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FOREWORD

Punjab School Education Board has continuously been engaged in preparation
and review of syllabi and textbooks. In today's scenario, imparting right education
to students 1s the joint responsibility ol teachers as well as parents, With a view to
carry out entrusted responsibility, some important changes pertaining to present
day educational requirements have been made in the textbooks and syllabus in
accordance with NCF 2005.

Science has an important place in school curriculum and a good textbook is the
first requisite to achieve desired learning outcomes. Therefore. the content matter
of Physics for the class XII has been so arranged so as to develop reasoning power
of the students and to enhance their understanding of the subject. Graded questions
and exercises have been given to suit the mental level of the students. This book is
prepared by NCERT, New Delhi for class XII and is being published by Punjab
School Education Board with the permission of NCERT, New Delhi. This step was
taken to maintain the uniformity in the Physics Subject so that Science Student will
have no problem while facing the common entrance test at a senior secondary stage.

Every effort has been made to make the book useful for students as well as for
the teachers. However, constructive suggestions for its further improvement would
be gratefully acknowledged.

Chairman
Punjab School Education Board
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Chapter One

ELECTRIC CHARGES
AND FIELDS

1.1 INTRODUCTION

All of us have the experience of seeing a spark or hearing a crackle when
we lake oll our synthetic clothes or sweater, particularly in dry weather.
Have you ever tried to find any explanation for this phenomenon? Another
common example of electric discharge is the lightning that we see in the
sky during thunderstorms. We also experience a sensation of an electric
shock either while opening the door of a car or holding the iron bar of a
bus after sliding from our seat. The reason for these experiences is
discharge of electric charges through our body, which were accumulated
due to rubbing ol insulating surfaces, You might have also heard that
this is due to generation of static electricity. This is precisely the topic we
are going to discuss in this and the next chapter. Static means anything
that does not move or change with time. Electrostatics deals with
the study of forces, fields and potentials arising from
static charges.

1.2 EiLectric CHARGE

Histlorically the credit of discovery of the fact that amber rubbed with
waool or silk cloth attracts light objects goes to Thales of Miletus, Greece,
around 600 BC. The name electricity is coined from the Greek word
elektron meaning amber, Many such pairs ol materials were known which
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7 on rubbing could attract light objects
Silk thread likke straw, pith balls and bits of papers.

[t was observed that if two glass rods
rubbed with wool or silk cloth are
brought close to each other, they repel
each other [Fig. 1.1(a)]. The two strands
of wool or two pieces of silk cloth, with
which the rods were rubbed, also repel
each other. However, the glass rod and
wool attracted each other. Similarly, two

attracted the fur. On the other hand, the

plastic rods rubbed with cat's Iur
: repelled each other [Fig. 1.1(b)] but
Id) (el I}

FIGURE 1.1 Rods and pieh balls: like charges repel and

plastic rod attracts the glass rod [Fig.
1.1{g)] and repel the silk or wool with

unlike charges attract each othes which the glass rod is rubbed. The glass

rod repels the fur,

There are two kinds of electrilication and we lind that (i) like charges
repel and (ii] unlilke charges attract each other, The experiments also
demonstrated that the charges are transferred from the rods to the pith
balls on contact. It is said that the pith balls are electrilied or are charged
by contact. The property which differentiates the two kinds of charges is
called the polarity of charge.

When a glass rod is rubbed with silk, the rod acquires one kind of
charge and the silk acquires the second kind of charge. This is true for
any pair of objects that are rubbed to be electrified. Now il the electrified
glass rod is brought in contact with silk, with which it was rubbed. they
no longer attract each other. They also do not attract or repel other light
objects as they did on being electrified.

Thus, the charges acquired after rubbing are lost when the charged
bodies are brought in contact. What can you conclude from these
observations? It just tells us that unlike charges acquired by the objects
neutralise or nullify each other's effect. Therefore, the charges were named
as positive and negative by the American scientist Benjamin Franklin,
By convention, the charge on glass rod or cat’s fur is called positive and
that on plastic rod or silk is termed negative, If an object possesses an
electric charge, it is said to be electrified or charged. When it has no charge
it is said to be electrically neutral.

A simple apparatus to detect charge on a body is the gold-leaf
electroscope [Fig. 1.2(a)]. It consists of a verfical metal rod housed in a
box, with two thin gold leaves attached to its bottom end. When a charged
object touches the metal knob at the top of the rod, charge flows on to
the leaves and they diverge. The degree of divergance is an indicator of
the amount of charge.

Try to understand why material bodies acquire charge. You know that
all matter is made up of atoms and/or molecules. Although normally the
materials are electrically neutral, they do contain charges; but their charges
are exactly balanced. Forces that hold the molecules together, forces that
hold atoms together in a solid, the adhesive force of glue, forces associated



Electric Charges
and Fields

UNIFICATION OF ELECTRICITY AND MAGNETISM

In olden days, electricity and magnetism were treated as separate subjects. Electricity
dealt with charges on glass rods, cat's fur, batteries, lightning, etc., while magnetism
described interactions ol magnets, iron filings, compass needles, eic. In 1820 Danish
scientist Oersted found that a compass needle is deflected by passing an electric current
through a wire placed near the needle. Ampere and Faraday supported this observation
by saying that electric charges in motion produce magnetic fields and moving magnets
generate electricity. The unification was achieved when the Scottish physicist Maxwell
and the Dutch physicist Lorentz put forward a theory where they showed the
interdependence of these two subjects. This field is called electromagnetisim. Most of the
phenomena oceurring around us can be deseribed under electromagnetism. Virtually
every force that we can think of like friction, chemical force between atoms holding the
matter together, and even the forces describing processes occurring in cells of living
organisms, have its origin in electromagnetic force. Electromagnetic force is one of the
[undamental forces of nature.

Maxwell put forth four equations that play the same role in classical electromagnetism
as Newton's equations of motion and gravitation law play in mechanies. He also argued
that light is electromagnetic in nature and its speed can be found by making purely
electric and magnetic measurements. He claimed that the science of optics is intimately
related to that of electricity and magnetism.

The science of eleciricity and magnetism is the foundation for the modem technological
civilisation. Electric power, telecommunication, radio and television, and a wide variety
of the practical appliances nsed in daily life are based on the principles of this science.
Although charged particles in motion exert both electric and magnetic forces, in the
frame of reference where all the charges are at rest, the forces are purely electrical. You
know thal gravitational loree is a long-range lorce. Its effect is [elt even when the distance
between the interacting particles is very large because the force decreases inversely as
the square of the distance between the interacting bodies, We will learn in this chapter
that electric force Is also as pervasive and is in fact stronger than the gravitational force
by several orders of magnitude (refer to Chapter 1 of Class XI Physics Textbook).

with surlace lension, all are basically electrical in nature, arising [rom the
forces between charged particles. Thus the electric force is all pervasive and
it encompasses almost each and every field associated with our life. It is
therefore essential that we learn more about such a force.

To electrify a neutral body, we need to add or remove one kind of
charge. When we say that a body is charged, we always reter to this
excess charge or deficit of charge. In solids, some of the electrons, being
less tightly bound in the atom, are the charges which are transferred
from one body to the other. A body can thus be charged positively by
losing some of its electrons. Similarly. a body can be charged negatively
by gaining electrons. When we rub a glass rod with silk, some of the
electrons from the rod are transferred to the silk cloth. Thus the rod gets
positively charged and the silk gets negatively charged. No new charge is
created in the process of rubbing. Also the number of electrons, that are
transferred, is a very small fraction of the total number of electrons in the
material body.
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- 1.3 Conpucrors AND INSULATORS

Some substances readily allow passage of electricity
through them, others do not. Those which allow electricity
to pass through them easily are called conductors. They
have electric charges (electrons) that are comparatively

ﬂ free to move inside the material. Metals, human and

animal bodies and earth are conductors. Most of the non-
metals like glass, porcelain, plastic, nylon, wood offer high
resistance to the passage of electricity through them. They
are called insulators. Most substances fall into one of
the two classes stated above™,

When some charge is translerred 1o a conductor, it
readily gets distributed over the entire surface of the
conductor. In contrast, if some charge is put on an
insulator, it stays al the same place. You will learn why
this happens in the next chapter.

This property of the materials tells you why a nylon
or plastic comb gets electrified on combing dry hair or on
rubbing, but a metal article like spoon does not. The

FIGURE 1.2 Elcctroscopes: [a charges on metal leak through our body to the ground

[he: ol leal electrosi

Schematies of o simple

electrosoo)me

as both are conductors of electricity. However, il a metal
rod with a wooden or plastic handle is rubbed without
touching its metal part, it shows signs of charging.

1.4 Basic PrRoPERTIES OF ELECTRIC CHARGE

We have seen that there are two types ol charges, namely positive and
negative and their effects tend to cancel each other. Here, we shall now
describe some other properties of the electric charge.

If the sizes of charged bodies are very small as compared to the
distances between them, we treat them as point charges. All the charge
content of the body is assumed to be concentraled at one point in space.

1.4.1 Additivity of charges

‘We have not as yet given a quantitative definition of a charge; we shall
follow it up in the next section. We shall tentatively assume that this can
be done and proceed. If a system contains two point charges ¢, and g,
the total charge of the system is obiained simply by adding algebraically
q, and q,, i.e., charges add up like real numbers or they are scalars like
the mass of a body. If a system contains n charges q,. 4,. 9, ...4,. then
the total charge of the system is g, + g, + q; +... +q_ . Charge has
magnitude bul no direction, similar to mass. However, there is one
difference between mass and charge. Mass of a body is always positive
whereas a charge can be either positive or negative. Proper signs have to
be used while adding the charges in a svstem, For example, the total
charge of a system containing five charges +1, +2,-3, +4 and -5, in some
arbitrary unit, is (+1) + (+2] + [-3] + [+4] + (-5) = -1 in the same unit.

* There is a third eategory called semiconductors, which offer resistance o the
maovement of charges which s Intermediate between the conductors and
Insulators.
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1.4.2 Charge is conserved

We have already hinted to the fact that when bodies are charged by
rubbing, there is transfer of electrons from one body to the other; no new
charges are either created or destroyed. A picture of particles of electric
charge enables us to understand the idea of conservation of charge. When
we rub two bodies, what one body gains in charge the other body loses,
Within an isolated system consisting of many charged bodies, due to
interactions among the bodies, charges may get redistributed but it is
found that the wotal charge of the isolated system is aliways conserved.
Conservation of charge has been established expertmentally.

It is not possible to create or destroy net charge carried by any isolated
system although the charge carrying particles may be created or destroyed
in a process. Sometimes nature creates charged particles: a neutron turms
into a proton and an electron. The proton and electron thus created have
equal and opposite charges and the total charge is zero before and after
the creation.

1.4.3 Quantisation of charge

Experimentally it is established that all free charges are integral multiples
of a basic unit of charge denoted by e. Thus charge g on a body is always
given by

g = ne
where n is any integer, positive or negative. This basic unit of charge is
the charge that an electron or proton carries. By convention, the charge
on an electron is taken to be negative; therefore charge on an electron is
written as —e and that on a proton as +e.

The fact that electric charge is always an integral multiple of e is termed
ag guantisation of charge. There are a large number of situations in physics
where certain physical quantities are quantised. The quantisation of charge
was first suggested by the experimental laws of electrolysis discovered by
English experimenltalist Faraday. [t was experimenlally demonstrated by
Millikan in 1912,

In the International System (SI) of Units, a unit of charge is called a
coulomb and is denoted by the symbol C, A coulomb is delined in terms
the unit of the electric current which you are going to learn in a
subsequent chapter. In terms of this definition, one coulomb is the charge
flowing through a wire in 1 s if the current is 1 A (ampere), (see Chapter 2
of Class Xl. Physics Textbook , Part I). In this system, the value of the
basic unit of charge is

e=1.602192 x 10°°C

Thus, there are about 6 x 10'® electrons in a charge of -1C. In
electrostatics, charges of this large magnitude are seldom encountered
and hence we use smaller units 1 uC (micro coulomb) = 10°% C or 1 mC
(milli coulomb) = 10°* C.

If the protons and electrons are the only basic charges in the universe,
all the observable charges have to be integral multiples of e. Thus, if a
body contains n, electrons and n, protons, the total amount of charge on
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the body is n, X e+ n, ¥ (-e) = (n, - n ) e. Since n, and n, are integers, their
difference is also an integer. Thus the charge on any body is always an
integral multiple of e and can be increased or decreased also in steps of e.

The step size e is, however, very small because al the macroscopic
level, we deal with charges of a few uC. At this scale the fact that charge of
a body can increase or decrease in units of e is not visible, In this respect,
the grainy nature of the charge is lost and it appears to be continuous.

This situation can be compared with the geometrical concepts of points
and lines. A dotted line viewed from a distance appears continuous to
us but is not continuous in realily. As many points very close to
each other normally give an impression of a continuous line. many
small charges (aken logether appear as a continuous charge distribution.

Al the macroscopic level, one deals with charges that are enormous
compared to the magnitude of charge ¢. Since e= 1.6 x 107*? C, a charge
of magnituQde. say 1 uC, contains something like 10" times the electronic
charge. At this scale, the fact that charge can increase or decrease only in
units of g is not very different from saying that charge can take continuous
values, Thus, at the macroscopic level, the quantisation of charge has no
practical consequence and can be ignored. However, at the microscopic
level, where the charges involved are of the arder of a few tens or hundreds
of e ie., they can be counted, they appear in discrete lumps and
gquantisation ol charge cannol be ignored. It is the magnitude ol scale
involved thal is very important.

Example 1.1 If 107 elecirons move oul of a body lo another body
every second, how much time is required to gel a lolal charge of 1 C
on the other body?

Solution In one second 107 electrons move out of the body. Therefore
the charge given out in one second is 1.6 x 10¥% % 10°C=16x% 10%C,
The time required to accumulate a charge of 1 € can then be estimated
tobe 1 C+(1.6x 107" C/s}=6.25% 10°s=625x 10°+ (365 x 24 x
3600) years = 198 years. Thus to collect a charge of one coulomb,
from a body from which 10% electrons move oul every second, we will
need approximately 200 yvears. One coulomb is, lherefore, a very large
unil lor many practical purposes.

