.

Historical Note

Geometry is one of the most anctent branches of mathematies. The Greek
geometers investigated the properties of many curves that have theoretical and
practical importance. Euclid wrote his treatise on geometry around 300 B.C. He
was the first who organised the geometric fipures based on certain axioms
suggested by physical considerations. Geometry as initially studied by the ancient
Indians and Greeks, who made essentially no use of the process of algebra. The
synthetic approach to the subject of geometry as given by Eaclid and in
Sulbasutras. ete., was continued for some 1300 years. In the 200 B.C., Apollonius
wrote a book called *The Conic® which was all about conic sections with many
important discoveries that have remained unsurpassed for eighteen centuries,

Modermn analytic geometry is called ‘Cartesian’ after the name of Rene
Descartes (1596-1650) whose relevant *La Geometrie® was published in 1637.
But the findamental principle and method of analytical peomelry were already
discovered by Pierre de Fermat (1601-1665). Unfortunately. Fermats treatise on
the subject. entitled Ad Locus Planos el So LIDOS Jsagoge (Introduction to
Plane and Solid Loci) was published only posthumously in
1679. 80, Descartes came to be regarded as the unigue inventor of the analytical
geomelry.

Isaac Barrow avoided using cartesian method, Newton used method of
undetermined coefficients to tind equations of curves, He used several types of
coordinates including polar and bipolar. Leibnitz used the terms “abscissa’,
‘ordinate’ and ‘coordinate”. L' Hospital (about 1700) wrote an important textbook
on analytical geometry,

Clairaul {1729) was the first lo give the distance formula although in clumsy
form, He also gave the intercept form of the linear equation. Cramer (1750)
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made formal use of the two axes and gave the equation of a circle as
(y-—af+(b-x7=r
He gave the best exposition of the analytical geometry of his time. Monge
(1781) gave the modern ‘point-slope’ form of equation of a line as
y-y=g(r—x)

and the condition of perpendicularity of two lines as aa’' + 1 = 0.

S.F. Lacrois (1765-1843) was a prolific textbook writer, but his contributions
to analytical geometry are found scattered, He gave the “two-point’ form of
equation of a line as

-8

y-B=——(x-4
&=
(#—a-b
and the length of the perpendicular from (o, ) on y =ax + b as m.
a'—a
His formula for finding angle between two lines was tan 0 =[1+M.].It is, of

course. surprising that one has to wait for more than 150 years after the invention
of analytical geometry before finding such essential basie formula. In 1818, C.
Lame. a civil engincer, gave mE + m'E' = 0 a3 the curve passing through the
points of intersection of two loci E =1 and E' = 0.

Many important discoveries. both in Mathematics and Science, have been
linked to the conic sections. The Greeks particularly Archimedes (287-212B.C.)
and Apolloniug (200 B.C.) studied conic sections for their own beauty, These
curves are important tools for prﬂﬂ.l.:m day ex ploration of outer space and also for
research into behaviour of atomic particles.
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Chapter l 1

INTRODUCTION TO THREE
DIMENSIONAL GEOMETRY

< Mathematics is both the queen and the hand-maiden of

all sciences — E.T. BELL%*

1.1 Introduction

You may recall that to locate the position of a point in a
plane, we need two intersecting mutually perpendicular lines
in the plane. These lines are called the coordinate axes
and the two numbers are called the coordinaies of the
point with réspect to the axes. In actual life, we do not
have to deal with points lying in a plane only. For example,
consider the position of a ball thrown i space at different
points of time or the position of an asroplane as it tlies
from one place to another at different times during its flight.
Similarly, if we were to locate the position of the Leonhard Euler

lowest tip of an electnic bulb hanging from the ceiling of a (1707-1783)

room or the position of the central tip of the ceiling fan in a room, we will not only
require the perpendicular distances of the point to be located from two perpendicular
walls of the room but also the height of the point from the floor of the room, Therefore,
wee need not only two but three nunbers representing the perpendicular distances of
the point from three mutually perpendicular planes, namely the floor of the room and
two adjacent walls of the room. The three numbers representing the three distances
are called the coordinates of the point with reference to the three coordinare
planes. So. a point in space has three coordinates. In this Chapter, we shall study the
basic concepls of geometry in three dimensional space.*

# For various activities in three dimensional geometey one may refer to the Book, "4 Hond Book for
designing Matheimatics Laboratory in Sehonls™, NCERT, 2005,

































































































































Chapter

STRAIGHT LIN

ES

& Geometry, as a logical system, is a means and even the most powerful

means o make children feel the strength of the human spivié that is

of their own spivit. — . FREUDENTHALY

0.1 Tntroduction

We are familiar with two-dimensional coordinate geametry
from earlier classes, Mainly, it is a combination of algebra
and geometry, A systematic study of geometry by the use
of algebra was first carried out by celsbrated French
philosopher and mathematician Rene Descartes, in his book
*La Geométry. published in 1637. This book introduced the
notion of the equation of a curve and related analytical
methods into the study of geomeiry. The resulfing
combination of analysis and geometry is referred now as
analytical geomeiry. In the earlier classes, we initiated
the study of coordinate geometry, where we studied about
coordinate axes, coordinate plane, plotting of points m a

plane, distance between two points, section formulae. ete.

basics of coordinate geometry.

Rend Descartes
(1596 -1650)

All these concepts are the

Let us have a brief recall of coordinate peometry done in earlier classes. To

recapitulate. the location of the points (6, — 4) and
{3, 0) in the XY-plane is shown in Fig 9.1. |

We may note that the point (6, — 4) isat 6 units ©
distance from the y-axis measured along the positive
x-axis and at 4 units distance from the x-axis
measured along the negative y-axis. Similarly. the
point (3, 0) i3 at 3 units distance from the y-axiz
measured along the positive x-axis and has zero
distance from the x-axis.

We also studied there following important
formulae:

Fig 9.1






















































































































































PERMUTATIONS AND COMBINATIONS 1l

Let us name the three pants as P, P,. P, and the two shirts as §,. 8, Then.
these six possibilities can be illustrated in the Fig. 6.1.

Lel us consider another problem 6 Possibilities
of the same type. Pisy
Sabnam has 2 school bags. 3 tiffin boxes
and 2 water bottles. In how many ways
can she carry these items (choosing one
each).

A school bag can be chosen in 2
different wayvs, After a school bag is
chosen, a tiffin box can be chosen in 3
different ways. Hence, there are
2 % 3 =g pairs of school bag and a tiffin
bos. For each of these pairs a waler
bottle can be chosen in 2 different wavs. Fig 6.1
Hence, there are 6 = 2 = 12 different ways in which, Saboam can carry these items 1o
school. If we name the 2 school bags as B . B,, the three tiffin boxes as T,.T, T, and
the two water bottles as W , W,, these possibilities can be illustrated in the Fig. 6.2,
12 Possibilities
B'II-I-|'I.";'.III

P.S,

B,T,W,
B]Tiwl

B,T,W,
BI'TS“:I

B,T;W,
B]T lwl

B,T,W,
B,T,W,

B,T,W,
E,T,W,

B,T,W,

Fig 6.2
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In fact, the problems of the above types are solved by applying the following
principle known as the fiundamental principle of counting, or, simply, the multiplication
principle, which states that

“If an event can occur in m different ways, following which another eveni
can ocewr in n different ways, then the total number of ocowrrence of the events
in the given order is m*n."

The above principle can be generalised for any finite number of events. For
example, for 3 events, the principle is as follows:

‘If an event can oceur in m different ways, following which another event can
oceur in » different ways. following which a third event can oceur in p different wavs.
then the total number of occurrence (o ‘the events in the given order ism < p ¥ p.»

In the first problem, the required number of wavs of wearing a pant and a shirt
was the number of different ways of the occurence of the following events in succession:

(i) the event of choosing a pant

(ii) the event of choosing a shirt,

In the second problem, the required number of ways was the number of different
ways of the occurence of the following events in succession:

{1} the event of choosing a school bag
(i} the event of choosing a tiffin box
(iii) the event of choosing a water bottle.
Here. in both the cases. the events in each problem could occur in various possible
orders, But, we have to choose any one of the possible orders and count the number of
different wavs of the occurence of the events in this chosen order.

Example 1 Find the number of 4 letter words, with or without meaning, which can be
formed out of the letters of the word ROSE, where the repetition of the letters is not
allowed.

Solution There are as many words as there are ways of filling in 4 vacant places

[ TLTL T Iby the 4 letters, keeping in rind that the repsition is not allowed, The

first place can be filled in 4 different ways by anyone ofthe 4 letters R.0.,S.E. Following
which, the second place can be filled in by anyone of the remaining 3 letters in 3
different ways, following which the third place can be filled in 2 different ways; following
which. the fourth place can be filled in | way. Thus. the number of ways in which the
4 places can be filied, by the multiplication principle, is 4 = 3 x 23] =24 Hence, the
required number of words is 24,
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If the repetition of the letters was allowed, how many words can be formed?

One can easily understand that each of the 4 vacant places can be filled in succession
in 4 different ways. Hence. the required number of words =4 x 4 x 4 x 4 = 256,

Example I Given 4 flags of difTerent colours, how many different signals can be
generated, if a signal requires the use of 2 flags one below the other?

Solution There will be as many signals as there are ways of filling in 2 vacant places

in succession by the 4 flags of different colours. The upper vacant place can

be filled in 4 differant ways by anyone of the 4 flags: following which, the lower vacant
place can be filled in 3 different ways by anyone of the remaining 3 ditferent flags.
Hence, by the multiplication principle, the required number ol signals =4 = 3 =12,

Example 3 How many 2 digit even numbers can be formed from the digits
1.2, 3,4, 5 if the digits can be repeated?

Solution There will be as many ways as there are ways of filling 2 vacant places
DD in succession by the five given digits, Here. in this case. we start filling in unit's

place, because the options for this place are 2 and 4 only and this can be done in 2
ways: following which the ten’s place ean be filled by any ol the 5 digits in 5 different
ways as the digits can be repeated. Therefore, by the multiplication prmeiple, the required
number of two digits even numbegs s 2 % 5, Le., [0,

Example 4 Find the number of different signals that can be generated by arranging at
least 2 flags in order (one below the other) on a vertical staff, il [ive different Nags are
available.