It is, however, also important to know what is roughly the number of
electrons contained in a piece of one cubic eentimetre of a material.
A cubic piece of copper of side 1 cm contains about 2.5 x 10**
electrons.

Example 1.2 How much positive and negative charge Is there in a
cup of water?

Seolution Lei us assume (hal the mass ol one cup of water is
250 g. The molecular mass ol waler is 18g., Thus, one mole
(= 6.02 % 10** molecules] of water is 18 g Therefore the number of
molecules in one cup of water is (250/18) % 6.02 = 16%,

Each molecule of water contains two hydrogen atoms and one oxygen
atom, Le., 10 electrons and 10 protens, Henee the total positive and
total negative charge has the same magnitude. It is equal to
(250/18) x 6.02 x 107 % 10% 1.6 x 10 C=1.34 x 10" C.
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1.5 CouLoms’s Law

Coulomb’s law is a quantitative statement about the force
between two point charges. When the linear size of charged
bodies are much smaller than the distance separating them,
the size may be ignored and the charged bodies are treated
as point charges. Coulomb measured the force between two
point charges and found that it varied inversely as the
sgquare af the distance betiween the charges and was
directly proportional to the product of the magnitude of the
two charges and acted along the line joining the fwo
charges. Thus, il two point charges q,, g, are separaied by a
distance rin vacuum, the magnitude of the force (F) between
them is given by

9, 9|
rﬂ-

How did Coulomb arrive at this law from his experiments?
Coulomb used a torsion balance® for measuring the force
between two charged metallic spheres. When the separation
between two spheres is much larger than the radius of each
sphere, the charged spheres may be regarded as point charges.
However, the charges on the spheres were unknovwn, to begin
with. How then could he discover a relation like Eq. (1.1)7
Coulomb thought of the following simple way: Suppose the
charge on a metallic sphere is g. Il the sphere is put in contact
with an identical uncharged sphere, the charge will spread over
the two spheres. By symmetry, the charge on each sphere will
be g/2°. Repeating this process, we can get charges /2, g/4.
etc. Coulomb varied the distance for a fixed pair of charges and
measured the force for different separations. He then varied the
charges in pairs, keeping the distance fixed for each pair.
Comparing forces for different pairs of charges at different
distances, Coulomb arrived at the relation, Eq. (1. 1).

Coulomb’s law, a simple mathematical statement, was
initially experimentally arrived at in the manner described
above, While the original experimenis established il al a
macroscopic scale, it has also been established down to
subatomic level (r~ 107 m).

Coulomb discovered his law without knowing the explicit
magnitude ol the charge. In fact, it is the other way round:
Coulomb's law can now be employed to furnish a delinition
for a unit of charge. In the relation, Eq, (1.1), k is so far
arbitrary. We can choose any positive value of J. The choice
of kk determines the size of the unit of charge. In SI units, the

F=k (1.1)

Charles Augustin de
Coulomb (1736 -
1806) Coulomb. a
French physicist, began
his carcer as a military
englneer In the West
Indies, In 1776, he
returned o Paris and
retired to a small estate
to do his scientific
research, He invented a
torsion balance to
measure the gquantity of
a force and used it for
determination of forces
of electric attraction or
repulsion beiween
small charged spheres.
He thus arrived in 1785
at the inverse square
law relation, now known
as Coulomb's Iaw. The
law had been
anticipated by Priestley
and also by Cavendish
earlier, though
Cavendish never
published his results.
Coulomb also found the
inverse square law ol
force between unlike
and like magnetic poles.

A torsion balance is a sensitive device to measure foree, [ was also used later
by Cavendish to measure the very leeble gravitational lorce between two objects,

to verily Newton's Law ol Gravitation.

Implicit in this is the assumption of additivity of charges and conscrvation:

two charges (g/2 each) add up to make a total charge q.

§
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(b)) Forces belween charges

Tp=T~h

Nm*
value of kis about 9 x 10° ik The unit of charge

that results from this choice is called a coulomb
which we delined earlier in Section 1.4. Putting this
value of kin Eq. (1.1), we seethatfor g, =q,=1C, r

=1m
? F=9x10°N
&) That is, 1 C is the charge that when placed at a
§ distance of 1 m from another charge of the same
tn, _ - F, magnitude in vacuum experiences an electrical force
9 _—=- of repulsion of magnitude 9 ¥ 10° N, One coulomb
7 asso a is evidently too big a unit to be used. In practice, in
" kw, _ .--f}n - elé:ctrwtatic:a, one uses smaller uniis like 1 mCor 1
e uc,
...-—?_"! %<0 The constant k in Eq. (1.1) is usually put as
o e k= 1/4ng, for later convenience, so that Coulomb's
law is written as
L] 1 |qq|
B e F= — 2
FIGURE 1.3 {a] Geometry and dns, 2 (1.2)

g, 1s called the permittivity of [ree space . The value
of g, In 51 units is

§,=8.854 x 1072 C* N'm™*®

Since force is a vector, it is better to write Coulomb's law in the vector
notation. Lel the position vectors ol charges q, and ¢, be r, and r,
respectively [see Fig.1.3(a)]. We denote force on g, due to g, by F,, and
force on g, due to g, by F,,. The two point charges g, and g, have been

numbered 1 and 2 for convenience and the vector leading from 1 to 2 is
denoted by r,;:

In=0,-r
In the same way, the vector leading from 2 to 1 is denoted by

r r -I

e

-0 21

The magnitude of the vectors r,, and r,, is denoted by r,, and r .,
respectively (r, = r,,). The direction of a vector is specified by a unil
vector along the vector, To denote the direction from 1 to 2 (or from 2 to

1), we define the unit vectors;

T2 =::+1‘ T = rl—i'. T —Fia
M2y Mg
Coulomb’s force law between two point charges g, and g, located at

r, and r,, respectively is then expressed as

1 g g,

F.=- 41 42 4
2 an £, r221 al (1.3)

Some remarks on Eq. (1.3) are relevant:

« Equation (1.3) is valid for any sign of g, and g, whether positive or
negative. If g, and g, are of the same sign (either both positive or both
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negative), F,, is along r,,, which denotes repulsion, as it should be
lor like charges. If g, and g, are of opposite signs, F,, is along -
r (=1 o). Which denotes attraction, as expected for unlike charges.
Thus, we do not have to write separate equations for the cases of like
and unlike charges. Equation (1.3) takes care of both cases correctly
[Fig. 1.3(b)].

The force F,, on charge g, due to charge g,, is obtained from Eq. (1.3),
by simply interchanging 1 and 2, i.e.,

1 .
= e r, =-Fy,
dne 12

Thus, Coulomb’s law agrees with the Newton's third law.

Coulomb’s law [Eq. (1.3])] gives the force between two charges g, and
g, in vacuum. If the charges are placed in matter or the intervening
space has matter, the situation gets complicated due to the presence
of charged constituents of matter. We shall consider electrostatics in
maftter in the next chapter.

L2

Example 1.3 Coulomb's law [or electrostatic force between two point
charges and Newton's law for gravitational force between two
stationary point masses, both have lnverse-square dependence on
the distance between the charges and masses respectively,
(a] Compare the strength of these forees by determining the ratio of
their magnitudes (i) for an electron and a proton and (i) for two
protons. (b) Estimate the accelerations of electron and preton due to
the electrical loree of their mutual altraction when they are

1 A (= 10" m) apart? (m, = 1.67 x 10 kg, m_=9.11 x 10°* kg)

Solution
[a) (i) The electric force between an electron and a proton at a distance
r apart is:
F = LE{
£ e 1t
where the negative sign indicates that the force is attractive. The
corresponding gravitalional force (always atlractive] is:

m, M,

F.=-G

where m, and m, are the masses ol a proton and an electron
respectively.

£ _ e
F_._; i 4mzPGm_Pm,
(ii) On similar lines, the ratio of the magnitudes of electric force

to Lhe gravitational lorce between two proions al a distance r
apart is:

=2 4x10"

F. e*

Feq = e, Grit i,
However, it may be mentioned here that the signs of the two forces
are different, For two protons, the gravitational force is altractive

= 1.3x10%

SME] S QUIGINOT WO UONBULILE 3A1IEI31U]
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Examrie 1.3

in nature and the Coulomb force is repulsive. The actual values
of these forces between two Sprt:rtﬂns inside a nucleus [distance
between two protons is ~ 107" m inside a nucleus) are F, ~ 230 N,
whereas, F ~ 1.9 x 107N,

The {dimensionless) ratio ol the two forces shows that electrical
forces are enormously stronger than the gravitational forces,

(b} The eleciric lorce F exerted by a prolon on an electron Is same in

magnitude to the force exerted by an electron on a proton; however,
the masses of an electron and a proton are different. Thus, the
magnitude of force s

2

€ .
|F| = =7 = 8987 x 10° Nm2/C2 = (1.6 x107%C)? / (107°m)?
0

=2.3x%x 10N
Using Newton's second law of moilon, F = ma, the acceleration
that an electron will undcrgd is
a=23%10°N 7 9.11 x10%T kg = 2.5 x 10¥ m/s?
Comparing Lhis with the value of acceleration due Lo gravily, we
can conclude that the effect of gravitational field is negligible on
the motion of eleciron and it undergoes very large acceleratlons
under the action of Coulomb foree due to a proton.

The value for acceleration of the proton s
2.3%x10°N / 1.67 x 10% kg = 1.4 x 10 m/s?

Example 1.4 A charged metallic sphere A Is suspended by a nylon
thread. Another charged metallic sphere B held by an insulating

Exanmrie 1.4

B
A
§=-
i 1% em =

a1
i
[x}

fial

B
: @="
L Srm »
e}

FIGURE 1.4
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handle Is brought close to A such that the distance belween thelr
centres is 10 em, as shown in Fig, 1.4{a). The resulting repulsion of A
Is noted (for example. by shining a beam of lght and measuring the
deflection of its shadow on a screen). Spheres A and B are touched
by uncharged spheres C and D respectively, as shown in Fig. 1.4(b).
C and D are then removed and B iz brought closer to A to a
distance of 5.0 cm between thelr centres, as shown In Fig. 1.4(c),
Whalt i= the expected repulsion of A on the basis of Coulomb's law'?
Spheres A and C and spheres B and D have |dentical slzes. Ignore
the sizes of A and B in comparison to the separation between their
centres.
Solution Lel the original charge on sphere A be gand thal on B be

q'. Al a distance 7 between their centres, the magnitude of the

electrostatic force on each is given by

L
dme, r*
neglecting the sizes of spheres A and B in comparison to r. When an
identical but uncharged sphere C touches A, the charges redistribute
on A and C and, by symmelry, each sphere carries a charge g/2.

Similarly, after D touches B, the redistributed charge on each is
g' /2. Now, if the separation between A and B is halved, the magnitude

F=

of the electrostatic force on each Is

o L la/2g /2 _ 1 (ag)_p
Ane,  (r/2F ane, r?

Thus the electrostatic force on A, due to B, remains unaltered.

1.6 Forces BETWEEN MuLTtiPLE CHARGES

The mutual electric force between two charges is given by
Coulomb's law. How to calculate the force on a charge where
there are not one but several charges around? Consider a
system ol n stationary charges gy Gy Gy - G, I0 VvACcuLUm.
What is the force on q, due to g,. q,. .... ¢,? Coulomb’s law is
not enough to answer this question. Recall that forces of
mechanical origin add according to the parallelogram law of
addition. Is the same true for forces of electrostatic origin?

Experimentally, it is verified that force on any charge due
to a number of other charges is the vector sum of all the forces
on that charge due lo the other charges, taken one at a time.
The individual forces are unrffected due to the presence of
other charges. This is termed as the principle of superposition.

To better understand the concept, consider a system of
three charges g, gq,and g, as shown in Fig. 1.5(a). The force
on one charge, say q,, due to two other charges g,. g, can
therefore be obtained by performing a vector addition of the
forces due to each one of these charges. Thus, if the force on g
due to g, is denoted by F,,. F,, is given by Eq. (1.3) even
though other charges are present.

1 g9, .
Thus, F,=—— "=l2§g
127 gre 12 13

1 TANVET

s
e R g
e = % -'"___-r!‘u

[l
FIGURE 1.5 A svstemn of
[a) three charges

11

(b} multiple charges.
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In the same way, the lorce on q, due to g, denoted by F ., is given by
1 @

1= T3
4nre, Iy

which again is the Coulomb force on g, due to g,, even though other
charge g, is present.

Thus the total force F, on g, due to the two charges g, and g, is
given as

Fl. = Fl:t + FIH =

1 q;qzi 1 Q']Q'si,

it
R I 14 1.4
dre, ny dne, )y (1.4]

The above caleulation of foree can be generalised to a system of
charges more than three, as shown in Fig. 1.8(b).

The principle of superposition says that in a system of charges q,,
€ys - d,, the force on g, due to g, is the same as given by Coulomb's law,
i.e., it is unaftected by the presence of the othercharges q., q,. .... . The
total force F| on the charge g,, due to all other charges, is then glven by

the vector sum of the forces l?‘l2+ F Fln‘

I-Eu

F,=F,;+F;+..+ F,= : qlqz qjqﬁ o3 +.. I'-]';lf,i,. i Ko
4nE, r11

1|'|

ke, (1.5)

"l-‘.l':.'.'-'“ =2 T
The vector sum is obtained as usual by the parallelogram law of
addition of vectors. All of electrostatics is basically a consequence of
Coulomb’s law and the superposition principle,

Example 1.6 Consider three charges g,. q,. g, each equal o g at the
verlices of an equilateral triangle of side L What is the force on a
charge & (with the same sign as g placed at the centroid of the
triangle, as shown in Fig. 1.67

FIGURE 1.6

Solution In the given equilateral triangle ABC of sides of lengih [, if
we draw a perpendicular AD to the side BC,
AD = AC cos 30° = (3 /2] | and the distance AO of the centroid O
from A is (2/3) AD = (1/./3) I By symmatry AQ = BO = CO,
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Thus,

Force F, on'Q due to charge g at A E":E;'% along AO

. 3

Force F,on @ due to charge gal B = m% along BO
o 3 Qg

Force Fyon @ due to charge gal C = :ﬁ'ﬂ;“ﬁ‘ along CO

3
The resultant of forces F, and F, is 1&}:% along OA, by Lhe

: 3 g =
parallelogram law, Therefore, the total force on § = 1“—%1'5[1'-1']
=0, where T s the unit vector along OA.
It is ¢lear also by symmetry thal the three lorces will sum to zero,
Suppose that the resultant force was non-zero but in some direction,
Congider what would happen if the system was rotated through 60°
about O,

Example 1.6 Consider the charges g. g. and -q placed al the vertices
of an equilateral triangle, as shown in Fig. 1.7. What is the force on
each charge?