Solution A signal can consist of either 2 flags, 3 faps. 4 fags or 5 flags. Now, let us
count the possible number of signals consisting of 2 flags, 3 flags, 4 flags and 5 flags
separately and then add the respective numbers,

There will be as many 2 flag signals as there are ways of filling in 2 vacant places

in succession by the 5 flags available. By Multiplication rule, the number of

ways 8 5 = 4 =20,
Similarly, there will be as many 3 [lag signals as there are ways of filling in 3

vacant places in succession by the 5 flags.
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The number of waysis 5 x 4 =< 3 =60,
Continuing the same way, we find that
The number of 4 flag signals =5« 4 x 3= 2= |20
and the number of 5 flag signals =5 x4 =3 =2 x 1 =120
Therefore, the required no of signals =20+ 60+ 120 + 120 =320,

I[EXERCISE 6.1|

I. How many 3-digit numbers can be formed ffom the digits 1, 2, 3. 4 and 3

assuming that

(i) repetition of the digits is allowed?

(i) repetition of the digits is not allowed?

How many 3-digit even numbers can be formed from the digits 1, 2,3.4, 5. 6 if the

digits can be repeated?

How many 4-letter code can be formed using the first 10 letters of the English

alphabet, if no letter can be repeated?

4.  Howmany 5-digit telephone numbers can be constructed using the digits 0 to 9if
each number starts with 67 and no digit appears more than once?

5. A coin is tossed 3 times and the outcomes are recorded. How many possible
outcomes are there?

. Given 3 flags of different colowrs, how many different signais can be generated il
each signal requires the use of 2 flags, one below the other?

| )

Lad

6.3 Permutations

In Example 1 of the previous Section. we are actually counting the different possible
arrangerments of the letters such as ROSE, REOS. ... ete. Here, in this list, each
arrangement is different from other. In other words, the order of writing the letters is
important. Each arrangement is called a permuiation of 4 different letters taken all
at a time. Now, if we have to determine the number of 3-letter words. with or without
meaning, which can be Tormed outl of the leters of the word NUMBER. where the
repetition of the letiers is not allowed, we need to count the amrangements NUM,
NMU. MUN, NUB, ... etc. Here, we are counting the permutations of 6 different
letters taken 3 at & time, The required number of words = 6 * 5 * 4 =120 {by using
multiplication principle).

If the repetition of the letters was allowed, the required number of words would
begx§x6=2]6.
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Delinition | A permutation is an arrangement m a definite order of a number of
objects taken some or all at a time.

In the following sub-section, we shall obtain the formula needed (o answer these
questions immediately,

6.3.1 Permuretions when all the objects ore distinet

Theorem 1 The number of permutations of n different objects taken » at a time,
where 0 <7 <n and the objects donot repeat isn(n—-1){n-2)..(n-r+1)
which is denoted by P

Proofl There will be as many permutations as there are ways of filling in » vacant

places - by

« r vacant places —

the m objects. The first place can be filled in » ways; following which, the second place
can be filled in (» — 1) ways. following which the third place can be filled in (r — 2)
Ways...., the »th place can be filled in (n — (» — 1)) ways. Therefore, the number of
ways of filling in » vacant places in successionispmin— 1) (m—-2)... {(v—-(r— 1) or
nin=-Dh-2).n=-rt1)

This expression for P iz cumbersome and we need a notation which will help to
reduce the size of this expression. The symbol »! {read as factoniul # or # factorial )
comes to our rescue. In the following text we will learn what actually #! means.

6.3.2 Factorial noration The notation ! tepresents the product of first » natural
gumbers, i.c., the product | x 2% 3 % . »{p— 1) % n i3 denoted as n!, We read this
symbol 48 *m factorial®. Thus. 1 #2223 =4 . x(n-1)2n=n!

1=11

1x2=21

Ix2%x3=31

1 ®x2=%x3x4=4]andsoon.
We define 0 ! =1
Wecanwrite 5! =3x4|=5x4x3|=5=x4%x3=2|

=5x4x3x2x]l
Clearly, for a natural number #
nl=n{n- 11!
=pnn - 1)nxr - 2! [provided (n = 2)]
=nn - Din-2){n- 3! |provided {(r = 3)]

and so on.
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Example 5 Evaluate {i) 5 ! (i 7! (iii) 7 ! — 5!
Solution (i) 31=1=2=x3 x4 x5=120
(i) TI=1=2x3x4x35ngxT=5040
and i) 71 — §'=35040 — 120 = 4920
7! 12!

I .‘l:II1ll1il.- 1) Cumpute {1] E {11} I:iﬂl} r\zu

71 Txbx5!
Solution (i) We have — = y =7 x6=42
5l 5!
12! 1211 (101)

e ® Toy(zy = Qonx(z) ¢FTT

n!
Example 7 Evaluate r!(n—r)[ ,Wwhen =5, r=2.

5!
Solution  We have to evaluate 2](5_2)1 (sincem=5.r=12)

5! 51  5x4
W e 2(5-2)17 213t 2

10

1 ¥

-

1
Example 8§ [[‘E"’E_lm,ﬁnd:r.

I ! X
Solution We have 5, * 9x8  10x9x%8l

Thordfore 14o=—2— o Som%
cretore 9 10x9 " 9 10x9

So x=100.

EXERCISE 6.2

1. Ewvahlate
(i)8! (ii)d41-31



PERMUTATIONS AND COMBINATIONS 1T

! 1 x
2, Is3t+41=717 3. Compute =, LIE g F gy T gy find
#l
5. Evaluate m,when
(@yn=06r=2 {iiyn=9,r=35

6.3.3 Derivation of the formula for "P,

!

8= (m=re)t"
Let us now go back to the stage where we had determined the following formula;
"P=nm-1)m-2}... (n-r+l)
Multiplying numerator and denomirator by {(m—ry(n—r—1}... 3 x 2% 1, we get

. n(n-1)(n-2).(n—r+1)(n-r}n-r-1)..3x2x1 o
(m=r)(n-r-1)..3x2x] (n—r)t’

d=r<n

HP’

. ml
Thus ?r=—{,i“r}!.“rhere O0<r<n

This is a ruch more convenient expression for *P | than the previous one.

m!
= ﬁ =
Counting permutations is merely counting the number of wavs in which some or
all objects at a tune are rearranged. Arranging no object at all is the same as leaving
behind all the objects and we know that there is only one way of doing so. Thus, we
can have

In particular, when » =n, "P, #!

7! m!
Bym L= m[_[n—ﬁ])l

(L)

Therefore, the formula (1) is applicable for » = 0 also.

m!

Thus Rz{n—r}l'

0=rsn
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Theorem 2 The number of permutations of » different objects taken r at a time,
where repetition i= allowed, is »'.
Proof is very similar (o that of Theorem 1 and 15 left for the reader to arrive al.
Here, we are solving some of the problems of the pervious Section using the
formula for *F, to illustrate its usefulness.
In Example 1, the required nurber of words = “P, = 4! = 24. Here repetition is
oot allowed. If repetition is allowed, the required number of words would be 4*=256,
The number of 3-letter words which can be formed by the letters of the word

6!
6p _ T
NUMBER = B g 4 % 3 % 6= 120. Here, in this case also, the repetition is not

allowed. If the repetition is allowed.the required number of words would be 6* =216,

The number of ways in which a Chairman and a Vice-Chairman can be chosen

from amongst a group of 12 persons assuming that one person can not hold more than
12

1
one position, clearly P, =1_-::-; =11x12 =132,

6.3.4 Permutations when all the objects are not distinct ohjects Suppose we have
to find the number of wavs of rearranging the letters of the word ROOT. In this case.
the letters of the word are not all different. There are 2 Os, which are of the same kind.
Let us treat, temporarily, the 2 Os as different, say, O, and O,. The number of
permutations of 4-different letters, in this case, taken all at a time
i5 41, Consider one of these permutations say, RO O T. Corresponding to this
permutation,we have 2 | permutations RO,0,T and RO,O T which will be exactly the
same permutation if O, and O, are not treated as different. i.e.. if O, and O, are the
same O al both places.

4!
Therefore, the required number of permutations = 2 = 3x4=12
Permutations when O, O, are Permutations when O, O, are
different. the same O.

RO,0,T |

RO,0,T | > ROOT

TO0,R

TO,0,R | > TOOR
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ROTO, | OO
RO,TO, | > W
TORO, | -
TO,RO, >

RTO,0, o
RTO,0, | > Qe
TRO,0, | o
TRO,0, | *

0,0, RT

0,0, TR | s OORT
O,RO,T |

O,RO,T | » OROT
0, TO, R]

0, TO, R ¥ Ok
0, RTO,]

0,RTO, > ORTO
0, TRO, | OTRO
0, TRO, *

0, 0,TR |

0,0, TR | > OOTR

Let us now find the number of ways of rearranging the letters of the word
INSTITUTE. In this case there are 9 letters. in which I appears 2 times and T appears
3 times.

Temporarily, let us treat these letiers different and name themas 1, L, T, T,. T,
The number of permutations of' 9 different letters. in this case. taken all at a time is 9 .
Consider one such permutation, say, I, NT SL T, UET,. HereifI,, I, are not same
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and T\, T,. T, are not same. then I, I, can be amranged in 2! ways and T . T,, T, can
be arranged in 3! ways. Therefore. 2! = 3] penmutations will be just the same permntation
corresponding 1o this chosen permutation I NT SLT UET,, Hence, total number of

different permutations will be gL

2131
We can state {(without proof) the following theorems:
Theorem 3 The number of permutations of »n objects, where p objects are of the

n!
same kind and rest are all different = ;.

In fact, we have a more general theorem.

Theorem 4 The number of permutations of » objects, where p, objects are of one
kind, p, are of second kind, ..., p, are of &* kind and the rest, if any, are of different

kind is —
aipgl.py!
Example 9 Find the number of pemnutations of the letters of the word ALLAHABAD,

Solution Here, there are 9 objects (letters) of which there are 4A’s. 2 L’s and rest are
all different.
9 SxhxTxEx9

= = 7560
412! 2

Therefore, the required number of arrangements =

Example 10 How many 4-digit numbers can be formed by using the digits 1 to 9 if
repetition of digits is not allowed?

Solution Here order matters for example 1234 and 1324 are two different numbers.
Therefore, there will be as many 4 digit numbers as there are permutations o 9 different
digifs talen 4 at a time.

o 9
(9-4)! s

Therefore, the required 4 digit numbers = Py = =0x§x7x6=3024.

Example 11 How many numbers lying between 100 and 1000 can be tormed with the
digits 0,1, 2,3.4. 5, il the repetition of the digits is not allowed?

Solution Every number between 100 and 1000 is a 3-digit number. We, first, have to
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count the permutations of 6 digits taken 3 at a fime. This number would be *P,. But.
these permutations will include those also where 0 is at the 100% place. For example,
092, 042, . . ., ete are such numbers which are actually 2-digit numbers and hence the
number of such numbers has (o be subtracted from ‘P, to get the required number. To
gel the number of such numbers, we fix 0 at (he 100°s place and rearrange the remaining
5 digits taking 2 at a time. This number is °P,. So

15
The required number - 'SPF3 —ip. = E = i
- 30 3

=4x5%x6 — 455=100

Example 12 Find the value of » such that

) . "B, 5
(1) "P,=42"P,, n=4 (if) W_E’H}4
Solution {i) Giventhat
"P, =42 "P,
or np-1m-2(m-3Nm-4=42nn-1)(n-2)
Since n=4 g0 nln— 1D mn—2)20

Therefore, by dividing both sides by n{n — 1) (n - 2), we get
fm—3(n-4)=42

or ¥ - Tn - 30=0
or w—10n+3n-30
or (n—10)(n+3)=0
or - 10=0or n+3=0
or n=10 or m= —3

As n cannot be negative. so n= 10

i oa "B, 5
(i1} Given that ip =3'
4
Therefore 3In(m-Dm-2)m-3N=5n-1)(n-2)(n—-3(w-4)
or In=5(n-4) [as(n -1 (n—2)(n—-3)20,n>4]

or n=110.
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Example 13 Pind r, if 5°P =6 7P, , .

Solution We have 5 *p, =6 °B_,

A 5

5 =0

ur x(d—r)'! x(i—r‘+1:]]
s 63|

s (4=r)t (5-r+1)(5-r)(5-r-1)
or (6 — ) (5 FI=6
or rF—1lr+24=10
or Pr=8r=-3r+24=10
or r—-8(r-3)=0
or r=8 or r=13.

Hence r=1a,3.

Example 14 Find the number of different 8-letter arrangements that can be made
from the letters of the word DAUGHTER so that
(i) all vowels occur together (i) all vowels do not occur together.

Solution (i) There are § different letters in the word DAUGHTER, in which there
are 3 vowels, namely. A, U and E. Since the vowels have to occur together, we can for
the time being, assume them as a single object (AUE). This single object together with
5 remaining letters (objects) will be counted as 6 objects. Then we count permutations
ol these ¢ objects taken all a1 a time. This number would be “Pn = 6!, Corresponding to
each of these permutations; we shall have 3! permitations of the three vowels A, U, E
taken all at a time . Hence, by the multiplication principle the required number of
permutations = 6 | x 3 | =432(.

{ii) Il we have to count those permutations in which all vowels are never
together. we first have to find all possible arrangments of 8 letters taken all at a time,
which can be done in 8! ways. Then, we have to subtract from this number, the number
of permutations in which the vowels are always together.

Therefore, the required number 8!-61x3!= 6! (7x8 - 6)

= 2xpl(2B-3)

= 50x6!=350=720=36000
Example 15 In how many ways can 4 red. 3 vellow and 2 green discs be arranged in
arow ifthe discs of the same eolowur are indistinguishable 7

Solution Total mummber of discs are 4 +3 + 2 =9, Qut of 9 discs. 4 are of the first kand
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(red). 3 are of the second kind {yellow) and 2 are of the third kind (green).

=1260.

Therefore, the number of arrangements FTETET
Example 16 Find the number of arrangements ol the letters of the word
INDEPENDENCE, In how many of these arrangements,
(1) do the words start with P
(i} do all the vowels always oceur together
{ii} do the vowels never occur together
{iv) do the words begin with I and end in P?

Solution There are 12 letters. of which N appears 3 times, E appears 4 times and I
appears 2 times and the rest are all different. Therefore
121

The required number of arrangements = m = 1663200

{i) Letus fix P af the extreme left position, we, then. count the arrangements of the
remaining 11 letters. Therefore, the required number of words starting with P

1
= 1 3g600

V1T
(i) There are 5 vowels in the given word. which are 4 Es and 1 I. Since, they have

to always occur together, we treat them as a single object [EE.E"EI for the time

being. This single object together with 7 remaining objects will account for 8

ohjects. These 8 objects. in which there are 3Ns and 2 Ds, can be rearranged in
8!

5’,"5; ways. Corresponding to each of these arrangements, the 5 vowels E, E, E,

5]
Eand ] can be rearranged in 4l ways, Therefore, by multiplication principle,

the required number of arrangements
! !
- 83 16800
Jrar o4
(i) The required number of arrangements
= the total number of arrangements (without any restriction) — the number
of arrangements where all the vowels ocour together.
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= 1663200 - 16800 = 1646400
Let us fix [ and P at the extreme ends (1 al the left end and P at the right end).
We are left with 10 letters.
Hence, the required number of arrangements

1
324

= 12600

EXERCISE 6.3

How many 3-digit numbers can be formed by using the digits 1 to 9 if no digit is
repeated?
How many 4-digit numbers are there with no digit repeated?
How many 3-digit even numbers can be made using the digits
1.2.3.4.6.7, if no digit is repeated?
Find the number of 4-digit numbers that can be formed using the digits 1,2, 3,4,
5 if no digit is repeated. How many of these will be even?
From a committee of 8 persons, in how many ways can we choose a chairman
and a vice chairman assaming one person can not hold more than one position?
Findnif " 'P,:"P,=1:9.
Findpif (i) *P.=2°P, G P=fP .
How many words, with or without meaning, can be formed using all the letters of
the word EQUATION, using each letter exactly once?
How many words, with or without meaning can be made from the letters of the
word MONDAY. assuming that no letter is repeated. if.
i} 4 letters are used at a time. (ii) all letters are used at a time.
(i) all letters are used bul Grst letter is a vowel?
In how many of the distinct permutations of the letters in MISSISSIPPI do the
four I's not come together?
In how many ways can the leiters of the word PERMUTATIONS be arranged if the
(i} words start with P and end with 8, (1) vowels are all together,
(iii) there are always 4 letters between P and 87

Combinations

Let us now assume that there is a group of 3 lawn tennis players X. Y, Z. A team
consisting of 2 players 1s o be formed. In how many ways can we do 307 Is the team
of X and Y different from the team of Y and X ? Here. order is not impaortant.
In faci, there are only 3 possible ways m which the team could be consiructed.
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Fig. 6.3
These are XY, YZ and ZX (Fig 6.3).
Here. each selection is called a combination of 3 different objeciz taken 2 ar a fime.
In a combination, the order i3 not important.

Now consider some more illustrations.

Twelve persons meet in a room and each shales hand with all the others. How do
we determine the number of hand shakes, X shaking hands with Y and Y with X will
not be two different hand shakes. Here, order is not impaortant, There will be as many
hand shakes as there are combinations of 12 different things taken 2 at 4 time.

Seven points lie on a circle. How many chords can be drawn by joining these
points pairwise” There will be as many chords as there are combinations of 7 different
things taken 2 at a time,

Now, we obtain the formula for finding the number of combinations of » different
objects taken r at a ime. denoted by "C ..

Suppose we have 4 different objects A, B, C and D. Taking 2 at a time, if we have
to make combinations. these will be AB, AC, AD, BC, BD. CD. Here, AB and BA are
the same combination as order does not alter the combimation. Thas is why we have not
included BA, CA, DA, CB. DB and DC in this list. There ars as many as & combinations
of 4 different objects taken 2 at a time, i.e.,C,= 0.

Corresponding to each combination in the list, we can arrive at 2! permutations as
2 ohjects in each combination can be rearranged in 2! ways. Hence. the number of
permitations =*C, x 21

On the other hand, the number of permutations of 4 different things taken 2 at
a time = “P,.
4 4
Therefore Po=4C,x2! or (4_—2}@ =G

Now. let us suppose that we have 5 different objects A. B, C. D, E. Taking 3 at a
time, if we have to make combinations, these will be ABC, ABD, ABE, BCD, BCE,
CDE, ACE, ACD, ADE, BDE. Corresponding to each of these °C, combinations, there
are 3! permutations, because, the three objects in each combination can be



116 MATHEMATICS

rearranged in 3 | ways, Therefore, the total of permutations = >, < 3!

51 ;
Therefore %P, =3C,x3! or [5_3)13 G,

These examples suggest the following theorem showing relationship between
permutaion and combination:
Theorem 5 "B,="C_rl; O=<r<n,
Prool Corresponding to each combination of "C , we have » ! permutations. because

robjects in every combination can be rearranged in » ! ways.
Hence, the total number of permutations of » different things taken r at a time

is "C_»x rl. On the other hand, it is "P. . Thus

P ="C.xrly O<r=n.

n! - il
Remarks 1, From above {n—r}!z C, KH. i.e., Gy = M(n—r)!

I

: , . n!

Inparticular, il r=n. C, = m=1 ;

2. We define *C, = L. i.e., the number of combinations of » different things taken
nothing at all is considered to be 1. Counting combinations is merely counting the
number of ways in which some or all objects al a time are seleclted. Selecting
nothing at all is the same as leaving behind all the objects and we know that there
15 only one way of doing #0, This way we define "C, = 1.