&=-9

o c
F, L\ F, |7 |=|F|=F

IF|=+3F
fis 4 '1.‘
f’r' l\l\
I '.I : "1"'. !
e Y
‘f
F
KA
A0 T
F. g=4q I
FIGURE 1.7

Solution The forces acting on charge g at A due to charges g at B

and -gq at C are F,, along BA and F, along AC respectively, as shown

in Fig. 1,10, By the parallelogram law, the tolal force F| on the charge

q at A is given by

F, =F 1, where 1, is a unit vector along BC.

The force of attraclion or repulsion lor each pair of charges has Lhe
2

.

dne, I?

The total force F, on charge gat Bis thus F, =F T, where T is a
unit vector along AC.

same magnitude F =

o' TENVRY

9T TARVER

13
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Similarly the total force on charge -gat CIs F, = V3 F o, where ais
the unit vector along the direction bisecting the ZBCA.

It is interesting to see that the sum of the forces on the three charges
is zero, ie,,

F,+F +F, =0

The result is not at all surprising. It follows straight from the fact
that Coulomb’s law Is consistent with Newton's third law. The proof
is left to you as an exercise,

®
—
<]

1.7 ELectrIC FIELD

Let us consider a point charge @ placed in vacuum, at the origin O. If we
place another poinl charge g al a point P, where OP =r, then (he charge
will exert a force on g as per Coulomb’s law, We may ask the question: If
charge q is removed, then what is lefl in the suwrrounding? Is there
nothing? If there is nothing at the point P, then how does a force act
when we place the charge gat P. In order to answer such questions, the
early scientists introduced the concept of field. According to this, we say
that the charge @ produces an electrie field everywhere in the surrounding.
When another charge g is brought at some point P, the field there acts on
it and produces a force. The electric field produced by the charge @ ata
point r is given as
L .1 8,
4ne, r Ane, rt
where ¥ = r/r, is a unit vector from the origin to the point r, Thus, Eq.[(1.6]
specifies the value of the electric field for each value of the position
vector r. The waord “field” signifies how some distributed quantity (which
could be a scalar or a vector) varies with position. The effect of the charge
has been incorporated in the existence of the electric field. We obtain the
force F exerted by a charge Q on a charge g, as
[a) 1 :
F= o %r (1.7)

Note that the charde g also exerts an equal and opposite force on the
charge Q. The electrostatic force between the charges @ and g can be
looked upon as an interaction between charge g and the electric field of
Jand vice versa. If we denote the position of charge g by the vector r, it
experiences a force F equal to the charge g multiplied by the electric
field E at the location of g. Thus,

Fir) = qE(r) (1.8)

Equation (1.8) defines the SI unit of electric field as N/C*.

Some imporlani remarks may be made here:

E(r)= (1.6)

(b) (il From Eq. (1.8}, we can infer that if ¢ is unity, the electric field due to

FICURE 1.8 Eleelric a charge @ is numerically equal to the torce exerted by it. Thus, the
[leld (@) due to a electric _field due to a charge @ al a point in space may be defined
charge Q. (b} due to a as the force that a unit positive charge would experience if placed

charge —0)

14 © o An alternate unit V/m will be Introduced in the next chapter,
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at that point. The charge @, which is producing the electric field, is
called a source charge and the charge g, which tesis the effect of a
source charge, is called a fest charge. Note that the source charge @
must remain at its original location. However, if a charge g is brought
al any point around @, @ itsell is bound to experience an electrical
loree due to g and will tend to move. A way out of this dilliculty is to
make ¢ negligibly small. The force F is then negligibly small but the
ratio F/qis linite and delines the electric field:

E=1im[5] (1.9)

a0 | g
A practical way to get around the problem (of keeping Q undisturbed

in the presence of g) is to hold @ to its location by unspecified forees!

This may look strange but actually this is what happens in practice.

When we are considering the electric force on a test charge gdue to a

charged planar sheel (Section 1.15), the charges on the sheet are held to

their locations by the forces due to the unspecified charged constituents
inside the sheet.

(i) Notethat the electric field E due to Q. though defined operationally in
terms ol some test charge g, is independent of g. This is because
F is proportional to g, so the ratio F/q does not depend on . The
lforce F on the charge g due to the charge Q depends on the particular
location of charge g which may take any value in the space around
the charge Q. Thus, the electric lield E due to Qs also dependent on
the space coordinate r, For different positions of the charge g all over
the space, we get different values of electric field E. The lield exists at
every point in three-dimensional space,

(iii) For a posiltive charge, the electric field will be directed radially
outwards [rom the charge. On the olther hand, if the source charge is
negalive, the electric field vector, at each point, points radially inwards.

(ivl Since the magnitude of the force F on charge g due to charge @
depends only on the distance r of the charge g from charge Q,
the magnitude of the electric field E will also depend only on the
distance r. Thus at equal distances from the charge @, the magnitude
of its eleciric field E is same. The magnilude of electric lield E due to
a point charge is thus same on a sphere with the point charge at its
centre; in other words, it has a spherical symmetry.

1.7.1 Electric field due to a system of charges

Consider a system ol charges g,, q,. .... g, with position vectors r,,
r, ... r relative to some origin O. Like the electric field at a point in
space due to a single charge, electric field at a point in space due to the
system of charges is defined to be the force experienced by a unit
test charge placed at that point. without disturbing the original
positions of chardes ¢, 4,. ..., g,. We can use Coulomb's law and the
superposition principle to determine this field at a point P denoted by

position vectorr.



™ Physics

Electric field E| at r due to q, at r| is given by

where 1, is a unit vector in the direction from g, to P.

and r,,, is the distance between g, and P.
In the same manner, electric field E, at r due to g, at
r,is
) E = 1 ir
s 2 4me it

LR

where £, is a unit vector in the direction from g, to P

FIGURE 1.9 Electric field at a point and r,, is the distance between g, and P. Similar
due Lo a system of charges is the expressions hold good for fields E,, E,, ..., E_due to
vector sum of the elecirie flelds al charges Geyr Qv vona e

the polat due to individual charges By the superposition principle, the electric lield Eal r

due to the system of charges is (as shown in Fig. 1.12)
E(r) =E r)+ E,(r) +... + E_[r)

1 g . 1 g, . Gy
- e iy e e, it T e s T )
ane, re " Amey rh ¥ ang; rs ™
Elr) = 1 & izrf'n- (1.10)
Aney 1o Tip

E is a vector quantity that varies from one point to another point in space
and is determined [rom the positions of the source charges.

1.7.2 Physical significance of electric field

You may wonder why the notion of electric field has been introduced
here at all. Alter all, lor any system of charges, the measurable quantity
is the force on a charge which can be directly determined using Coulomb's
law and the superposition principle [Eq. (1.5)]. Why then introduce this
intermediate quantity called the electric field?

For electrostatics, the concept of electric field is convenient, but not
really necessary, Eleciric field is an elegani way ol characterising the
electrical environment ol a system ol charges. Electric lield at a point in
the space around a system of charges tells vou the foree a unit positive
test charge would experience if placed at that point (without disturbing
the system). Electric field is a characteristic of the system of charges and
is independent of the test charge that you place at a point to determine
the lield. The term field in physics generally relers to a quantity that is
delined at every point in space and may vary [rom point to point. Electric
field is a vector field, since foree is a vector guantity.

The true physical significance of the concept of electric field, however,
emerges only when we go beyond electrostatics and deal with time-
dependent electromagnetic phenomena. Suppose we consider the force
between (wo distant charges q,. q, in acceleraled motion. Now the greatest
speed with which a signal or information can go from one point to another

16 is ¢, the speed of light. Thus, the effect of any motion of g, on g, cannot
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arise instantaneously. There will be some time delay between the effect
(force on g ) and the cause {motion of g ). It is precisely here that the
notion of electric field (strictly, eleciromagnetic lield) is natural and very
useful. The field picture is this: the accelerated motion of charge g,
produces electromagnetic waves, which then propagate with the speed
¢, reach 4, and cause a force on q,. The notion of field elegantly accounts
for the time delay. Thus, even though electric and magnetic fields can be
detected only by their effects (forces) on charges, they are regarded as
physical entities, not merely mathematical constructs. They have an
independent dynamics of their own, i.e,, they evolve according to laws of
{heir own. They can also {ransporl energy. Thus, a source ol lime-
dependent electromagnetic fields, turned on for a short interval of time
and then switched off, leaves behind propagating electromagnetic fields
lransporling energy. The concept ol field was [irst introduced by Faraday
and is now among the central concepts in physics.

Example 1.7 An eleciron [alls through a distance of 1.5 ¢m in a
uniform electric field of magnitude 2.0 * 10' N C' [Fig. 1.10(a)]. The
direction of the [lield is reversed keeping its magnilude unchanged
and a proton falls through the same distance [Fig. 1.13(b)]. Compute
the time of fall in each case. Contrast the situation with that of ‘free
fall under gravity'.

o - - + - +
- i = [ 3 B
w w w
e +* + = = -
fal ib)
FIGURE 1.10

Solution In Fig. 1.13(a) the lield Is upward, so the negatively charged

electron experiences a downward force of magnitude ¢E where E is

the magnitude of the electric field. The acceleration of the electron is
2= eBimy

where m_ is the mass of the electron.

Starting from rest, the time required by the electron to fall through a

2h 2hm,
distance h is given by = T e

Fore=1.6x107""C. m =9.11 x 107 kg,
E=20x10°NC?, h=1.5%107% m.

t=29x%x10%
In Fig. 1.13 (b}, the field Is downward, and the positively charged

proton experiences a downward force of magnitude eE. The
acceleration of the proton is

i el
where m, Is the mass of the proton; m, = 1.67 * 107" kg, The time of
fall for the proton is

2T TTERVES]
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Exawrie 1.7

Examrie 1.8

2h
t,= ‘ﬁ= ‘ e _ 18%1078
a, el

Thus, the heavier particle {proton) takes a greater time to fall through
the same distance, This is in basic contrast to the situation of ‘free
fall under gravity' where the time of fall is independent of the mass of
the body. Note that in this example we have ignored the acceleration
due to gravity in caleulating the time of fall. To see if this is justified,
let us caleulate the aceeleration of the proton in the given electric
fleld:

a;.-"EE

My

16 x 10" €) % (2.0 x 10" NC')
1.7 x 1077 kg

=19 x 102 ms?

which is enormous compared to the value of g (9.8 m s %), the
acceleration due lo gravily, The acceleralion ol the electron is even
greater. Thus, the effect of acceleration due to gravity can be Ignored
in this example.

Example 1.8 Two point charges g, and q,. of magnitude +10° C and
-107" C, respectively, are placed 0.1 m apart. Calculate the electric
fields at points A, B and C shown in Fig. 1.11.

FIGURE 1.11
Solution The electric field vector E,, at A due fo the positive charge
¢, points towards the right and has a magnitude
o _ [(9x10"Nm*C*)x (10 "C) _
" (0.05m)*

The electrie field vector E,, at A due to the negative charge g, points
towards the right and has the same magnitude. Hence the magnitude

36x10' NC!

-of the total electric field E, at A is

E,=E, +E,=72x10°NC"
E, is directed toward the right.
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The electric field vector E, at B due to the positive charge g, points
lowards the lelt and has a magnilude

B -9 LO*Nm*C ) % (107°C)
- (0.05m}*

The electric field vector E,; al B due Lo the negative charge g, points

towards the right and has a magnitude

L2 -
Ezﬂ=[9:-<1{}”Nm CP)=(107C) _ 4% 100 No!

[0.15m}*
The magnitude of the total electric field at B is
E,=E, - E. =32x10'NC"
E, is directed towards the left.
The magnitude of each electric lield vector at point C, due to charge
i, and q, is

=36 x 10°NC?

(9x10°Nm*C?) < (107°C)
Eil:: EEC'= rﬂ-lﬂ II]:F

The directions in which these two vectors point are Indicated in
Fig. 1.14. The resultant of these two vectors is

= Bx10° NC

E+4 E, cos §= E,, cos -;-n 9x 107 N

81 TINVIS]

E. points towards the right.

1.8 EvLrcTrIC FIELD LINES

We have studied eleciric field in the last section. It is a vector quantity
and can be represented as we represent veciors, Letus try to represent E
due 1o a point charge pictorially. Lel the poinl charge be placed at the
origin. Draw vectors pointing along the direction of the
electric field with their lengths propartional to the strength
of the field at each point. Since the magnitude of electric 1
field at a point decreases inversely as the square of the
distance of that point from the charge, the vector gets \ T /
shorter as one goes away from the origin, always pointing
radially outward. Figure 1.12 shows such a picture. In \ L /
this figure, each arrow indicates the electric field, i.e., the '\
force acting on a unit positive charge, placed at the tail of /
that arrow. Connect the arrows pointing in one direction <— < — —@—— —
and the resulting figure represents a feld line. We thus / \'
get many field lines, all pointing outwards from the point
charge. Have we lost the information about the strength / b4 \
or magnitude of the ficld now, because it was contained /
in the length of the arrow? No. Now the magnitude of the
field is represented by the density of field lines, E is strong l
near the charge, so the density of field lines is more near
the charge and the lines are closer. Away from the charge, FIGURE 1.12 Ficld of o polnt charge
the field gets weaker and the density of field lines is less,
resulting in well-separated lines.

Another person may draw more lines. Bul the number ol lines is not
important. In fact, an infinite number of lines can be drawn in any region.

19
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/

Reglon of | d
strong fleld/ | o

P,

b
.
'F,

! 4
Fa o _/_,f'_’/- .
:;P*"-_;_u;.s*"’ﬂf-———

‘Regionof |t j5 the relative density of lines in different re gions which is
/ wealk field important.