!l

3, As——=1="C;. the formula "C, 1% applicable for #= 0 also,
0l(n—0)! 0 rl[n rifn-r)L PP
Hence
R _ nl
LA r! [’R—T}! .néri‘n-
N n! nl

4. n{'ﬂ—f- .

(nr)l(m—(n—r))t ~ (m-r)rt ="
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i.e. selecting » objects out of » objects is same as rejecting (s — r) objects.
5. . =*C,= a=b orga=n-bie.,n=atb

n - B I o mtley
Theorem 6 "C_+"C_,=""C,

m! nl

Aln—r) " r=D)l{n—r+1)!

Prool 'We have ﬂCr 47 Cr--l =

ml n!

R T D=1 (nr)

- {r—I}:{L—r)! EH—LJ

n! B=ralFr: (m+1)!

{I'_l}[{i‘l—r)!x r‘{-"l—l"'e“” r![n_'__[_r)!:aﬂ Cr

Example 17T ”C‘g = ”Cﬂ, find "C”.

Solution We have Ty = ey

. nl nl
ie,; NM(n-9) (n-g)8
1_ 1 g
or 9 p_g o m =9 ot =17

Therefore. 0y ="y =1.

Fxample 18 A committee of 3 persons is to be constituted from a group of 2 men and
3 women. In how many ways can this be done? How many of these commitiees would
consist of 1 man and 2 women”

Solation Here, order does not matter. Therafore, we need to count combinations,
There will be as many conmitiees as there are combinations of 5 ditferent persons

3 4x5
taken 3 at a time. Hence, the required number of ways = *Ce= 12 = 10,
Now, 1 man can be selected from 2 men in *C, ways and 2 women can be
selected from 3 women in *C, ways, Therefore, the required number of committees
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Example 19 What is the number of ways of choosing 4 cards from a pack of 52

plaving cards? In how many of these

{(iy four cards are of the same suit,

() four cards belong to four different suiis,
(iii} are face cards,
(iv)  two are red cards and two are black cards,
{v) cards are of the same colour?

Solution There will be as many ways of choosing 4 cards from 52 cards as there are
combinations of 32 different things, taken 4 at a time. Therefore

521 49x50x51x52

: 20~ _
The required number of ways = Cy= 448 %34

=270725

{i) There are four suits: diamond, club, spade. heart and there are 13 cards of each

(i1)

(1)

suit. Therefore, there are C, ways of choosing 4 diamonds. Similarly, there are
HC, ways of choosing 4 clubs, *C, ways of choosing 4 spades and “C, ways of
choosing 4 hearts. Therefore

The required number of ways

W, R0 Re e

13!
b
o

4 = 2560

There arel3 cards in each suit.
Therefore, there are “C, ways of choosing | card from 13 cards of diamond,
9C, ways of choosing | card from 13 cards of hearts, “C, ways of choosing 1
card from 13 cards of clubs. “C ways of choosing 1 card from 13 cards of
gpades. Hence, by muliiplication piinciple, the required number of ways

= U0 x 180, x O x 1T, = 134
There are 12 face cards and 4 are to be selected out of these 12 cards. This can be

12!

done in “C, ways. Therefore. the required number of ways = a1 él =495
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(iv) There are 26 red cards and 26 black cards. Therefore. the required number of
ways = !ﬁcl w 15‘:1

frd
26!
= [ﬁ] =(325)" = 105625

(v) 4 red cards can be selected out of 26 red cards in *C, ways.
4 black cards can be selected out of 26 black cards in *C ways.
Therefore, the required number of ways = 'C, + *C,
26!

= 2x——— = 20000.
41 221

| EXERCISE 6.4 |

1. If *C,="C, find "C,.

1. Determine nif
(1) 20,1 °C,=12:1 (ii) #C,: "C,;=11:1

i.  How many chords can be drawn through 21 points on a circle?

4. Inhow many ways can a team of 3 boys and 3 girls be selected from 5 boys and
4 girls?

5.  Find the number of ways of selecting 9 balls from 6 red balls, 5 white balls and 3
blue balls if each selection consists of 3 balls of each colour.

6. Determine the number of 5 card combinations oul of a deck of 52 cards if there
is exactly one ace ineach combination,

7. In how many ways can one select a cricket team of eleven from 17 players in
which only 5 players can bowl if each cricket team of 11 must include exactly 4
bowlers®

8. Abag contains 5 black and 6 red balls. Determine the number of ways in which
2 black and 3 red balls can be selected,

B, In how many ways can a student choose a programme of 5 courses if 9 courses
are available and 2 specific courses are compulsory for every student?

Miscellaneans Examples

Example 20 How many words. with or without meaning, each of 3 vowels and 2
consonants can be formed from the letiers of the word INVOLUTE ?

Solution In the word INVOLUTE, there are 4 vowels, namely. .LO.E Uand 4
consonants, namely, N. V, Land T,
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The number of ways of selecting 3 vowels out of 4 =*C, = 4.
The number of ways of sclecting 2 consonants out of 4 =*C, = 6.

Therefors, the number of combinations of 3 vowels and 2 consonants is
4 x =124,
Now. each of these 24 combinations has 3 letters which can be arranged among

themselves in 5 | ways. Therefore. the required number of different words is
24 x 51=2880.

Example 21 A group consists of 4 girls and 7 boys. In how many ways can a team of
5 members be selected if the team has (1) no girl 7 (ii) at least one bov and one girl 7
(iii) at least 3 girls 7

Solution (1) Since, the team will not include any girl, therefore, only boys are to be
selected. 5 bovs out of 7 bovs can be selected in T‘; ways. Therefore. the required

; T 6xT

B 21
number of ways = Y3 5 2 5

(ii) Since. at least one boy and one girl are to be there in every team. Therefore. the
team can consist of

{a) 1boyand4 giils (b) 2boysand 3 girls
() 3 bovsand 2 girls {d) 4 boysand 1 girl.
1 boy and 4 girls can be selecied in 'C| x *C, ways.
2 boys and 3 girls can be selected in 'C, x *C, ways.
3 boys and 2 girls can be selected in 'C, x *C, ways.
4 boys and | girl can be selected in 'C_ x *C, ways.
Therefore, the required number of ways
=70 % %6+ 0, X W 4TC, %€, 470, %6,
= 7+84+210+ 140 =441
(iii) Since, the team has to consist of at least 3 girls, the team can consist of
(a) 3 girls and 2 boys, or (b} 4 girls and 1 boy.
Wote that the team cannot have all 5 glils, because, the group has only 4 girls,
3 girls and 2 boys can be selected in *C, x "C, ways.
4 girls and 1 boy can be selected in “C, x "C, ways.
Therefore, the required number of ways
=4 ¥IC, I, RC,=8+T=91
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Fxample 22 Find the nomber of words with or without meaning which can be made
using all the letters of the word AGAIN, If these words are written as in a dictionary,
what will be the 50" word?

Solution There are 5 letters in the word AGATN. in which A appears 2 times. Therefore,

51

the required number of words = i 60,

To get the number of words starting with A, we fix the letter A at the extreme left
position, we then rearrange the remaining 4 letters taken all at a time, There will be as
many arrangements of these 4 letters taken 4 at a time as there are permutations of 4
different things taken 4 at a time. Hence, the number of words starting with

41
A= 4!= 24, Then, starting with G, the number of words = rrie 12 as after placing G

at the extreme left position, we are left with the letters A, A. T and N. Similarly, there
are 12 words starting with the next letter I. Total number of words so far obtained
=24+12+12=48.

The 49% word 158 NAAGL The 530% word 18 NAAIG,

Example 23 How many numbers greater than 1000000 can be formed by using the
digits 1.2.0.2.4.2.47

Solution Since, 1000008 is a 7-digit number and the number of digits to be used is also
7. Therefore, the numbers to be counted will be 7T-digit only. Also, the numbers have to
be greater than 1000000, so they can begin either with 1. 2 or 4.

6l 4xS5xé
The number of numbers beginning with 1 = 3101 = B 60, as when 1 is

fixed at the extreme lefi position. the remaining digits to be rearranged will be 0,2.2, 2,
4. 4, in which there are 3. 25 and 2, 43,

Total numbers begining with 2
i
_ =3x4x5xﬁ 180
212 2

ol
and total mumbers begining with 4 =§ =4x5x6 =120
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Therefore, the required number of numbers = 60 + 180 + 120 = 360,

Alternative Method

71
The number of 7-digit arrangements, clearly, 3121 =420 By, this will include those

numbers alsg. which have 0 at the extreme left position, The number of such
6!

ATANZEMENts 3, o {byv fixing (1 at the extreme left position} = 60.

Theretore, the required number of numbers = 420 — 60 = 360,

IT one or more than one digits given in the list is repeated, il will be
understood that in any number, the digits can be used as many times as is given in
the list, e.g., in the above example 1 and 0 can be used only once whereas 2 and 4
can be used 3 times and 2 times. respectivaly.

Example 24 In how many ways ean 5 girls and 3 boys be seated in a row so that no
two boys are together?

Solution Let us first seat the 5 girls. This can be done in 53! ways. For each such
arrangement, the three boys can be seated only at the cross marled places.
GGG G Gx,
There are 6 cross marked places and the three boys can be seated in °P, ways.
Hence, by multiplication principle, the total number of ways

i
=51 %P, = ﬁlx%

=4x5x2xFx4x5x6 =14400,

Miscellaneous Exercise on Chapter 6

1. How many words, with or without meaning. each of 2 vowels and 3 consonants
can be formed from the letters of the word DAUGHTER. ?

How many words, with or without meaning, can be formed using all the letters of
the word EQUATION at a time so that the vowels and consonants occur together?
A committee of 7 has to be formed from 9 boys and 4 girls. In how many ways
can this be done when the committce consists of:

()

¥
F

(1) exactly 3 girls 7 (i1) atleast 3 girls 7 (iii) atmost 3 girls 7
4. If the different permutations of all the letter of the word EXAMINATION are
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listed as in a dictionary, how many words are there in this list before the first
word starting with E 7

How many 6-digit numbers can be [ormed from the digits 0,1, 3, 5, 7 and 9
which are divisible by 10 and no digit is repeated 7

The English alphabet has 5 vowels and 21 consonants. How many words with
two different vowels and 2 different consonants can be formed from the
alphabet ?

In an examination, a question paper consists of 12 questions divided into two
partsi.e.. Part I and Part IT. containing 5 and 7 questions, respectively. Astudent
is required 10 altempt 8 questions in all, selecting at least 5 from each part. In
how many ways can a student select the questions 7

Dietermine the number of 3-card combinations out of a deck of 52 cards if each
selection of 5 cards has exactly one king,

It is required to seat 5 men and 4 women 1n a row 5o that the women occupy the
even places. How many such arrangements are possible 7

From a class of 25 students, 10 are 1o be chosen for an excursion party. There
are 3 students who decide that either all of them will join or none of them will
join. In how many ways can the excursion parly be chosen ?

In how many ways can the letters of the word ASSASSINATION be arranged
so that all the 8°s are together 7

Sterneary

@ Fundamental principle of counting 1f an event can occur in m different

ways, following which another event can occur in # different ways, then the
total number of occurrence of the events in the given order is m * w,

# The number of permutations of » different things taken # al a time, where
n!

(m=r)"

repetition is not allowed, is denoted by “P, and is given by "P, =

where 0 < » < n.

*ul=1x%2%x3x_ xn

®nl=pnxim-1)!

# The number of permutations of » different things, taken » at a time, where
repeatition is allowed. iz 7,

# The number of permutations of » objects taken all at a time, where p, objects
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are of first kind, p, objects are of the second kind. ..., p, objects are of the &
ml

plps k. pl-

# The number of combinations of» different things taken » at a time, denoted by

kind and rest, if any, are all different iz

#!
*C .isgiven by "C = =m, 0=r<n

Historical Note

The concepts of permutations and combinations can be traced back to the advent
of Jainism n India and perhaps even earlier. The credit. however, goes to the
Jains who treated its subject matter as a self-contained topic in mathematics,
under the name Fikalpa. _

Ameng the Jains, Mahavira, (around 850) is perhaps the world’s first
mathematician credited with providing the general formulae for permutations and
combinations.

In the 6th century B.C.., Sushruta, in his medicinal work, Sushruta Santhita,
asserts that 63 combinations can be made out of 6 different tastes. taken one at a
time, two at a time, eic. Pingala, a Sanskril scholar around third century B.C..
gives the method of determining the number of combinations of a given number
of letters, taken one at a I:im]e,.twu.' at a tme, ete. in his work Chhanda Sutra.
Bhaskaracharya (born 1114) treated the subject matter of permutations and
combinations under the name Anka Pasha in his famous work Lilavari. In addition
to the general formulae for "C_and "P, already provided by Mahavira,
Bhaskaracharya gives several important theorems and results concerning the
subjeet.

Outside India, the subject matter of permutations and combinations had its
humble beginnings in China in the famous book 1-King (Book of changes). It is
difficult to give the approximate time of this work, since in 213 B.C., the emperor
had ordered all books and manuseripts in the county to be burnt which fortunately
was not completely carried oul. Greeks and later Latin writers also did some
scaftered work on the theory of perniutations and combinations.

Some Arabic and Hebrew writers used the concepts of permutations and
combinations in studying astronomy. Kabbi ben Ezra. for instance. determined
the number of combinations of known planets taken twao at a time, three at a time
and so on. This was around 1140, It appears that Rabbi ben Ezra did not know
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the formula for *C . TTowever, he was aware that *C = *C__ for specific values
nand r. In 1321, Levi Ben Gersom. another Hebrew wriler came up with the
formulae for P , P, and the general formula for *C.,

The first book which gives a complete treatment of the subject matter of
permutations and combinations 18 Ars Conjectandi written by a Swiss, Jacob
Bernoulli (1654 — 1705), posthumously publizshed in 1713, This book contains
essentially the theory of permutations and combinations as is known today.
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Chapter 7

‘ BINOMIALTHEOREM '

& Mathematics is a most exact science and its comclusions ave capahle of
absolute proofs. — C.P STEINMETZ%

7.1 Introduction

In earhier classes, we have leamn! how (o find the squares
and cubes of binomials like a + b and a — b. Using them, we
could evaluate the numerical values of numbers like
(98)F = (100 — 2, (999% = (1000 — 1P, ete. However, for
higher powers like (98)°, (101 )%, etc.. the calculations become
difficult by vsing repeated multiplication. This difficulty was
overcome by a theorem known as binomial theorem. It gives
an easier way to expand (a + )", where # is an integer or a
rational number, In this Chapter, we study binomial theorem
for positive integral indices only.

72 Binomial Theorem for Positive Integral Indices E:;ﬁ;_i:;;?’
Letus have a look at the following 1dentities done earlier;

(a+ B =1 athe0

(a+ b =a+b

(a+ BY = + 2ab + B
{a+ BY = a® + 3a*h = 3ab+ P
{a+tBP=(a+bp (a+ b)=g"+ 42D + 6270 + 4gb* + B
In these expansions, we observe that
(i) The total number of terms in the expansion is one more than the index. For
example. in the expansion of {a + b . number of lerms is 3 whereas the index of
[+ BPis 2.
{iiy Powers of the first quantity *a” go on decreasing by 1 whereas the powers of the
second quantily ‘5’ increase by 1, in the successive terms,
(i) In each term of the expansion, the sum of the indices of  and b is the same and
is equal to the index of a + A,
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We have shown that for all real . sinfx +coslx =1

It follows that
1 + tan*x = secix (why?)

1 + cot*x = cosectx (why?)

In earlier classes, we have discussed the values of trigonometric ratios for 07,
30°,45°, 60° and 90°, The values of trigonometric functions for these angles are same

as that of trigonometric ratios studied in earlier classes. Thus, we have the following
table:

el X & & & 2%
6 4 3 2 "’ 2 2w
. 1 1 V3
8in 0 3 JE T 1 i} —1 0
B || 2
€08 1 -E- Jf B ] —1 0 1
L ot not
tan | O | [0 | VB fgeined| O [ defived| ©

The values of cosec x. sec x and cot x v
are the reciprocal of the values of sin x. A
cos x and tan x, respectively.

ODIB p (4 5)

3.3.1 Nign of trigonemeteic functions
Let P (a &) be a point on the unit circle
with centre at the origin such that  (-1.0) C
ZAOP = ¥ If ZAOQ = - x. then the ~ <
coordinates of the point () will be (a, —5)
(Fig 3.7). Therefore
cos [~ x)=cosx
and sin(—x)=-sinx

Since for every point P (g, #) on Y
the unit circle, — 1 < ¢ = | and Fig 3.7
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1< b=<l.wehave-1=2cosx<land -1 <£sinx <1 forall x. We have leamnt in

x
previous classes that in the first quadrant (0 < ¢ < 5 ) ¢ and b are both positive, in the
T
second quadrant (— < x =) 4 is negative and b is positive, in the third quadrant
I ; : 3z .
m<x=< =4 ) o and b are both negative and in the fourth quadrant ( B3 <x< 2wy is

positive and b is negative. Therefore. sin x is positive for 0 <x < n, and negative for

s : i b : T 3n
n<x=2n. Similarly, cos xis positive for 0 <x < — , negative for 2 o o ™ and also

2

i 3m 4 3 : . ; ; :
positive for — < x < 2Zm: Likewise. we can find the signs of other trigonometric

2

functions in different quadrants. In fact. we have the following table.

I I 111 v
sin.x T3 + - -
cos x : - - a0
tan x + - +
cosec x -+ | = =
580 X = - =+
col x T - =

3.3.2 Domain and range af irigonometric functions From the definition of sinz
and cosine functions, we observe that they are defined for all real numbers. Further,
we observe that for each real number x.

—1<snx<land - 1<cogx<1

Thus, domain of ¥ = sin x and ¥ = cos x is the set of all real numbers and range
is the interval [-1, 1], de. - 12 < 1.
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1

ince cosec x = .
Sin 08 T

x#nmne L) andrangeistheset {v: v e R, v 21 ory =- 1}. Similarly, the domain

. the domain of y = cosecx {s theset { x - x € R and

. i .
of v=sec xisthesel {x:x e Rand x = (2Zn+ 1) E,nsm and range is the sel

{¥:yv € R,y =—lory =1} The domain of y = tan x is the set {x ; x € R and

T
x#=2n+ 1) R #n € Z} and range is the set of all real numbers. The domain of

y=cotxistheset {x:x € Rundx=» m, n € &} and the range is the sat of all real
numbers.

Ko
—, §inx

2

i
E tom, sin x decreases from 1 to 0. In the

dx
third quadrant, as x increases from n to 5 sit x decreases from 0 to —land finally, in

We further observe that in the first quadrant, as x increases from 0 to

imncreases from 0 to 1. as x Increases from

) i i 3
the fowrth quadrant, sin x increases from —1 to 0 as x increases from ? to 2m.

Similarly, we can dizcuss the behaviowr of other trigonometric functions. In fact, we
have the following table:

1 quadrant 11 quadrant TII gquadrant TV gquadrant
sin  |increases from O to | | decresses from 1 to 0 | decreases from @ to —1 | increases from —1 to 0
cot  |decreases from | to 0 | decreases fom 0 to— | incresses from — L to 0 |increases from 0o
tap  |increases from (1o oo | increases from ooty 0 | mereases from 01009 | merenses from —eorg 0
cot | decreases from <o to 0| decreases from 0 to-e0| decreases from o to 0 | decrezses fram Oto -oo
sec |increases from 1 to oo | increases from -ooto-1| decreases from - 1to-o0| decreases from oo 1o |
cuses | decrenses from oo to || ncreases from 1 to o0 | moreases from —ooto-| |decreases Fom-—|to-ea

Kewart In the above table, the statement tan x increases from 0 to oo (infinity) for

T ) _ 3
0 <x < — simply means thal tan x increases as x incteases for 0 < x < 5 and

2
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L
2
cosec ¥ decreases from —1 to — co (minus infinity) in the fourth quadrant means that

assumes arbitraily large positive values as x approaches to — . Sumilarly, (o say that

3w
cosec x decreases forx e {E . 2m) and assumes arbitrarily large negative values as
x approaches to 2n, The symbols co and - oo simply specify certain types of behaviour
of functions and variables,

We have already seen that values of sin ¥ and cos x repeats after an interval of
2. Hence, values of cosec x and sec x will also repeat after an interval of 2. We

, v
y=tanx Fig 3.10 ¥=cotx Fig 3.11
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L] Y [ 1 ]

: : A : ;

L] [} L] i ]

i [ ] ' i

; i . ' 2 :

: : i = 2 ' 3n
veE R - R
e > | X'Eo—i t t

=L, 0 L V3L ’ 0

= ' ; -2 : :

] 1 ] i ] L]

] ¥ ] ' 1 M

] 1 [] " ¥ ]

' : : ' ! !