/ We draw the figure on the plane of paper, Le., in two-
P dimensions but we live in three-dimensions. So if ane wishes
*4 to estimate the density of field lines, one has to consider the
/’f number of lines per unit cross-sectional area, perpendicular
! to the lines. Since the electric field decreases as the square of
i / the distance from a point charge and the area enclosing the
' f charge increases as the square of the distance, the number

T

L'-."-ﬂ : A ; ;
| Fe of field lines crossing the enclosing area remains constant,

i whatever may be the distance of the area [rom the charge.

q ALl =0

FIGURE 1.13 Dependence of
electric field strength on the
distance and its relation to the

number of lcld lines

20

We started by saying that the field lines carry information
about the direction of electric field at different points in space.
Having drawn a certain set of field lines, the relative densily
(i.e.. closeness) of the field lines at different points indicates
the relative strength of electric field at those paints. The field
lines crowd where the field is strong and are spaced apart
where it is weak. Figure 1.13 shows a set of field lines. We
can imagine two equal and small elements of arca placed at points R and
5 normal to the field lines there. The number of field lines in our picture
cutting the area elements is proportional to the magnitude of field at
these points. The picture shows that the field at R is stronger than at S,

To understand the dependence of the field lines on the area, or rather
the solid angle subtended by an area element, let us try to relate the
area with the solid angle, a generalisation of angle to three dimensions.
Recall how a (plane) angle is defined in two-dimensions. Let a small
transverse line element Al be placed at a distance rfrom a point O. Then
the angle subtended by Al at O can be approximated as Af = Al/r.
Likewise, in three-dimensions the solid angle” subtended by a small
perpendicular plane area AS, at a distance r, can be written as
AL} = AS/r’. We know that in a given solid angle the number of radial
lield lines is the same. In Fig. 1.16, for two points P, and P, al distances
r, and rafrnrn the charge, the element of area subtending the solid angle
A is P AD at P, and an element of area r) AQ at P, respectively. The
number of lines (say n) cutting these area elements are the same, The
number of [ield lines, cutting unil area element is therelore n/|{ rl2 AlY) at
P, and n/( r; AQ) at P, respectively. ISiﬂCE‘ n and AL are common, the
strength of the field clearly has a 1/r* dependence.

The picture of field lines was invented by Faraday to develop an
intuitive non-mathematical way of visualising electric fields around
charged configurations. Faraday called them lines of force. This term is
somewhat misleading, especially in case of magnetic fields. The more
appropriate term is field lines (electric or magnetic) that we have
adaopted in this book.

Electric lield lines are thus a way of pictorially mapping the electric
field around a configuration of charges. An electric field line is, in general,

* Solid angle is & measure of a cone. Consider the intersection of the given cone
with a sgher& of radius R. The solid angle A of the cone is delined to be equal
to AS/RY, where AS is the area on the sphere cut out by the cone.
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a curve drawn in such a way that the tangent to it at each
point is in the direction of the net field at that poinf. An
arrow on the curve is obviously necessary to specily the
direction of electric field from the two possible directions
indicated by a tangent to the curve. A field line is a space
curve, i.e., a curve in three dimensions.

Figure 1.14 shows the field lines around some simple
charge conligurations. As mentioned earlier, the field lines
are in 3-dimensional space, though the figure shows them
only in a plane. The field lines of a single positive charge
are radially outward while those of a single negative
charge are radially inward. The field lines around a system
ol two positive charges (g, g) give a vivid pictorial
description of their mutual repulsion, while those around
the configuration of two equal and opposite charges
(g, —qg), a dipole, show clearly the mutual attraction
between the charges. The field lines follow some important
general properties:

(i) Field lines start from positive charges and end at
negalive charges. I there is a single charge, they may
start or end at infinity.

(ii) In acharge-free region, electric field lines can be taken
to be continuous curves without any breaks.

(iii) Two field lines can never cross each other. (If they did.
the field at the point of intersection will not have a
unigue direction, which is absurd,)

(iv) Electrostatic field lines do not form any closed loops.
This follows from the conservative nature of eleciric
field (Chapter 2).

1.9 ELectriCc FLUX

Consider flow of a liquid with velocity v, through a small
{lat surface d5, in a direction normal to the surface. The
rate of low of ligquid is given by the volume crossing the
area per unit time ©dS and represents the flux of liquid
flowing across the plane. If the normal to the surface is
not parallel to the direction of flow of liquid, Le., to v, bul
makes an angle & with it, the projected area in a plane
perpendicular tow is §dS cos ), Therefore, the flux going
out of the surface dSis v.n dS. For the case of the eleciric
field, we define an analogous quantity and call it electric
STz, We should, however, note that there is no flow of a
physically observable quantity unlike the case of
liquid flow.

In the picture of electric field lines described above,
we saw that the number of field lines crossing a unit area,
placed normal to the field at a point is a measure of the
strength ol electric lield at that point. This means that if
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* E we place a small planar element of area AS

7—-"’”-: — | normal to E at a point, the number of field lines

» g crossing it is proporiional’ to E AS. Now

— -‘ __.is — |8 suppose we filt the area element by angle .
— g — Clearly, the number of field lines crossing the
— s - area clement will be smaller. The projection of

the area element normal to Eis AScosd, Thus,
the number of field lines crossing AS is
proportional to E AS cosfl. When ¢ = 90°, field
lines will be parallel to AS and will not cross it
al all (Fig. 1.15).

The orientation of area element and not

— i = merely its magnitude is important in many
= T contexts. For example, in a stream, the amount

i — of water flowing through a ring will naturally
e depend on how you hold the ring. If you hold
it normal to the flow, maximum water will flow
through it than if you hold it with some other
orientation. This shows that an area element
should be treated as a vector. It has a
magniiude and also a direction. How to specify the direction of a planar
area? Clearly, the normal to the plane specifies the orientation of the
plane. Thus the direction of a planar area vector is along its normal.

How to associate a vector to the area of a curved surface? We imagine
dividing the surface into a large number of very small area elements,
Each small area element may be treated as planar and a vecior associated
with it, as explained before.

Notice one ambiguity here. The direction of an area element is along
its normal. But a normal can point in two directions, Which direction do
we choose as the direction of the vector associated with the area element?
This problem is resolved by some convention appropriate to the given
AS=ASH context, For the case of a closed surface, this convention is very simple.
The vector associated with every area element of a closed surface is taken
to be in the direction of the outivard normal. This is the convention used
in Fig. 1.16. Thus, the area element vector A8 atl a point on a closed

surface equals AS a where AS is the magnitude of the area element and

FIGURE 1.15 Dependence ol flux an the
inchinationn # between E and

A is a unit vector in the direction of outward normal at that point.

We now come Lo the definition of electric flux. Electric flux Ad through
an area element AS is deflined by

Af=E-AS = EAS cosl (1.11)
which. as seen before, is proportional to the number of field lines cutting
the area element. The angle f here is the angle between E and AS. For a
closed surface, with the convention stated already, @is the angle between

FIGURE 1.16 E and the outward normal to the area element. Notice we could look at
the expression E AS cosé in two ways: E [AS cosd ) ie.. E times the

Convention for

defining normal

a and AS * It will not be proper to say that the number of field lnes is equal to EAS. The
number of field lines is after all, a matter of how many field lines we choose to
draw. What 1s physically significant s the relative number of fleld lines crossing
a given area at different points.
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projection of area normal to E, or E AS, i.e., component ol E along the
normal to the area element times the magnitude of the area element. The
unit of electric flux is N €™ m®.

The basic definition of electric flux given by Eq. (1.11) can be used, in
principle, to calculate the total flux through any given surface. All we
have to do is to divide the surface into small area elements, calculate the
flux at each element and add them up. Thus, the total ux ¢ through a
surlace Sis

¢~ LE-AS (1.12)

The approximation sign is put because the electric field E is taken to
be constant over the small area element. This is mathematically exact
only when you take the limit AS — 0 and the sum in Eq. (1.12) is written
as an integral.

1.10 ELecTtrIC DIPOLE

An electric dipole is a pair of equal and opposite point charges g and —qg,
separated by a distance 2a. The line connecting the two charges defines
a direction in space. By convention, the direction from —gq to g is said to
be the direction of the dipole. The mid-point of locations of —g and g is
called the centre of the dipole,

The total charge ol the electric dipole is obviously zero. This does not
mean that the field of the electric dipole is zero. Since the charge gand
—-q are separated by some distance, the electric fields due to them, when
added. do not exactly cancel out. However, at distances much larger than
the separation of the two charges forming a dipole (r >> 2a), the fields
due to g and —q nearly cancel oul. The eleciric lield due to a dipole
therefore falls off, at large distance, faster than like 1/ 2 (the de pendence
on r ol the lield due o a single charge g). These qualitative ideas are
borne out by the explicit caleulation as follows:

1.10.1 The field of an electric dipole

The electric field of the pair of charges (-q and g) at any point in space
can be found out from Coulomb's law and the superposition principle.
The results are simple for the following two cases: (i) when the point is on
the dipole axis, and (i) when it is in the equatorial plane of the dipole,
i.e., ona plane perpendicular to the dipole axis through its centre. The
electric field at any general point P is obtained by adding the electric
fields E due to the charge —qg and E, due to the charge g. by the
parallelogram law ol vectors.

(i} For points on the axis

Let the point P be at distance r from the centre of the dipole on the side of
the charge g. as shown in Fig. 1.20(a). Then
4q

dne,lr+a) P [1.13(a)]

-7

where p is the unil veclor along the dipole axis (from —qg to g). Also

+q=d_-:"|:£¢[r—a}3p ll-la[h}l
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—1 *|  The total field at Pis
B E., P
| a7 g g 1 1
: : E- E,+ E = =
: = - i i ilrl:.s.‘.;,[[lr-s:!.}2 {r--a}’Jp
{a)
_ q dar
E 4E£u {!_2___.,13}.2 P [1.14}
o For r>>a
_“_4-:}{1 R
B> EatP ane,r ¥ (r>>a) (1.15)
4 Jf \ (ii} For points on the equatorial plane
‘Af r \ E, The magnitudes of the electric fields due to the two
fﬁ charges +g and —g are given by
T B R q 1
E: d Bl e o s
I P - " e 2t [1.16(a)]
q 1
7 e B i
/ U dne, 17 4 a [1.16(b)]
L=}]
FIGURE 1.17 Eleciric tield of a ;'||J':-|'|||' and are e—qu;a_lt
at (@) a point on the axis, (b] & point The directions of E, and E  are as shown in
on the L'-'I'-‘-'-‘-_".i'“II I |Ii“:1' of the “_ll"""‘ + Fig. 1.20(b). Clearly, the components normal to the dipole
P st l_":'l'”rll:!ﬁ:ll' 'f_”i"'l_:"::' " :j ' ;i:'l " axis cancel away. The components along the dipole axis

add up. The total electric field is opposite to P. We have
E=—(E, +E )cosd P

tirected from -g to g

- 2qa
—_4].,:50{1.2_'_&2]3;21’ (1.17)
Al large distances [r>> g, this reduces Lo
Z2ga .
E:_EFP fr == al (1.18)

From Eqs. (1.15) and (1.18), it is clear that the dipole field at large
distances does not involve g and a separately; it depends on the product
ga. This suggesis the delinition ol dipole moment. The dipole moment
vector p of an electric dipole is defined by

pP=gx2aP (1.19)
that is, it is a vector whose magnitude is charge g times the separation
Za (between the pair of charges g, —q) and the direction is along the line
from —gto g. In terms of p, the electric ficld of a dipole at large distances
takes simple forms:

At o point on the dipole axis

2p
E= dmer r>>al (1.20)

At a point on the equatorial plane

I
24 4ne,r?

(r==d (1.21)
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Notice the important point that the dipole field at large distances
falls off not as 1/r* but asl/r®. Further, the magnitude and the direction
of the dipole [lield depends not only en the distance r but also on the
angle between the position vector r and the dipole moment p.

We can think of the limit when the dipole size 2a approaches zero,
the charge g approaches infinity in such a way that the product
p= ¢ % 2ais finite, Such a dipole s referred to as a point dipole. For a
point dipole, Eqs. (1.20) and (1.21) are exact, true for any r.

1.10.2 Physical significance of dipoles

In most molecules, the centres of positive charges and of negative charges®

lie at the same place. Therefore, their dipole moment is zero. CO, and

CH, are of this type of molecules. However, they develop a dipole moment
when an electric field is applied. But in some molecules, the centres of
negative charges and of positive charges do not coincide. Therefore they
have a permanent electric dipole moment, even in the absence of an electric
field. Such molecules are called polar molecules, Water molecules, H,0,
is an example of this type. Various materials give rise to interesting
properties and important applications in the presence or absence ol
electric field.

Example 1.9 Two charges £10 uC are placed 5.0 mm apart. Determine
the electric field ai (a) a poinl P on the axis of the dipole 15 cm away
from its centre O on the side of the positive charge, as shown in Fig,
1.21{a). and (b} a point Q. 15 cm away from O on a line passing through
Crand normal to the axis of the dipole, as shown in Fig. 1.21{b).

!
q'g
Ao s i
—_—— . [ E i
-10 +10 ] {0
po po ik
Eﬂ rI|I | I!‘
Pl
'..I i L4 H
A o B
-10 LC +10 e
FIGURE 1.18 1]
—
is}

Centre of a collection of positive point charges is defined much the same way
LG

as the centre of mass: I =t—-

T
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ExamrLe 1.9

Solution (a) Field at P due to charge +10 uC

10°C y 1

= 4n(8854%10 2 CPNTm®)  (15-0.25P %10 * m?
= 4.13% 10° NC! along BP
Field at P due to charge -10 pC
_ 10°C : 1
T Am(8854x10¥ 2N 1m?¥) T (15+0.25° %10t m?
= 3.86 ¥ 10° N ¢ along FA
The resultant electric field at P due to the two charges at A and B is
= 2,7x10° NC?' along BP.
In this example, the ratio OF/OB is quile large (= 80). Thus, we can
expect to gel approximately the same resull as above by directly using
the lormula for electrie Held at a far-away poinl on Lthe axis ol a dipole.,
For a dipole consisting of charges £ g, 2a distance apart, the electric
field at a distance r from the centre on the axis ol the dipole has a
magnitude

2p

E= ane,rt frfa>> 1)

where p = 2a g is the magnitude of the dipole moment.
The direction of electric field on the dipole axis Is always along the
direction of the dipole moment vector (i.e., rom —g to g). Here,
p=10°Cx5%10°m =5%10°Cm
Therelore,

Dx5x10%Cm

1
i - = 5 ~-1
(B854 107N " m?) 18P x10% w? 2.6% 10° NC

along the dipole moment direction AB, which is close to the result
obtained earlier.
(b) Field at § due to charge + 10 uC at B
lﬁ““_G » 1
T4 n (8854107 CENT mP) 157+ (0.25P] x 10°* m?
= 399 % 10° N C! along BQ

Field atl 3 due (o charge 10 pC al A

B 10°C » 1
TAn(EE54 =10 CIN m ) 157 +(0.258 %10 ' m?
= 3.99 x 10° N C along QA.