Yi Yr

yEseex V= cosec X

Fig 3.12 Fig 3.13

5

shall see in the next section that tan (m +x) = tan x. Hence. values of tan x will repeat

after an interval of . Since cot x is reciprocal of tan x, its values will also repeat after
an interval of . Using this knowledge and behaviour of trigonometic functions, we can

sketch the graph of these functions. The graph of these functions are given above:

Example 6 Ifcosx= E . & lies in the third quadrant, find the values of other five

5
trigonometric functions,

s : 3
Solution Since cosx = _E Lwe have secx = —5
Now sinx + cos?x = l.1.e., sin*x = 1 —cos’x

; g 16
or gity=1-— =—
25 25

Hence sinx=x% 3

Since x lies in third quadrant, sin x is negative. Therefore
4

giny=-—

5
which also gives

5
COBEC X — =
4
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Further, we have
sinx 4 cosx 3
= = and cotx=—__— = —.
cosx 3 sinx 4
5
Example 7 Ifcotx=- Thk lies m second quadrant. find the values of other five

trigonometrie functions,

Soluti Si t 2 I t 2
Solution Sincecotx= — — wehavetanx =— —
12 5
[44 169
i = S = | b i o
Now secfx =1+tanfx=1 25 25
13
Henge secx =& 3
Since x lies in second quadrant, sec x will be negative. Therefore
13
secx=-——,
s
which also gives
COS X i
13
Further. we have
. T 12} } 12
) C = - r
= wnreosx=C I35
4 | 13
cosee X = -
o PEEA T sinx 12
3x

Example 8 Find the value of sin 3

Solution We know that values of sin x repeats after an interval of 2n. Therefore
m T T 3

sin ==~ =sin (10m + — ) =sin — £
3 3 2

3
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Example @ Find the value of cos {-1710°).

Solution We know that values of cos x repeats after an interval of 2n or 360°,
Therefore. cos (—17107)=cos (—1710° + 5 x 3607)
= gos (—1710° + 1800%) = cos 50° = 0,

[EXERCISE 3.2

Find the values of other five trigonometric fimctions in Exercises 1 to 5.

1
1. c¢o3x=-—,x lics in third quadrant.

2
_ 3 .
1. ginx= E‘I lies in second quadrant.
- N
3. cotx= L x lies in third quadrant.
13
4., secx= 5% lies in fourth quadrant.

5
fan x=— E._ x lies in second quadrant.

Find the values of the trigonometric functions in Exerciscs 6 to 10.

fi. s8in763° 7. cosec (— 14107
R ) g L

8. tan — 9.  sin(- 3 )
10, cot (- =

.ot (— 1 }

3.4 Trigonometric Functions of Sum and Difference of Two Angles

In this Section, we ghall derive expressions for trigonometric functions of the sum and
difference of two numbers (angles) and related expressions. The basic results in this
connection are called irigonomerric identities. We have seen that

I. sin(-x) =—sinx
1.ocos (—x) = cosx

We shall now prove some more results:
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4. eos (x+ y) = cos x cos y — sin x sin y

Consider the unit circle with centre at the origin. Letx be the angle P,OP and y be
the angle P OP, Then (x + 3} is the angle P OP,. Also let () be the angle P,OP,,
Therefore. P, P,, P, and P, will have the coordinates P (cos x, sin x).
P, [cos (x + ¥). sin (x + ¥)]. P, [cos (— ¥). sin (- »)] and P, (1, 0) (Fig 3.14).

A

P, (eos x, sin x)

——

A =
A

II:‘\:I: I.':“-"{x +_}']-_. simix +_1_|_:l:i

Fig 3.14
Congsider the triangles P,OF, and P,OP,. They are congruent (Why?). Therefore,
PP, and PP, arg equal. By using distance formula, we get

P P? =[cosx—cos (-] + [sinx - sin{-y]
= (cos x — cos ) + (sinx + sin )
=pos? x + cos® y — 2 cos x cos p + sindx + sind y + 2sin x sin y
=2 -2 (cosx cos y— sinx siny) {Why?)
Also, P.PF =[1-cos(x+))]*+[0-sin(x+ )]
=1-2cos{x +y) +cos’ (x +3) +sm® (x +¥)

=2-2cos(x+y)
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Since PP, =PpP, wehave PP =PP2
Therefore. 2 -2 (cosxcos y —sinxsiny) =2 - 2 cos (x +y).
Hence cos (x + ) =cosx cos v — sin x sin y

4. cos (x —y) = cos x cos ¥ + sin x sin y
Replacing v by — y in identity 3, we get
cos (x + (— ¥)) = cos x cos (— ¥) — sinx sin (— )
or cos(x—y)=cosxcosy+sinxsiny

L
5. cos [E—x) = gin X

T
It we replace x by 3 and y by x in Identity (4), we get

w iy L. _
cos (- —X)=cos 2 cos x + sin g MO =g,

T
. gin [E-—x} = 08 X

Using the Identity 5. we have

o 'f;f._[:f_x]-.

sun(2 X)=cos 2 |3 _.—st.

§in (x + y) = sin x cos y + cos x sin y
We know that

I'(;.T '( ks
sin {(x + ¥) = cos i\‘a— —(x+ .}’)) = Cos i\{z- 1']'—}‘]

T : T i
_CGS{'é'"x}CGSJJ+Rlﬂ {‘g"xlsmy

=gin x CO8 ¥+ cos X 5iny
4. sin (x —y) = sin x cos y — cos x sin ¥
Il we replace ¥ by -y, in the Identity 7, we get the resull.
Y. By iaking suitable values of x and v in the identities 3, 4. 7 and &, we get the
following results:

i T
cos (—+x) = —sin x sin {E“'I} = cos X

2

cos (M—x) =—cos x sin {mw— x) = sim x
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cos (m+x) =—cosx sin (x + x} =—sin x
cos (2X — x) = cos X sin (2 — x) = — sin x

Similar results for tan x, cotx, sec r and cosec x can be obtained from the results of sin
x and cos x.

i1
L1 If none of the angles x, y and (x + y) is an odd multiple of P then

tan x -+ tan y

XY = tanxtan y

T

2 it follows that cos x,

Since none of the x, y and (x + y) is an odd multiple of
cos v and cos (x + y) are non-zero. Now

sin{x+y) sinxcosy+cosxsiny

tan (x +y) = e T
cos(x+y) cosxcosy—Sinxsiny

Dividing numerator and denominator by cos x cos p, we have

Sin X Cos ¥ @ COs.X SN ¥
COR X COR "_I«‘ CORXCORB }’

tan (x+y) = —— PR »
COSXCOS )  SINXSIN ¥
COSXCOS) COSXCOSY
tan x+tan y
~ 1 —tanxtany
tan x —tan y
11. tan (x = y)=

1+tan xtan y
If we replace y by — ¥ in Identity 10, we get
tan {x — y) = tan [x + (- )]
tan x +tan{—y) tan x—tan y
- I—tan xtan(—y) B 1+ tan xtan ¥

12, If none of the angles x, y and (x + y) is a multiple of =, then

cot xeot y—1

cot y+eotx

cot (x+y)=
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Since, none of the x, y and (x + y) is multiple of n, we find that sin x sin ¥ and
sin (x + v} are non-zero. Now,

col (x4 )= cod (x+¥)  Cosx¢os y—sinxsin y
* sin {x+y) sinxcos y+cosxsiny

Dividing numerator and denominator by sin x sin . we have

cotxcoty—1
cot (x +y)=———"
cot y +cotx
cotxcotp+1 | . . .
13. ecot (x —y)= CRXEOPT ifnone of angles x, ¥ and x-y 15 a multiple of
cot y —cotx

If we replace v by —v in identity 12, we get the result

) . 1-tan’ x
14, cos 2y =cof’x—sin*x=2cosfx—-1=1-2sinPx=—"—"7—
1+tan” x

We know that
cos (x+p)=cosx cosy—sinxsiny
Replacing y by x. we get
cos 2x = coslx - sin'x
=gpg'x — (1 —cosx)=2 cogx — 1
Again, cos 2x = cos? x — sindx
=1-sinx—sindx=1-2 sin’x,
2 -7
. COs x—§in x
We have cos 2y =cog?x - sinlx = —5— 3
COoR x+m1m° X

Dividing numerator and denominator by cos® x, we get

5 1-tan®x i +nr A ; :
o8 2r=———=—, X#aT+—, where nisaninte
14tan®x 2 get
2Man x

i - .
15, 5in 2x =2 sinx cos x = XEHT +E’ whera n is an infeger

1+tan® x
We have
sin (x +y) = sin x cos y + cos x sin y
Replacing v by x, we get sin 2x = 2 sin x cos x.
25in X cos X

Apain sinx="3_ 1.
&al cos? x+sint x
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Dividing each term by cos® x, we get
- 2tan x
ST L ttan® x

Ztanx T . .
7 if2x# mr+E, where n is an integer

16. tﬂnlx=m

We know that
tan x + tan y
o (x+3) =1 anx tan y

2tanx

Replacing y by x , we get tan2x=————
I-tam” x

17, sim 3x =3 sin x — 4 sin’x
We have.
§in 3x = sin (2¢ +x)