Clearly. the components of these two forces with equal magnitudes
cancel along the direction OQ but add up along the direction parallel
to BA. Therefore, the resultant electric fleld at @ due to the two
charges al A and B is

_— 0.25
J15¢ + (0.25]

= 1.33x 10° N C! along BA.

As in (a), we can expect to get approximately the same result by

directly using the formula for dipole field at a point on the normal to
the axis of the dipole:

x 3.99 x 10°N C 'along BA
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P
= aner (r/fa>>1)

N 5x10%Cm 4 1
4n(B.854x10 " C*N'm™) ~ (15°x10°m®
= 133x10° NCL

The direction of electric field in this case is opposite to the direction
of the dipole moment vector. Again, the result agrees with thatl obtained

before.

6T TTLINVIH

1.11 DrroLE IN A UnirorM ExTERNAL FIELD

Consider a permanent dipole ol dipole moment p in a uniform
external field E, as shown in Fig. 1.19. (By permanent dipole, we
mean that p exists irrespective of E: it has not been induced by E.) }n
There is a force gE on q and a force —gE on —g. The net force on
the dipole is zero, since E is uniform, However, the charges are ™4
separated, so the forces act at different points, resulting in a torque
on the dipole. When the net force is zero, the torque [couple] is &
independent of the origin. Its magnitude equals the magnitude of FIGURE 1.18 Dipole o
each force multiplied by the arm of the couple (perpendicular ~ Uinrm electric ficld
distance between the two antiparallel forces).
Magnitude of torque = g EX 2 asind

=2 gakEsind
Its direction is normal to the plane of the paper, coming out of it.
The magnitude of p X E is also p E sinf and its direction E
is normal to the paper, coming out of it. Thus,
Force on -4
T=p xE [1.22] — m‘q
This torgue will tend to align the dipole with the field @ @
E. When p is aligned with E, the torque is zero. - P q

What happens if the field is not uniform? In that case, . . . .
the net force will evidently be non-zero. In addition there  pirertion of increasing field = —
will, In general, be a torque on the system as before. The

general case is involved, so let us consider the simpler fa)
situations when p is parallel to E or antiparallel to E. In
either case, the net torque is zero, but there is a net force E
on the dipole if E is not uniform.

Figure 1.20 is sell-explanatory. It is easily seen that @ @
when p is parallel to E, the dipole has a net force in the q P iy
direction of increasing lield. When p is antiparallel io E, Force on g

the net force on the dipole is in the direction of decreasing

" Force on -g
lield. In general, the lorce depends on the orientation of p P EEHBT AE B e = e
wilh respect to E. Direction of increasing fleld = ——»
This brings us to a common observation in frictional b}
electricity. A comb run through dry hair atiracts pieces of  piaURE 1.20 Electric foree an a
paper. The comb, as we know, acquires charge through dipole: (a) B parallel to p, (b) E
friction. But the paper is not charged. What then explains antiparallel o p

the attractive force? Taking the clue from the preceding 27
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Line charge AQ =4 A

P

T

Volume charge AQ=#AV

FIGURE 1.21
Definition of linear,
surface and volume
charge densities

In |'.-.I_'_}| LB, ”!1
element (AL AS, AV)
¢liosen is small on

the mar IoScC O]
seale bul conlains
a very large number

ol microseo)i

constituents.
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discussion, the charged comb ‘polarises’ the piece of paper. i.e., induces
a net dipole moment in the direction of field. Further, the electric tield
due to the comb is not unilorm. This non-uniformity of the lield makes a
dipole to experience a net force on it. In this situation, it is easily seen
that the paper should move in the direction of the comb!

1.12 Contmnvous CHARGE DISTRIBUTION

We have so far dealt with charge configurations involving discrete charges
9y Gqr ---» 4,- One reason why we restricted to discrete chargesis that the
mathematical treatment is simpler and does not involve ealculus, For
many purposes, however, il is impractical to work in terms of discrete
charges and we need to work with continuous charge distributions. For
example, on the surface of a charged conductor, it is impractical o specily
the charge distribution in terms of the locations of the microscopic charged
constituents. It is more feasible to consider an area element AS (Fig. 1.21)
on the surface of the conductor (which is very small on the macroscopic
scale but big enough to include a very large number of electrons) and
specify the charge AQ on that element. We then define a surface charge
density o at the area element by
AQ

g=—=
AS (1.23)

We can do this at different points on the conductorand thus arrive at
a continuous function e, called the surface charge density, The surface
charge density ¢ so defined ignores the quantisation of charge and the
discontinuity in charge distribution at the microscopic level®. o represents
macroscopic surface charge densily, which in a sense. is a smoothed out
average of the microscopic charge density over an area element AS which,
as said before, is large microscopically but small macroscopically. The
units lor oare C/m*.

Similar considerations apply for a line charge distribution and a volume
charge distribution. The linear charge density A of a wire is delined by

P

T (1.24)

where Alis a small line element ol wire on the macroscopic scale that,
however, includes a large number of microscopic charged constituents,
and AQ is the charge contained in that line element. The units for A are
C/m. The volume charge density (sometimes simply called charge density)
is defined in a similar manner:

AQ

AV

where AQ is the charge included in the macroscopically small volume

element AV that includes a large number of microscopic charged
constituents. The units for pare C/m”.

The notion of continuous charge distribution is similar to that we

adopt for continuous mass distribution in mechanics. When we refer to

p= (1.25)

© At the microscopic level, charge distribution is discontinuous, because they are
discrete charges separated by Intervening space where there Is no charge.



Electric Charges
and Fields

the density of a liquid, we are referring to its macroscopic density. We
regard it as a continuous fluid and ignore its discrete molecular
constitution.

The [ield due to a conlinuous charge distribution can be oblained in
much the same way as for a system of discrete charges, Eq, (1.10). Suppose
a continuous charge distribution in space has a charge density p. Choose
any convenient origin O and let the position vector of any point in the
charge distribution be r. The charge densily p may vary I[rom point to
point, i.e., it is a function of r. Divide the charge distribution into small
volume elements of size AV, The charge in a volume element AVis pAV.

Now, consider any general point P (inside or outside the distribution)
with position vector R (Fig. 1.21). Electric field due to the charge pAVis
given by Coulomb's law:

1 pAV
TET I
where r’is the distance between the charge element and P, and T'isa
unit vector in the direction lfrom the charge element to P. By the
superposition principle, the total electric field due to the charge
distribution is obtained by summing over electric [ields due Lo dillerent
volume elements:

1 oAV |
— ¥

4mg, AV e

Note that p, v, 1’ all can vary from point to point. In a strict
mathematical method, we should lel AV—0 and the sum then becomes
an integral; but we omit that discussion here, for simplicity. In short,
using Coulomb’s law and the superposition principle, electric field can
be determined for any charge distribution, discrete or continuous or part
discrete and part continuous.

1.13 Gauvss's Law

As a simple application of the notion of electric flux, let us consider the
total flux through a sphere of radius r, which encloses a point charge g
at its centre. Divide the sphere into small area elements, as shown in
Fig. 1.22,

The flux through an area element AS is

T (1.26)

E=

(1.27)

EI "
Ag=E-AS = £ AS
@ e (1.28)

where we have used Coulomb’s law for the electric field due to a single
charge g. The unit vector T is along the radius vector from the centre to
the area element. Now, since the normal to a sphere at every point is
along the radius vector at that point, the area element AS and T have
the same direction. Therefore,

q
Ag=—1 _AS
@ ane, 12 (1.29)

since the magnitude of a unit vectoris 1.
The total flux through the sphere is obtained by adding up flux
through all the different area elements:

FIGURE 1.22 Flux

through a spher

enclosing a polnl

charge g al its cenir

29
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q
T
= s drg, rt

Since each area element of the sphere is at the same
distance r from the charge,

AS

FIGURE 1.23 Calculation ol the = q _ ;
[ux of uniform eleciric feld ﬁ_:i;m ril uﬁzﬁﬂs_aﬂé‘g ‘:2--5
through the surface of a ovlinde 5
e b i Now S, the total area of the sphere, equals 4xr?. Thus,
q 2_ 49
= e W Anre =
= T, 7 P (1.30)

Equation (1.30) is a simple illustration of a general result of
electrostatics called Gauss's law.

We state Gauss's law without proof:

Electric flux through a closed surface S

=g/, (1.31)

q = total charge enclosed by 5.

The law implies that the total electric flux through a closed surface is
#zero il no charge is enclosed by the surface. We can see that explicitly in
the simple situation of Fig, 1.23.

Here the electric field is uniform and we are considering a closed
cylindrical surface, with its axis paralle] to the uniform field E. The total
flux ¢ through the surface is ¢= ¢, + ¢, + ¢, where ¢, and ¢, represent
the Mux through the surfaces 1 and 2 (of circular cross-section) of the
cylinder and ¢, is the flux through the curved cylindrical part of the
closed surface. Now the normal to the surface 3 at every point is
perpendicular to E, so by definition of flux, ¢, = 0. Further, the outward
normal to 2 is along E while the outward normal to 1 is opposite to E.

Therefore,
¢|1 =—ES]__. ¢2=+E32
51 = 52 =5

where Sis the area of circular cross-section. Thus, the total [lux is zero,

as expected by Gauss's law. Thus, whenever you find that the net electric

flux through a closed surface is zero, we conclude that the total charge
contained in the closed surface is zero.

The great significance of Gauss’s law Eq. (1.31), is that it is true in
general, and not only for the simple cases we have considered above. Let
us note some important points regarding this law:

(i) Gauss's law is true for any closed surface, no matter what its shape
or siZe.

(ii) The term g on the right side of Gauss’s law, Eq, (1.31), includes the
sum of all charges enclosed by the surface. The charges may be located
anywhere inside the surface.

(iii) In the situation when the surface is so chosen that there are some
charges inside and some oulside, the eleciric ield [whose Hux appears
on the left side of Eq. (1..31)] is due to all the charges, both inside and
outside S. The term g on the right side of Gauss's law, however,

30 represents only the total charge inside S.
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(iv) The surface that we choose for the application of Gauss's law is called
the Gaussian surface. You may choose any Gaussian surface and
apply Gauss's law. However, lake care not to let the Gaussian surface
pass through any discrete charge. This is because electric field due
to a system of discrete charges is not well defined at the location of
any charge. (As you go close to the charge, the field grows without
any bound.) However, the Gaussian surface can pass through a
continuous charge distributior,

(v] Gauss's law is often useful towards a much easier calculation of the
electrostatic field when the systern has some symmetry. This is
lacilitated by the choice ol a suitable Gaussian surface.

(vi) Finally, Gauss's law is based on the inverse square dependence on
distance contained in the Coulomb's law. Any violation of Gauss's
law will indicate departure lrom the inverse square law.

Example 1.10 The electric field components in Fig. 1.24 are
E = ox'? E = E, = 0. In which & = 800 N/C m*2. Calculate (a) the
Mux through the cube, and (b) the charge within the cube. Assume
that @ = 0.1 m.

FIGURE 1.24

Solution

[a) Since the eleectric field has only an x component, for faces
perpendicular to x direction, the angle between E and AS is
+ n/2. Therefore, the flux ¢ = E.AS is separately zero for each face
of the cube excepl the two shaded ones. Now the magnitude of
the electric fleld at the left face Is
E = axti? = gpti2
{x = a at the lefl lace), _
The magnitude of eleelric field al the right face is
B, = 1= « (2a)'?
[x = 2a at the right face].
The corresponding fluxes are
¢;= E;*AS = ASE, -1, =E, AS cosd = ~E; AS, since § = 180°

= -Ebn.a-

#= EAS = E, AS cosfl = E, AS, since 8= 0°
= _E_‘Eg_:

Net [lux through the cube

OT°T FamvXy
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Examrie 1.11

= bt by = Bl ~ B, = @ (B~ B) = oa [(20)'7* - 0
wa?® (Y2 -1)

800 (0.1)%2 {Jﬁ—l)
= 1,06 N m?C?

(b) We can use Gauss's law to find the total charge g inside the cube.
We have ¢ = g/g; or g = ég,, Therelore,

q=1.05%8.854 x 102 C=9.27 > 1072 .

Example 1.11 An electric field is uniform, and in the positive x
direction for positive x and uniform with the same magnitude but in
the negative x direction for negative x. It is given that E =200 i N/C
for x> 0 and E = 200 i N/C for x < 0. A right circular cylinder of
length 20 cm and radius 5 om has its centre at the orlgin and its axis
along the x-axis so that one face is at x = +10 cm and the other is at
x=-10 em (Fig. 1.25). (a) What is the net outward flux through each
flat face? (b) What is the flux through the side of the cylinder?
(c) What Is the net outward flux through the cylinder? (d) What is the
nel charge inside the cylinder?

Solution
[a)] We can see [rom the figure that on the left lace E and AS are
parallel. Therefore, the outward flux is

¢,= E-A8 = - 200 1-A8

= + 200 AS, since §AS8=-AS

= +200 % n [0.052=+157TNm’C!

On the rightl face, E and AS are parallel and thereflore
$.= EAS= + 157 Nm* C",

(b} For any point on the side of the cylinder E is perpendicular to
A8 and hence E-AS = (. Therefore, the (lux oul of the side of the
cylinder is zero.

{c] Net outward [lux through the eylinder
$=157+ 157 +0=3.14 Nm® C?

y
AS
f
-+E
X
g AS i
x=-10cm 20cm x=10 cm
FIGURE 1.25

{d) The net charge within the cylinder can be found by using Gauss's
law which gives
q= g
= 3.14 x 8.854 x 10*? C
= 2.78% 10 C
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1.14 ArrLicAaTIONS OF GAuss's Law

The electric field due to a general charge distribution is, as seen above,
given by Eq. (1.27]. In practice, except for some special cases, the
summation (or integration) involved in this equation cannot be carried

out o give electric field at every point in
space. For some symmetiric charge
configurations, however, it is possible to
obtain the electric field in a simple way using
the Gauss's law. This is best understood by
some examples.

1.14.1 Field due to an infinitely
long straight uniformly
charged wire

Consider an infinitely long thin straight wire
with uniform linear charge density A. The wire
is obviously an axis of symmetry. Suppose we
take the radial vector from O to P and rotate it
around the wire. The points P, P', P" so
obtained are completely equivalent with
respect to the charged wire. This implies that
the electric lield must have the same magnitude
at these points. The direction of electric lield at
every point must be radial (ontward if A > 0,
inward if A <0). This is clear from Fig. 1.26.

Consider a pair of line elements P, and P,
of the wire, as shown. The eclectric fields
produced by the two elements of the pair when
summed give a resultant electric field which
is radial (the components normal to the radial
veclor cancel). This is true for any such pair
and hence the total field at any point P is
radial. Finally, since the wire is infinite,
electric field does not depend on the position
of P along the length of the wire. In short, the
electric field is everywhere radial in the plane
cutting the wire normally, and its magnitude
depends only on the radial distance r.

To caleulate the field, imagine a cylindrical
Gaussian surface, as shown in the Fig. 1.26(b).
Since the field is everywhere radial, flux
through the two ends of the eylindrical
Gaussian surface is zero. At the cylindrical
part of the surface, E is normal to the surface
at every point, and its magnitude is constant,
since it depends only on r. The surface area
of the curved part is 2nrl, where lis the length
of the cylinder.

e
+
— + =
- + o P
7 + b
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™ + __.alq
| -“""'-. e "
4 I
| +
I + !
I * !
P v | [l
+ I
E : e |
i i
| o+ "
I -k
If"'.“ i -‘"'\1"
! . -
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- '._'.___..-""
+
s
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FIGURE 1.26 (a) Eleciric field due to an
infimitely long thin straight wire Is radial,
) The Gausslan surface for a long thin
wire of uniform linear charge densily
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Flux through the Gaussian surface
flux through the curved cylindrical part of the surface
Ex2rrl

The surface includes charge equal to A L Gauss's law then gives
Ex 2rrl= Al/e,

A
2nE,r

1l

]

ie E =

Vectorially, E at any point is given by

A
2mer

E=

n (1.32)

where 0 is the radial unit vector in the plane normal to the wire passing
through the point. E is directed outward il L is positive and inward il Ais
negative.

Note that when we write a vector A as a scalar multiplied by a unit
vector, L.e., as A=A a, the scalar A is an algebraic number, It can be
negative or positive. The direction of A will be the same as that of the unit
vector a if A> 0 and opposite to a if A < 0. When we want to restrict to
non-negative values, we use the symbol |A}and call it the modulus of A.
Thus, |A|z0.

Also note that though only the charge enclosed by the surface (1)
was included above, the electric field E is due to the charge on the entire
wire, Further, the assumption that the wire is infinitely long is erucial,
Without this assumption, we cannot take E to be normal to the curved
part of the cylindrical Gaussian surface. However, Eq. (1.32) is
approximately true lor electric lield around the central portions ol a long
wire, where the end effects may be ignored.

1.14.2 Field due to a uniformly charged infinite plane sheet

Let o be the uniform surface charge density of an infinite plane sheet
(Fig. 1.27). We take the x-axis normal to the given plane. By symmetry,
the electric field will not depend on y and z coordinates and its direction
at every point must be parallel to the xdirection.
St We can take the Gaussian surface to be a
z  charge density o rectangular parallelepiped of cross-sectional area
A, as shown. (A cylindrical surface will also do.) As
seen from the figure, only the two faces 1 and 2 will
contribute to the flux; electric field lines are parallel
to the other faces and they, therefore. do not
contribute to the total flux.
The unit vector normal to surface 1 is in -x
i direction while the unit vector normal to surface2
X ——— bt x ——# is in the +x direction. Therefore, flux E.AS through
both the surfaces are equal and add up. Therefore
the net flux through the Gaussian surface is 2 EA.
The charge enclosed by the closed surface is gA.
3% Therefore by Gauss's law,

-+

FIGURE 1.27 CGaussian surface for a
unlformly charged infinite plane sheet
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2 EA= oA/,
or, E=a/2s,
Vectorically,

aF .
E=_—n
2e, (1.33)

where ft is a unit vector normal to the plane and going away from it.

E is directed away from the plate if o is positive and toward the plate
if o is negative. Note that the above application of the Gauss’ law has
brought out an additional fact: Eis independent of x also.

For a finite large planar sheet, Eq. (1.33) is approximately true in the
middle regions of the planar sheet, away from the ends.

1.14.3 Field due to a uniformly charged thin spherical shell

Let o be the uniform surface charge density of a thin spherical shell of
radius K (Fig. 1.28). The situation has obvious spherical symmetry. The
field at any point P, outside or inside, can depend only on r (the radial
distance from the centre of the shell to the point) and must be radial (i.e.,
along the radius vector),

(i) Field outside the shell: Consider a point P outside the

shell with radius vector r. To calculate E at P, we take the g, ¢ charge .~~~ ~~%.

Gaussian surface io be a sphere ol radius rand with cenire  densityo
O, passing through P. All points on this sphere are equivalent
relative to the given charged configuration. (That is what we
mean by spherical symmetry.) The eleclric field at each point
of the Gaussian surface, therefore, has the same magnitude
E and is along the radius vector at each point. Thus, E and
AS at every point are parallel and the flux through each
element is EAS. Summing over all AS, the flux through the
Gaussian surface is E % 4 n r*. The charge enclosed is

o X 4 1 R* By Gauss's law Surface charge
densiiv o

Lol
Ex4nrt=_—4nR
mr &,

or p=CE..
& 4AmET

where g = 4 72 #is the total charge on the spherical shell,

(Gaussian surface

ALssian
surface

Vectorially, (b
g . FIGURE 1.28 CGaussian
_4'?1:30 1"2 r []34-’ surfaces for a point with

The electric field is directed outward if g > 0 and inward if
q < 0. This, however, is exactly the field produced by a charge
i} placed at the cenire O, Thus [or points outside the shell, the lield due
to a uniformly charged shell is as if the entire charge of the shell is
concentrated at its centre,
(if) Field inside the shell: In Fig. 1.28(b), the point P Is inside the
shell. The Gaussian surface is again a sphere through P centred at O.

@ r=Rblr<i

35



B Physics

36

The flux through the Gaussian surface, calculated as before, is

E % 4 % r*, However, in this case, the Gaussian surface encloses no

charge. Gauss's law then gives

Exd4xrt=0

Le. E=0 (r<R) (1.35)
that is, the field due to a uniformly charged thin shell is zero at all points
inside the shell®. This important result is a direct consequence of Gauss’s
law which follows from Coulomby's law, The experimen tal verification of
this result confirms the 1/+* dependence in Coulomb’s law.

Example 1.12 An early model for an atom consldered it to have a
positively charged point nucleus of charge Ze, surrounded by a
uniform density of negative charge up to a radius R The atom as a
whole is neutral. For this model, what is the electric feld at a distanee
r lrom the nucleus?

FIGURE 1.29

Solution The charge distribution for this model of the atom is as
shown in Fig. 1.29. The total negative charge in the uniform spherical
charge distribution of radlus R must be -2 e, since the atom (nucleus
of charge Z e + negative charge) is neutral. This immediately gives us
the negalive charge densily p, since we musi have

p=0-Zg
_ 3%
or  PTUUNRE

To find the electric field E{xr] at a point P which iz a distance r away
from the nucleus, we use Gauss's law. Because of the spherical
symmetry of the charge distribution, the magnitude of the electric
field E{r) depends only on the radial distance, no matter what the
direction of ¢, Iis direction is along (or opposite to) the radius vector ¢
from the origin to the point P. The obvious Gaussian surface Is a
spherical surface centred al the nucleus. We consider two siluations,
namely, r< Rand r> R

(i) r < R: The electric flux ¢ enclosed by the spherical surface is

$ = E(r)x4nr?

Compare this with a uniforim mass shell discussed in Section 8.5 of Class X1
Textbook of Physics.
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where E [r) is the magnitude of the electric field at r. This is because
the field at any point on the spherical Gaussian surface has the
same direction as the normal to the surface there, and has the same
magnilude at all polnts on the surface.
The charge g enclosed by the Gaussian surface is the positive nuclear
charge and the negative charge within the sphere of radius r,

4nr? 4
3
substituting for the charge density p obtained earlier. we have

e, g+ Ze=

q=Ze—Ze;—3

Gauss's law then gives.

o l—L t r<R

ixe P B

The electric ficld is directed radially outward.

fii) r = I In this case, the total charge enclosed by the Gaussian
spherical surface is zero since the atom is neutral, Thus, from Gauss's
law,

Effxdax ri=0 or EIN=0; r>R

At r= R. both cases give the same result: E=0,

Efr)=

EIL'T T1dNVIH

SUMMARY

I. Eleetrie and magnetic forees determine the properties of atoms,
molecules and bulk matter.

2. From simple experiments on frictional electricity, one can inler that
there are two types of charges in nature; and that like charges repel
and unlike charges atiraet, By convention, the charge on a glass rod
rubbed with silk is positive: that on a plastic rod rubbed with fur is
then negative.,

3. Conduetors allow movement of electric charge through them, insulators
do net. In metals, the mobile charges are electrons: in electrolytes
both positive and negative jons are mobile.

4. Eleciric charge has three basic properties: quantisation, additivity
and conservation.

Quantisation of electrie charge means that total charge (g) of a body
is always an integral multiple of a basic quantum of charge (g ie.,
g=ne where n=0, £1, £2, £3, .... Proton and electron have charges
+e, e, respectively. For macroscopic charges for which nis a very large
number. quantisation of charge can be ignored.

Additivity of electric charges means that the total charge of a system
is the algebraic sum (i.e., the sum taking into account proper signs)
of all individual charges in the system.

Conservation of electrie charges means that the total charge of an
isolated system remains unchanged with time, This means that when
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bodies are charged through [riction. there is a transfer of electric charge
[rom one body to another. bul no ercation or destruction
of charge.

Coulomb’s Lawr The mutual electrostatie force between two point
charges g, and g, is proportional to the product g,g, and inversely
proportional 1o the sguare ol the distance r,; separating them.
Mathematically,

ke | =
_?ij I
T2

F,, = force on g, due to g, =

where Iy, is a unit vector in the direction from g, to g, and k= a

s the constant of proportionality.
In 51 units, the unit of charge is coulomb. The experimental value of
the constant g is

£,=8.864% 10 C* N"'m?
The approximate value of kis

k=9x10"Nm*C?
The ratio of electric force and gravitational force between a proton
and an electron is

k &®
G om.m,

Superposition Principle: The principle is based on the property that the
lorces with which two charges aitract or repel each other are not
affected by the presence of a third (or more] additional charge(s}, For
an assembly of charges g,. q,. q,. .... the force on any charge, say g,.1=s
the vector sum of the force on g, due fo gq,. the force on g, due to q;,
and so on. For each pair. the force is given by the Coulomb’s law for
two charges stated earlier.

The electric field E at a poinl due to a charge conliguration is the
force on a small positive test charge g placed at the point divided by
the magnitude of the charge. Eleciric lleld due o a point charge g has
amagnitude |g| M-manr*: it is radially outwards from g, il g is positive,
and radially inwards if g is negative. Like Coulomb force, electric field
also satistles superposition principle.

An eleetrie field line is a curve drawn in such a2 way that the tangent
at each point on the eurve gives the direction of electrie field at that
point, The relative closeness of field lines indicates the relative strength
of electric field at different points: they crowd near each other in regions
of strong electric fleld and are far apart where the eleciric fleld i=
weak, In regions of constant electric field, the field lines are uniformly
spaced parallel straight lines.

=24 % 10%

. Some of the important properties of fleld lines are: (i) Field lines are

continuous curves without any breaks. (i) Two field lines cannot cross
each other. (1) Electrostatic fleld lnes start at posltive charges and
end at negative charges —they cannot form closed loops,

. An electric dipole is a pair of equal and opposite charges g and —g

separated by some distance 2a. lis dipole moment vector p has
magnitude 2ga and is in the direction of the dipole axis from -g to g.
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12. Field of an electric dipole in iis equatorial plane {i.e., the plane

13,

14.

15.

perpendicular to its axis and passing through its centre) at a distance
r from the centre:

E=—1 -
4 mg, (a®+ "

=B _ Jorrs=a

T A Re '

Dipole electric ficld on the axis al a distance 1 from the centre:

_ 2pr
4 ?EEu[il'z = aﬂ}!

EE%? for r=a
i

The 1/r° dependence of dipole electric fields should be noted in contrast

to the 1/r% dependence of electric field due to a point charge.

In a uniform electrie field E, a dipole experiences a lorque § given by
T=pxE

but experiences no net force.

The flux Ag of electric field E through a small arca element AS is
given by

Ap = E-AB
The vector area element AS is

AS=AS 0

where AS is the magnitude of the area element and R is normal to the

arca element, which can be considered planar lor sufficiently small AS,

For an area element of a closed surface, B is taken to be the direction

of sutiward normal, by conventlon.

Gaiss’s laun The ux of electric [ield through any closed surface Sis

1/, times the Lotal charge enclosed by S, The law is especially uselul

in determining electric fleld E, when the source distribution has simple

symmetry:

(i)} Thin infinitely long straight wire of uniform linear charge density A
A4

2ng, r

where ris the perpendicular distance of the point from the wire and

@ is the radial unit vector in the plane normal to the wire passing
through the point.