=sin 2x cosx+ cos 2x sin x
=2sinxcosxcosx+ {1 2sin’x) sinx
=2sinx (1 —sin’x) + sinx — 2 sinix
=2 sinx —2 sin’x + sinx - 2 sin'x
=3 sinx—4 sin'x

19, cos 3x= 4 cos®x — 3 cos x

We have,
co2 3x = cos {2k +x)
=cos 2x cos x — sin 2x sinx
=(2cos*x — 1) cos x — 28in x cos x sin x
={2cos’y — 1) cos x — 2cos x {1 — cos?x)
=2c08'x — cos x — 2cos x + 2 cos’x
=4cos’r — 3cos X,

3 tan ¥ —tan® x
1-3tan’ x
We have tan 3x =tan (Zx + x)

Y I ot -
ju, tan3dx= lfir#mrJ.-E_wheﬁ' n is an integer

2tan x
--------- -— <+ tan x

tan2x +tanx _ 1—tan® x

TS e I_Ztanx.tamx
1-tan® x
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2 2tan x + tan x — tan’x g Itan x —tan x
1- tan’x - 2tan’x 1-3tan’x

o =
e CDExIP

x-y
2

Mo (i) cos x + cosy = 2eos

. X+
{ii) cos x — cos y =~ 28in —ysin

. =
XY eos XY

(iif) sin x + sin p = 28in

2
(iv) sin x — sin y = 2cos HTysin%

We know that

cos (x + ) =cos x cos ¥ — sin x sin ¥ e (1)
and cos (x — ) = cos x cos y + sin x 8in y o
Adding and subtracting (1) and (2). we get

cos (x + ¥) + cos{x — v) = 2 cosx cos y as £3)
and cos (x+y)—cas{x—y)=-2snxsiny e (4
Further sin(x+y)=sinxcosy+ cosxsiny s )
and sin (x —¥) = 8in ¥ co8 ¥— COSX 8N ¥ i ()
Adding and subtracting (5} and (6). we gel

sin (x + v) + sin (x— ) =2 sinx cos y wi (1)

sin (x + ) —sin {x — y) = 2cos x sin y — (B)

Letx+ y= 0 and x — y = ¢. Therefore

_[o+d _[8-%
x-[ = )andy—[ Z W

A
Substitnting the values of x and y in (3), (4), (7) and (8), we get

: i Vs |
cosﬂ-ms#—icns( 5 )ms[ 5 ]

cosB-cosd=-2sin [H+¢]Sin(ﬂ_¢J
2 2

sinf +sing =2 sin [ﬂ;—ﬂmﬂ [&;zlb]

&3
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gin0—sing =2 cos [?}ﬂﬂ (E;;b}

Since B and ¢ can take any real values, we can replace 8 by x and & by y.
Thus, we get

ty A x+y . xX—
cosxtcosy=2cos Z}GDSTy:cnsx—cnsy=—2 sin ysmT’v,
X+y  X-— X+Y . X—
sin x +sin y = 2 sin Y cos ; y;sinx—ﬁmy—ZEOH zyﬂﬂ‘k—zy

Remark As a part of identities given in 20, we can prove the following results:
2L (i) 2 cosx cosy=cos (x+yp)tcos{x—y

(i) -2 sin x sin y = cos (x + ) — cos (x - )

(iii) 2 sin x cos y = sin (x + p) + sin (x — )

(iv} 2 cos x sin y = sin (x + ¥) — sin (x — ¥).

Example 10 Prove that

) 5
35m£sec£—4s1n—“mt£=l
G 3 i) 4

Solution We have

.
LHS. = ESiﬂ'g'SECE—'“Em-—EEDtE

6

2 &

=

1 - it R
=3x=x2=4gm |T——|x1=3 -4 gin—

|
=34){— e - — N
) I=RHS

Example 11 Find the value of sin 15°.
Solution 'We have
sin 15% =sin (45% — 30%)
= gin 45° cos 307 — cos 457 gin 30°
1B 11 B
V22 22 22

: . 13m
Example 12 Find the value of tan ETR:
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Solution We have

13 s T T
tan —ﬂ—tan (?H' —] = tan -":tﬂﬂ[""“"]

12 12 12 4 6
tan E—tan ~ 1——1-
B e N N C s WS
mm | 3+1
1+ tan—tan— 1+ — "
4 B

Example 13 Prove that
sin(x+y) tanx+tany
sin(x—y) tanx—tany "

Solution We have

sin{x+y) SINXcosy+Ccosxsiny

LHS.  “din(r-y) sinrcosy—cosxsiny

Dividing the numerator and denominator by ¢os x cos ¥, we get
sin(x+y) tanx+tany
sin{x—y) tanx—tlany’

Example 14 Show that
tan3xtan2xtanx=tan 3x ~tan 2 x —tan x

Solution We know that 3x=2x + x
Therefore. tan 3x =tan (2x +x)

tan 2 x+tan x
or tan3y=————

1-tan 2xtan x
or tan 3x — tan 3x tan 2x tan x = tan 2x +tan x
or tan 3x —tan 2y —tan x =tanp 3x tan 2y tan ¥
or tan 3x lan 2x tan x =tan 3x — tan 2x —tan x

Example 15 Prove that
GGS[;-I-XJ-FWE[E—.:]:JE CosXx

Solution Using the Identity 20(i). we have

&5
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m
=2cns:{ cosx =2 X NGl cos x = ofp cosx =RHS.

cos Tx+cosdx

e Sk —  =qotx
Example 16 Prove that Rin Ty —win 5%

Solution Using the Identities 20 (i) and 20 (iv). we get

Tx+5x  Tx—3x

2 ol 2 cosx
cas Tx+3x sin Tx—5x  sinx
2 2

Zcos

LHS. = =cotx=PHE

sindx—2sin3x+sinx ;

Example 17 Prove that = anx
COSIxr—CO8 X
Solution We have
sindx—2sin3x+smx SN Sx+8inx—28in3x
LHS. = >
cosSx—cosx COSSx—COSXY
_ 2sin3x cos2x—2sin3x  sin3x (cos2x-1)
—2gin3xsin 2x gin 3xsin 2y

1-cos2x  Zsin’x
ginZx  2sinxcosx

= fany = R.H.5.



TRIGONOMETRIC FUNCTIONS &7

[FXERCISE33]

Prowve thart:
[ 'I_R-+ J:E 1 !E _l y | 28 i£+ 2 ECOSQE i
. ®in 5 COS5 3 an 2 3 2 in y CORen P 3 2
5 | _
3. cot?Zicosec T 3tan? L6 1. 2sin? 2 20 Ey2sec? Eo10
G 6 G 4 4 3
5. Find the value of;
(1) =in 73° {i1) tan 15"
Prove the following:
s Co8 E—x cos E—y —gin el sin Tk sin{x+y)
4 4 4 4 :
4
tan | —+
4 x] ,:"l-i-taﬂx g cos (m+x) cos(—x) 3
7 ” N=s b 8. - r o
tan | Z—x e sin (m—x) cos (—+xJ
4 ) 2

10,

18,

20.

/1,
cos %Hr] cos (2m+x) {wr [%ﬂ—x]+ml f3r+x)} =f
\

sin(m+ 1}esin(n+2x+cos(n+ 1xcos(n+2r=cosx
COs [;:+x)—cus (%—x} = —-.Esin x

sin? 6x — sin® 4x = sin 2x gin 10y 13. cos? 2x — cos? 6x = sin 4x sin 8x
sin2 x + 2 sin 4x + sin Gx = 4 cos? x sin 4x

cot 4x (sin 5x + sin 3x) = cotx (sin 5x — sin 3x)

co89x — cosSx simdx ginSx 4 5in3x
- —— =~ 17. ————————— =tandx
sinlTx—sin3x corl Ox Co85x + cos3x
sinx—siny =y Finx +sin3x
= e 10, ———————— =2y
COSX + Cosy 2 cosx + cosdx
simx —sin3x ) cosdx + oosdx +cos2x
= 2lsinx 21. = cof 3x

2ot # . . .
Sin” x— o8 x sindx +sinlx +8in2x
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22, cofxcot2r—cot2xcot3x—cot3xcotx=1

_ Atan x (1-tan’x)

13. tandx = = =
l-6tan*x +tan x

<

4. cosdy=1-—Bgin"x cos® x

15, cosbxr=32cos'x — 4fcostx+ 1R costx— 1

Miscellaneons Examples

3 12
Example 18 Hsinx= E COs = _1_4' where x and y both lie in second quadrant.

find the value of sin (x + ).
Solution 'We know that
sin (x -+ ¥) = sin x cos » + cos x sin sa:1)
9 16
L) v — g = o — i —
Now cos? y=1-sinx=1 TR
4

Therefore cosx = :I:E.

Since ¥ lies in second quadrant, cos x is negative,

4
Hence COsx=—=C
3

N inty = 1 =1 E—E

i o COSFY=1 " 169~ 169
. . 15
ie, iy = F= ;
s '

3
Since ¥ lies in second quadrant, hence sin y is positive, Therefore, siny= B Substituting

the values of sin x, sin y, cos x and cos y in (1), we get

; 3 [ 12] [ 4] 5 6 20 56
Simx+ ) =—%——|+|——|x— = m———=—
5 13 5/ 13 65 65 65

Example 19 Prove that
, . 5
cos 2x cus—J-‘:——f:ﬂEﬂx ms,?__r =45in 5x sm—x .
2 2 2

Solution We have
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9
{Ecus 2x ms% —2c08 ?I oS 3x}

P |

LHS. =

i f
cos 2x+£]+wsl2x —E]—Wstﬁqhiﬂ—cus{—x_}u]
2 2 2 ) 2

1
T
1[ 5x 3x 15x 3% | l[ S5x lﬂx]
=—{Cas—+ 08— — 005 ——Cos— | = oS — — 08—
2 2 24 2 2 2
Sx  15x sx 15x]]
’ | e by e
—| —23in 2 2 lgind-2 2
=1 2 2
. . 3x ; -
= =8 3x sipf——/| = sin3x sm? =R H.S.