{il} Infinite thin plane sheet of uniform surface charge density o

& .
E=——mx

2

where R is a unit vector normal to the plane, outward on either side.
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(it} Thin spherical shell of uniform surface charge density o
T [
E 4_“%&: r = R)
E=0 r < R
where ris the distance of the point from the centre of the shell and R
the radius pfthanheli. g is the total charge of the shell: g= 4nk%a.

The electric field outside the shell is as though the total charge is
concentrated al the centre, The same resull is true for a solid sphere
of uniform volume charge density. The field is zero at all points Inside

Physical quantity Symbol Dimensions Jmi Remarks
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10.

Coulomb force can be of both signs (attractive and repulsive), allowing
possibility of cancellation of electric forces. This is how gravity, despite
being & much weaker foree, can be a dominating and more pervasive
force in nature.

The consiant of proportionality  in Coulomb’s law is a matter of
choice it the unit of charge {s 1o be defined using Coulomb's law. In Sl
units, however, what is defined is the unit of current (A) via its magnetie
effect [Ampere's law) and the unit of charge (coulomb) s simply defined
by (1€ = 1 A s). In this case, the value of k is no longer arbitrary: it is
approximately @ % 10* N m® ¢*

The rather large value of ke Le., the large size of the unit of charge
[1C) from the point of view of electric effects arises because [as
mentioned in point 3 already] the unit of charge is delined in terms of
magnetic forces [forces on current-carrying wires) which are generally
much weaker than the electric forees, Thus while | ampere is 8 unit
of reasonable size for magnetic effects, 1 C=1 A 5, s too big a unlt for
electric elfects,

The additive property of charge is not an ‘obvious’ property. It is related
io the fact that eleciric charge has no direction associated with it
charge is a scalar.

Charge |s not only a scalar (or Invariant] under rotation; It s also
invariant for frames of reference in relative motion, This is noi always
true: for every-scalar. For example. kinetic energy is a scalar under
rotation, but s not invartant for frames of reference In relative
motion.

Conservation of total charge of an Isolated system is a property
independent of the scalar nature of charge noted in point 6.
Conservation refers toinvariance in time in a give n frame of reference,
A guantity may be scalar bul not conserved {like kinetic energy in an
inelastic colllslon). @n the other hand, one can have conserved vector
quantity (e.g., angular momentum of an isolated system),

Quantisation of electrie charge is a basle (unexplained) law of nature;
interestingly, there is no analogous law on quantisation of mass,
Superposition principle should not be regarded as ‘obvious'. or
equated with the law ol addition of vectors. It says two things:
foree on one charge due to another charge is unaffected by the
presence of other charges, and there are no additional three-body.
four-body, ete., forces which arise only when there are more than
two charges.

The electric field due to a discrete charge configuration s not defined
at the locations of the discrete charges, For continuous volume
charge distribution; it is defined at any point in the distribution.
For a surface charge distribution. electric field is discontinuous
across the surface,

. The electric lleld due to a charge conflguration with total charge zero

is not zero; but for distances large compared to the size of
the configuration, its field falls off faster than 1/ typical of field
due to a single charge. An eleciric dipole is the simplest example of
this fact.
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1.1

1.2

1.3

1.4

1.6

1.7

1.8

1.9

1.10

1.11

1.12

1.13

EXERCISES

What is the forece between two small charged spheres having

charges of 2 x 107C and 3 x 107C placed 30 em apart in air?

The electrostatic force on a small sphere of charge 0.4 pC due to

another small sphere of charge —0.8 pC in air is 0.2 N. (a) Whal is

the distance between the two spheres? (b) Whal is the force on the

second sphere due lo the [irst?

Check that the ratio le®/G mm, is dimensionless, Look up a Table

of Physical Constants and determine the value of this ratio. What

does the ratio signify?

(a) Explain the meaning of the statement ‘electric charge of a body
is gquantised'.

(b) Why can one ignore guantisation of electric charge when dealing
with macroscopic Le., large scale charges?

When a glass rod is rubbed with a silk cloth, charges appear on

both. A similar phenomenon is observed with many other pairs of

bodies, Explain how this observation ls consistent with the law of

conservalion of charge.

Four point charges g, =2 uC, g, =-5 puC, q, =2 pC, and g, =-5 uC are

located at the corners of a square ABCD of side 10 em. Whalt is the

force on a charge of 1 wC placed at the centre of the square?

(2] An electrostatic ficld line is a conlinuous curve. That is, a field
line cannot have sudden breaks. Why not?

(b Explain why two lield lines never cross each other al any point?

Two point charges g, = 3 pC and g = -3 pC are located 20 cm apart

in vacuum.

(a) What is the electric field at the midpoint O of the line AB joining
the two charges?

(b) If a negative test charge of magnitude 1.5 = 107 ¢ is placed at
this point, what is the force experienced by the test charge?

A system has two charges g, = 2.5 1077 ¢ and gy = -2.5% 1 o

located al points A: (0, 0, =15 cm) and B: (0,0, +15 cm), respectively.

Whalt are the total charge and eleciric dipole moment of (he system?

An electric dipole with dipole moment 4 x 10 "Cmis aligned at 30°

with the direction of a uniform electric field of magnitude 5 x 10* NC™,

Calculate the magnitude of the torque acting on the dipole.

A polythene plece rubbed with wool is found to have a negative

charge of 3 x 107 C.

ja] Eslimate the number ol elecirons transferred (lrom which to
which?)

(b] Is there a transfer of mass from wool to polythene?

ia] Two insulated charged copper spheres A and B have their centres
separated by a distance of 50 cin. What s the mutual force of
electrostatic repulsion if the charge on each is 6.5 ¥ 107 C? The
radil of A and B are negligible compared lo the distance ol
separdation.

(b) What is the force of repulsion If each sphere is charged double
the above amount. and the distance between them is halved?

Figure 1.30 shows fracks ol three charged particles in a uniform

clectrostatic field. Give the signs of the three charges, Which particle

has the highest charge to mass ratlo?
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FIGURE 1.30

1.14 Consider a uniform electric field E= 3 % 10°1 N/C. (a) What is the
lux of this field through a square of 10 cm on a side whose plane is
parallel to the yz plane? (b) What is the [(lux through the same
square if the normal to its plane makes a 60° angle with the x-axis?

1.15 What is the net flux of the uniform electric feld of Exercise 1.15
through a cube of side 20 cm oriented so that its faces are parallel
to the coordinate planes?

1.168 Careful measurement of the electric field at the surface of a black
box indicates that the net outward flux through the surface of the
box is 8.0 ¥ 10* Nm*/C. (a) Whal is the net charge inside the box?
(b) If the net outward Nux through the surface ol the box were zero,
could you conclude thal there were no charges ingide the box? Why
or Why not?

1.17 A point charge +10 pC is a distance 5 cmn direetly above the centre
of a square of side 10 em. as shown in Fig. 1.31. What is the
magnitude of the electric flux through the square? (Hint: Think of
the square as one face of a cube with edge 10 cm.)

L]
5 em

10 cm
FIGURE 1.21

1.18 A polnt charge of 2.0 uC Is at the centre of a cublc Gaussian
surface 9.0 cm on edge. What is the net electric flux through the
surface?

1.19 A point charge causes an electric flux of -1.0 ¥ 10* Nm*/C to pass
through a spherical Gaussian surface of 10.0 em radlus cenired on
the charge. (a) If the radius of the Gaussian surface were doubled,
how much Mux would pass through the surface? (b] What is the
value of the point charge?

1.20 A conducting sphere of radius 10 em has an unknown charge. If
the electric field 20 em from the centre of the sphere is 1.5 x 10° N/C
and points radlally inward. what 1s the net charge on the sphere?
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1.21

1.22

1.23

A uniformly charged conducting sphere of 2.4 m diameter has a
surface charge density of 80.0 uC/m?. (a) Find the charge on the
sphere. (b] What is the total electric Aux leaving the surface of the
sphere?

An infinite line charge produces a field of 9 x 10® N/C at a distance
ol 2 em. Caleulate the linear charge densily.

Two large, thin melal plates are parallel and close (o each other. On
their inner faces. the plates have surface charge densities of opposite
signs and of magnitude 17.0 x 1072 C/m®. What is E: (a) in the outer
region of the first plate, (b) in the outer region of the second plate,
and [c] between the plates?



Chapter Two

ELECTROSTATIC
POTENTIAL AND
CAPACITANCE

2.1 INTRODUCTION

In Chapters 6 and 8 (Class XI), the notion of potential energy was
introduced. When an external foree does work in taking a body from a
point to another against a force like spring foree or gravitational force,
that work gets stored as potential energy ol the body. When the external
force is removed, the body moves, gaining kinetic energy and losing
an equal amount ol poiential energy., The sum ol kinetic and
potential energies is thus conserved. Forces of this kind are called
conservative [orces. Spring lorce and gravitational [orce are examples of
conservative forces.

Coulomb lorce between two (stationary) charges is also a conservative
force. This is not surprising, since both have inverse-square dependence
on distance and differ mainly in the proportionality constants — the
masses in the gravitational law are replaced by charges in Coulomb’s
law. Thus, like the potential energy of a mass in a gravitational
lield, we can deline elecirosiatic potential energy ol a charge in an
electrostatic field.

Consider an electrostatic field E due to some charge conliguration.
First, for simplicity, consider the lield E due to a charge @ placed at the
origin. Now, imagine that we bring a test charge g Irom a point R {o a
point P against the repulsive force on it due to the charge @. With reference
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& g toFig 2.1, this will happen if @ and g are both positive
g or both negative. For definiteness, let us take Q, g> 0.

Two remarks may be made here. First, we assume
that the test charge qis so small that it does not disturb
the original conliguration, namely the charge Q at the
origin (or else, we keep Q fixed at the origin by some

FIGURE 2.1 A test charge g (> 0) is unspecified foree). Second, in bringing the charge g from
moved [rom the point R (o the R to P, we apply an external force F_, just enough to
poinl P against the repulsive counter the repulsive electric lorce Fp (i.e, F, = -F.).

[orce an it by the charge @ (> Q) This means there is no net force on or acceleration of
placed at the origin, the charge g when it is brought from R to P, i.e., il is

brought with infinitesimally slow constant speed. In
this situation, work done by the external force isthe negative of the work
done by the electric force, and gets fully stored in the form of potential
energy of the charge g. If the external force is removed on reaching P, the
electric force will Lake the charge away [rom Q — the slored energy (potential
energy) at P is used to provide kinetic energy to the charge g in such a
way that the sum of the kinetic and polential energies is conserved,
Thus, work done by external forces in moving a charge g from Rto Pis
F
“TRP = IFEI.I' -dr

R

B
= —[F,,.dr (2.1)
I

This work done Is against electrostatic repulsive force and gets stored
as potential energy.

Al every point in electric field, a particle with charge g possesses a
certain electrostatic potential energy, this work done increases its potential
energy by an amount equal to potential energy difference between points
RandP,

Thus, potential energy difference

AU =U,-Ug =Wy (2.2)

(Note here that this displacement is in an opposite sense to the electric
force and hence work done by electric field is negative, i.e., -W_, )

Therefore, we can define electric potential energy diflerence between
two points as the work required to be done by an external force in moving
(without accelerating) charge q rom one point to another for electric field
of any arbitrary charge configuration.

Two important comments may be made at this stage:

{i) The right side of Eq. (2.2) depends only on the initial and final positions
of the charge. It means that the work done by an electrostatic field in
moving a charge from one point o another depends only on the initial
and the final points and is independent of the path taken to go from
one point to the other, This is the fundamental characteristic of a
conservative force. The concept of the potential energy would not be
meaningful if the work depended on the path. The path-independence
of work done by an electrostatic field can be proved using the
Coulomb's law. We omit this prool here.
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{ii) Equation (2.2) defines potential energy difference in terms
of the physically meaningiul quantity work. Clearly,
potential energy so defined is undetermined to within an
additive constant. What this means is that the actual value
ol potential energy is not physically signilicant; it is only
the difference of potential energy that is significant. We can
always add an arbitrary constant ¢ to potential energy at
every point, since this will not change the potential energy
dilference:

Up+a-Up+a)=U, -U,

Pul it differently, there is a [reedom in choosing the point
where polential energy is zero. A convenient choice is (o have
electrostatic potential energy zero at infinity, With this choice,
if we take the point R at infinity, we get from Eq. (2.2)

Wop =U, U, =U, (2.3)

Since the point P is arbitrary. Eq. (2.3) provides us with a
definition of potential energy of a charge g at any point.
Potential energy of charge q at a point (in the presence of field
due to any charge conliguration) is the work done by the
external force [equal and opposite to the electric force) in
bringing the charge q from infinity to that point.

2.2 ELECcTROSTATIC POTENTIAL

Consider any general static charge configuration. We define
potential energy of a test charge g in terms of the work done
on the charge ¢. This work is obviously proportional to g, since
the force at any point is gE, where E is the electric field at that
point due to the given charge configuration. It is, therefore,
convenient to divide the work by the amount of charge g, so
that the resulting quantity is independent of g. In other words,
work done per unit test charge is characteristic of the electric
lield associated with the charge conliguration. This leads (o
the idea of electrostatic potential V due to a given charge
configuration. From Eq. (2.1), we get:

Work done by external foree in bringing a unit positive
charge from point Rto P

—v,- v[”q”]

Count Alessandro Volta

(1745 - 1827) ltalian
physicist, professor at

Pavia, Volta established
that the animal electri-
city observed by Lulgl
Galvani, 1737-1798, in
experiments with frog
muscle tissue placed in
contact with dissimilar

‘metals, was not due to
any (-.Hbepﬂnml pmpm'ty

uf animal tissues but
was also generated
whenever any wel body
was sandwiched between
dissimilar metals. This
led him to develop the
first wvoltaic pile, or
battery, consisting of a
large stack of moist disks
of cardboard (electro-
Iyte) sandwiched
between disks ol metal
|electrodes),

(2.4)

where Vy,and V, are the electrostatic potentials at P and R, respectively.
Note, as before, that it is not the actual value of potential but the potential
difference that is physically significant. If, as before, we choose the

potential to be zero al inlinity, Eq. (2.4) Implies:

Work done by an external force in bringing a unit positive charge
from infinity to a point = electrostatic potential (V) at that point.