3
Example 20 Find the value of tan E

Sulution Let x:%, Then 2x= %
2t x
Now tanlx = ————
11—t x
2tan—
T
ar lﬂﬂ1= =
1-tan® =
8
Le % hen 1 2y
t y=tan g enl = 1—,‘-’2
or ¥+2-1=0

-2+ 22 -
Therefore = 4 =—1+42
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T x
Since & lies in the first guadrant, y = lan 3 is positve, Hence
tan— = J2-1,
B
. 3 3 o dE x X
Example 21 If tan I=E' T=X {E" find the value ﬂfsmE. cusz and tani*.

Ir
Solufion Since &< r{?_ cosx i2 negative,
4
Also e S
2 2

1‘ - R x - '
Therefore. sin o is posilive and cos Py is negative.

N. clr=1+tan’x= 1+ N
ow secix andx % 16
16 4
Therefore cosiy==— orcosx=—— (Why?)
25 3
s 4 9
Now 2.5‘:’!??5:1— msx=1+E:E.
L.x 5
Therefore sin? T
P Why?
or sin— = —T— 7
Eoam
2 E 4 |
g % s B T .
Apain 2eos > I+ cosx s s
il 1
Therefore ooet — =—
2 10
x 1
or cos E = —:‘ril-“'a‘ (Why?)
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i
. . 3 .'rmz 3 |_ ]
lence n_— = —
%
2 cos v10 1

{
Example 22 Prove that cos®x + c&s’{x:-gjﬁ-cnsz [J: ~§J :%

Solution  We have

I+ms[2x+%} 1+cus[2x—%}

2 2

[3+cns 2x+¢u¢(2r+%} +cos [zr—?n

[3+ cos32x 4+ 2cos 2y ma.%}

LHS = I+t:.052;|:+

B | =

B | =

¢
= E- 3 +cos 2x + 2cos 2x cos L;r— %J:I

i 3+ cos 2x—2cos 2x msg]

l-.t!;l—l M'Il—l

[3+cuslx c:nszrl %:R,H,S,

Miscellaneons Exercise on Chapter 3

Prove that:

[

b

J-F

2C08 £ c:}59—+ms 3—+ COS E=~li]
13 13

(sin 3x + sin x) 8in x + (cos 3x —cos x) cos x =10

r+y

. (eos x +ecos y)P + (sin x— sin y¥ =4 cost

...



T MATHEMATICS

X-y
2
gin x + sin 3x + sin 5w+ sin Tx =4 cos x cos Zx sin 4x
[=in Tx + sin Bix) + [sin 9x + sin 3x)
(cos 7x +cos Ba)+ [oos D + cns 3a)

4. (cosx— cos yp + (sinx - sin y)' = 4 sin?

1

= fanGx

[= 4

. . . . x 3x
sin 3x + sin i—!x—smx=4smxms; cras?

x x x
Find gin Z',c:ﬁs '2 and tan 2 in each of the following
4 1
B, tanx = ~3-¥m guadrant II 9, cosx= ~ge i quadrant ITT
i 1 )
1. sinx = e x in quadrant 11

Sumimit ¥

& Ifin a circle of rading r. an arc of length 7 subtends an angle of 0 radians, then
I=rb

T
# Radian measure = *l—gdk Degree measure

# Degree measure = —— ¥ Radian measure
g

& cogt x +sintx=1

# 1 +tantx =secix

& | + cot*x = cosectx
$cos(Inn+x)=cosx

& sin (2mm + x) = gin x
#sinf{—x)=—sinx

# cos (—x)=cos x
$cos{x+y)=cosxcosy—sinxsiny

@ cos (x— y) =cosxcos y+ sinx sin y

Y
& CDs {E-I} = §inx
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T
& sin [E—-’G}= CO8 X

#sinf{x+y)=sinxcosy+cosxsiny

& sin [x —y) =8N x COS y— CO8 X SNV

T T
& CO8 [E*'x):—s'mx sin (“2—+1]=:sz
cos{m —x)=-cosx sin {m —x)=sinx
cos{m +x) =—cosy sinf{m +x)=—snx
cos (A —x)=cosx sin (2w —x)=—sInx

T
# If none of the angles x, yand (x + ¥) is an odd mulﬁplenf;ihen

fon X + fan v

fan x+y) =7  —

1-tanxtany

fan x — tan v

®inE = 1+ tan x tam y

# If none of the angles x, v and (x + ) is a multiple of =, then

cot xeot y—1

oL+ = "oty +cotx

~ cotxcoty+1

Scot(x—y) = coty —cot x
. 1-tan’x
#cos 2x =cos’xy —sin’x=2coffx - 1=1-2sin’x =———=_
1+ tan"x

: i 2 tan
& g 2xr=2 sinXx cosx :—f-
| +tan‘x
P 2tanx
@ 0= 1 —tan’x

& 3in 3x =3siny — daindy

& ¢of 3x =4cos’x — Jeosx
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3tanx—tan” x

& Aandys 1-3tan” x
: X+ x—
4 (1) cosx+cosy=2cos —.fj-r'ﬂﬂsu“ji
¥y ., X—9
{il) cosx— cos)=- 2sin —E—ysmTJ

i XLy =
(i) sinx+sny=2 Sin = 08 e

2

. ) . X4y . x—y
{1v) sinx— siny=2cos —2"- BN ——

2
4 (i) 2cosxcosy=cos(x+ ) +cos(x—y)

(i) —2sinxsiny=cos{x+y —cos(xr—»)
(i) 2sin x cos y = sin{x + 3) +sin (x —))

(iv) 2 cosxsiny=sin (x + )~ sin (x - y).

Historical Nofe

The study of frigonometry was first started in India. The ancient Indian
Mathematicians, Aryvabhatta (476). Brahmagupta (598), Bhaskara T (60() and
Bhaskara 11 (1114) got important results. All this knowledge first went from
India to middle-east and from there to Europe. The Greeks had also started the
study of trigonometry but their approach was so clumsy that when the Indian
approach became known, it was immediately adopted throughout the world.

In India, the predecessor of the modern trigonometric functions, known as
the sine of an angle, and the introduction of the sine function represents the main
contribution of the siddhantas (Sanskrit astronomical works) to the history of
mathematics. '

Bhaskara I (about 600) gave formulae to find the values of sine functions
for angles more than 90°. A sixteenth century Malayalam work Yuktibhasa
(period) contains a proot for the expansion of sin (A + B). Exact expression for
sines or cosines of 18% 36°, 54 72° ete., are given by
Bhaskara IL
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The symbols sin' x, cos! x, etc., for arc sin x, arc cos x, etc., were
suggested by the astronomer Sir John EW. Hersehel (1813) The names of Thales
(about 600 B.C.) is invariably associated with height and distance problems, He
is credited with the determination of the height of a great pyramid in Egypt by
measuring shadows of the pyramid and an auxiliacy staff (or gnomon) of known
height, and comparing the ratios:

ol tan (sun’s altitude)
5 s

Thales is also said to have calculated the distance of a ship at sea through
the proportionality of sides of similar triangles. Problems on height and distance
using the similarity property are also found in ancient Indian works.

5



Chapter

COMPLEX NUMBERS AND
QUADRATIC EQUATIONS

- ] 1 4 # s . . o
¢ Mathematics is the Queen af Sciences and Arithmetic is the Queen of
Mathematics. — GAUSS %

4.1 Introduction

In earlier classes. we have studied linear equations in one
and two variables and quadratic equations in one variable.
We have seen that the equation x* + 1 = 0 has no real
solution as x* + 1 = 0 gives ¥* = — 1 and square of every
real number is non-negative. So, we need to extend the
real number system to a larger svstem so that we can
find the solution of the equation = 1. In fact, the main
objective is to solve the equation ax* + bx+ ¢ =, where
1» =8 - 4ac =0, which is not possible in the system of
real mumbers,

) W, R. Hamilion
4.2 Complex Numbers {1805-1865)

Let us denote J7 by the symbol i. Then, we have i* =~1. This means that / is a
solution of the equation x* +1=10.
A number of the form o + ib, where 2 and 5 are real numbers, is defined to be a

-1
complex number. For example. 2+ 43, (— 1)+ if3 . 4+i [WJ are complex numbers,

For the complex number z= + ib. a is called the real peat, denoted by Re z and
b iz called the imaginary part denoted by Im z of the complex number z, For example,
ifr=2+i5 thenRez=2 and Im z= 5.

Two complex numbers z, =a +fband z, = ¢ + id are equal if a=cand b=4.











































































Chapter 1

( SETS )

©In these days af confifer between ancienr and modern sindies; there
I EEst 5.::1'4*.{1' he .ﬁlfIJ'J'F-i-"firl'.liIIF 1o be soid f'q'dj' if 5'::.«;)'_;- which did not
begin with Pythagoras and will not end with Einsrein; but
i the oldest and the youngesr. GH, HARDY %

1.1 Introduction

The concept of set serves as a fundamental part of the
present day mathematics. Today this concept is being used
in almost every branch of mathematics. Sets are used to
define the concepts of relations and functions. The study of
geometry, sequences, probability, ete. requires the knowledge
of sets.

The theory of seis was developed by German
mathematician Georg Cantor (1845-1918). He first
encountered sets while working on “problems on trigonometric
series”. In this Chapter, we discuss some basic definidons
and operations involving sets.

Georg Cantor
{1845-1918)

1.2 Sets and their Representations
In everyday life, we often speak of collections of objects of a particular kind, such as,
a pack of cards, a crowd of people, a cricket team, etc. In mathematies also, we come
across collections, for example, of natural numbers. points, prime numbers, ete. More
specially, we examine the following collections:
{i) Odd natural numbers less than 10,1.e.,1,3,5,7,9

(ii) The rivers of India

(iif) The vowels in the English alphabet, namely, a. €. i o, u

{iv) WVarious kinds of angles

(v) Prime factors of 210, namely, 23,5 and 7

{(vi) The solution of the equation: ¥2— Sx + 6= 0, viz, 2 and 3.

We note that each of the above example is a well-defined collection of objects in






















































































































