A7
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TN In other words, the electrostatic potential [17)
_"'? R at any point in a region with electrostatic field is

e

AT
,;;_’1::—*"' P the work done in bringing a unit positive
@ q, P 7 charge (without acceleration) from infinity to
g - that peint.
Da The qualilving remarks made earlier regarding
EB% Sq, potential energy also apply to the definition of
= potential. To obtain the work done per unit test
' charge, we should take an inlinitesimal test charge
FIGURE 2.2 Waork done on a lest charge g dqg, obtain the work done W in bringing it from
by the electrostatic field due to any given infinity to the point and determine the ratio
chi rge conflguration Is independernt dW/ 5g. Also, the external force at every point of the
ol Lhe |}a|ll'.. and I.Jt"!..l{"'l'hl.'th :I:'I]:l.' on pﬂth s tﬂbﬂeqtlﬂl and ﬂppﬂﬂitﬂtﬂthﬂ electrostatic
force on the test charge at that point.

its initial and linal posilions

2.3 PoreEnTIAL DUE TO A PoinTt CHARGE

Consider a point charge Q at the origin (Fig. 2.3). For definiteness. take Q

to be positive, We wish to determine the potential at any point P with

position vector ¢ from the origin. For that we must

w _ — + calculate the work done in bringing a unit positive

/ :’\ test charge from infinity to the point P. For 9> 0.

T s af 410 the work done against the repulsive force on the

/ Pf test charge is positive. Since work done is

independent of the path, we choose a convenient

* path — along the radial direction from infinity to
a the point P.

At some intermediate point ¥ on the path, the
electrostatic force on a unit positive charge is

Q

FIGURE 2.3 Work done in bringing a umit

positive test charge from infinity to the Q‘Kl s
point P, agoinst the repulsive foroe of ZMIMEEFJ 3 (2.5)
charge @ (& > 0], 15 the potental at P due to
the charge Q. where £'is the unit vector along OP'. Work done

against this [orce from r' to r' + Ar' is

Q@

AW =—
4ngr?

Ar' (2.6)

The negative sign appears because lor Ar' < 0, AW is positive. Total
work done (W) by the external force is obtained by integrating Eq. (2.6)
[romr'=mtor'=r,

rQ s 2 ™ 0
W = = d,r = =
! 4ne,r? dne,r’ (o ARET 2.7)
This, by definition is the potential at P due to the charge @
48 Vi) = -2 (2.8)

AmE,r



Equation (2.8) is true for any
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sign of the charge Q, though we asl | Hrr’ 8
considered @ > 0 in its derivation. gk |
For <0, V<0, ie., work done (by _
the external force) per unit positive 851 v 7
test charge in bringing it from . 4 | :
infinity to the point is negative. This or , 5| .
is equivalent to saying that work V
done by the electrostatic force in ar T
bringing the unit positive charge 1.5} .
form infinity to the point P is 1k o .
positive, [This is as it should be,
since for @< 0, the force on a unit 05¢ = -
positive test charge is attractive, so 0 o 65 1 15 5 2'_5 3 3_'5 . 4.:'-"; =
that the electrostatic force and the
displacemenl (from infinity to P) are FIGURE 2.4 Variation of potential V with r [ln units of
in the same direction.] Finally, we IE.,".-"JJ'F.IE__.__,I m | (blue curve) and field with r [in units
note that Eq (2.8) is cansistent with of (/4re) m™] (black curve) for a point charge @
the choice that potential at Infinity
be zero.
Figure (2.4) shows how the electrostatic potential (e 1/r) and the
electrostatic field (s 1/r* ) varies with r.
Example 2.1
(a) Calculate the potential at a point P due to a charge of 4 x 10 'C
located 9 cm away.
(b) Henee obtain the work done in bringing a charge of 2 x 10°C
from nfinity to the point P. Does the answer depend on the path
along which the charge is brought?
Solution
o] 3, ax10’C
(=) F-rﬂ%—-gxlﬂamﬂl C m
=4 x 10*V
(b) W=gV=2x107% x4 x 10*V
=8x10°J
No, work done will be path independenl. Any arbilrary infinitesimal
path can be resolved into two perpendicular displacements: One along
r and another perpendicular to r. The work done corresponding to
the later will be zero
2.4 POTENTIAL DUE TO AN ELECTRIC DIPOLE
As we learnt in the last chapter, an electric dipole consists of two charges
gand —gseparated by a (small) distance 2a. Its total charge is zero. It is
characterised by a dipole moment vector p whose magnitude is g % 2a
and which points in the direction from —g to g (Fig. 2.5). We also saw that
the electric field of a dipole at a point with position vector r depends not -
49

just on the magnitude r, but also on the angle between r and p. Further,
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- =*p  the field falls off, at large distance, not as

e & 1/r? (typical of field due to a single charge)

I s but as 1/r2. We, now, determine the electric

g - s, g e potential due to a dipole and contrast it

PO i i with the potential due to a single charge.

' As before, we take the origin at the

centre of the dipole. Now we know that the

clectric field obeys the superposition

24 principle. Since potential is related to the

"I: - work done by the field, electrostatic

: o potential also follows the superposition

. e principle. Thus, the potential due to the

o dipole is the sum of potentials due to the
charges g and —g

_ 1 (a 41
= R - I als = i (2.9)
FIGURE 2.5 Quantitics involved in the caleulation dng, \n

o o > ot~ where r; and r, are the distances of the
point P from q and —g, respectively.
Now, by geometry,

r2 =r® +a® - 2ar cosf
it r+ a% 2ar cosd (2.10)

We take r much greater than a (r >> g) and relain terms only upto
the first order in a/r

1
k. =r2[1_2acmﬂ+5 ]

Z

r r
Zacosd
e -20e0) o
Similarly,
2acosf
et [1+ f] (2.12)

Using the Binomial theorem and retaining terms upto the first order
in a/r; we obtain,

1 1 2acos®y 1% 1 il

—=—|1-— =—|1+—cosd 12.13(a)]
nor r r r
14[“@)“”:1(1_5@59]

P - r Tr r i [2.13(b)l

Using Eqgs. (2.9) and (2.13) and p= 2ga, we gel
q Z2acos@  pcosé

Cdme, r*  4dngg?

(2.14)

50 Now, pcos 0= p.i
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where is the unit vector along the position vector OP.
The electric potential of a dipole is then given by

yo L Pt

dme, 1° (r==a)

(2.15)

Equation (2.15) is, as indicated, approximately true only for distances
large compared lo the size of the dipole, so that higher order terms in
a/rare negligible. For a point dipole p at the origin, Eq. [2.15) is, however,

exact,

From Eqg. (2.15), potential on the dipole axis (#= 0, 1) is given by

1 p
V :i.—-m.-u
dne, 1+

(2.18)

(Positive sign for 8 = 0, negative sign for § = n.) The potential in the

equatorial plane (8= n/2) is zero,

The important contrasting features ol electric potential of a dipole

from that due to a single charge are clear from Egs. [2.8) and [2.15):

(i] The potential due to a dipole depends not just on r but also on the
angle between the position vector ¢ and the dipole moment vector p.
(Tt is, however, axially symmetric about p. That is, if you rotate the
position vector r about p, Keeping 8 lixed, the points corresponding
to P on the cone so generated will have the same potential as at P.)

(i) The electric dipole potential falls off, at large distance, as 1/r%, not as
1/r, characteristic of the potential due to a single charge. (You can
refer to the Fig. 2.5 for graphs of 1/r? versus r and 1/r versus r.

drawmn there in another context.)

2.5 POTENTIAL DUE TO A SysTEM oF CHARGES

Consider a system of charges q,, q,...., g, with position vectors r, r,,,...,
r, relative to some origin (Fig. 2.6). The potential V| at P due to the charge

g, is
.
: Ang, rp
where r ;. is the distance between g, and P.
Similarly, the potential V, at P due to g, and
V, due to g, are given by
v, 1 g V. = 1 s

— -} — 3 3 —}
Ans, Ty ATE, Typ

where r,, and ry, are the distances of P from
charges g, and g, respectively; and so on for the
potential due to other charges. By the
superposition principle, the potential Vat P due
to the total charge configuration is the algebraic
sum of the potentials due to the individual
charges

V=V, +V+.. +V, (2.17)

EL)
o
Gy i .
P g -
f i
e L
Fin 4 =
I 4 -
[ =
f e
j L i e,
T =
] -qs
FIGURE 2.6 Potential at a point due to a
system ol charges is the sum of polentials

due to individual charges

51
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If we have a continuous charge distribution characterised by a charge
density p (r]). we divide it. as before, into small volume elements each of
size AL and carrying a charge pAv. We then determine the potential due
to each volume element and sum (strictly speaking , integrate) over all
such contributions, and thus determine the potential due to the entire
distribution.

We have seen in Chapter 1 that for a uniformly charged spherical shell,
the electric field outside the shell is as if the entire charge is concentrated
at the centre, Thus, the potential outside the shell is given by

1

q
= m r (r=R) [2.19(a)]

where g is the total charge on the shell and Rits radius. The electric field
inside the shell is zero. This implies (Section 2.6) that potential is constant
inside the shell (as no work is done in moving a charge inside the shell),
and, therefore, equals its value at the surface, which is

1 g
Ve—— i
4ng, R [2.19(b)]

Example 2.2 Two charges 3 % 10° € and -2 % 10°® C are located
15 em apart. Al whal point on the line joining the two charges is Lthe
clectric potential zero? Take the potential at infinity to be zero.

Solution Let us take the origin O at the location of the positive charge.

The line joining the two charges is taken to be the x-axis; the negative
charge Is taken to be on the right side of the origin (Fig. 2.7).

O P A
@ * o
3x10°C 15 cm ~2x107C

FIGURE 2.7

Let P be the required point on the scaxis where the potential is zero,
If x is the x-coordinate of P, obviously x musi be positive. [There Is no
possibility of potentials due to the two charges adding up to zero lor
x < 0. If x lies between O and A, we have

1 | 3x10"  2x10°*
ane, | xx10% (15-xax10*

where xis in cm. That is.

which gives x = 9 cm,
If x lies on the extended line OA, the required condition is
3 2

x x—15=
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which gives

x =45 om
Thus, electrle potential is zero at 9 ém and 45 em away from the
positive charge on the side of the negative charge. Note that the
formula for potential used in the calculation required choosing
potential to be zero at infinity.

Example 2.3 Figures 2.8 (a) and (b) show the field lines of a positive
and negative point charge respectively.

FIGURE 2.8

(a) Give the signs of the polential difference V- Vi V5 - V.

(b) Give the sign of the potential energy difference of a small negative
charge between the points @ and P; A and B.

(c) Give the sign of the work done by the ficld in moving a small
positive charge from Q {o P

(d] Give the sign of the workk done by the external agency in moving
a small negative charge from B to A. '

() Does the kinetic energy of a small negative charge increase or
decrease in going from B to A?

Solution

[a) AsV = % V= Vo, Thus, (V,— VE] is positive. Also Vg is less negative
than V, . Thus, V, > V, or (V- V) is positive.

(b] A small negative charge will be attracted towards positive charge,
The negative charge moves from higher potentlal energy to lower
potential energy. Therefore the sign of potential energy difference
of a small negative charge between Q and P ls positive.
Similarly. (P.E.}, > (P.E.)g and hence sign of potentlal energy
differences is positive.

()] In moving a small positive charge from @ lo P, work has to be
done by an external agency against the electric field. Therefore,
work done by the field is negative,

(d] In moving a small negative charge from B to A work has to be
done by the external agency. I is positive.

[e] Due to force of repulsion on the negative charge , velocity decreases
and hence the kinetic energy decreases in going from B o A

=
’@“

ol

PRET 1 -SAOPS=| RIS

Y

i

A ITEA MR L OS@IA LT

BRI

-PIDLFRANTAIRS U0 AS- ASIOUR- 110 |a-] PIURI00- 21 B150,

ssaoeuns Epuaodinba eEnuaiod ounoagg

o



W Physics

(@)
S
(=)
"
* | =
¥
@a
3
" o
v
(]

FIGURE 2.9 For a
*—,Ing.‘r charge o
(a) equipotentizal

suriaces are
spherieal surfaces
centred al the
charge, and
||:'| ebectric r'u‘ll:l
lnies are radial,
starting from the
charge if g > 0.

2.6 EQUIPOTENTIAL SURFACES

An equipotential surface is a surface with a constant value of potential
at all points on the surface. For a single charge g, the potential is given
by Eq. (2.8):

1 g
4ne, T

This shows that V'is a constant if ris constant, Thus, equipotential
surfaces of a single point charge are concentric spherical surfaces centred
at the charge.

Now the electric field lines for a single charge g are radial lines starting
from or ending at the charge, depending on whether gis positive or negative.
Clearly, the electric field at every point is normal to the equipotential surface
passing through that point. This is true in general: for any charge
configuration, equipotential surface through a point is normal to the
electric field at that point. The proof of this statement is simple.

If the field were not normal to the equipotential surface, it would
have non-zero component along the surface. To move a unit test charge
against the direction of the component of the field, work would have to
be done. But this is in contradiction to the definition of an equipotential
surface: there is no potential difference between any two points on the
surface and no work is required to move a test charge on the surface.
The electric field must, theretore, be normal to the equipotential surface
at every point. Equipotential surfaces offer an alternative visual picture
in addition to the picture of electric field lines around a charge

configuration.
‘x.__“_“ H"“m.\ x\\x .

T Ty ~d

FIGURE 2.10 Equipotential surfaces for a uniform electric [Held.
For a uniform electric field E, say, along the x -axis, the equipotential

surfaces are planes normal to the -axis. i.e., planes parallel to the y-z
plane (Fig. 2.10). Equipotential surfaces [or (a) a dipole and (b) two

identical positive charges are shown in Fig. 2.11.

I k. "\
; e -.
i/ P . y e kY
M e ol A R \
R P e \ ’ v Y
i I'r' ¥ II\':I -.I,-" . '_'::.'"-II W4 I|
[ WLl
[ LAt 1 { -
\ |\\. A S I-. I-. A\ Il '|| |
LA F A S e 1 )
NAREE T e A
\ e i /(
!

(B}
FIGURE 2.11 Some equipotential surfaces {or (a) a dipole,
B twi identlical positive 1'||.-||'|__;1--
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2.6.1 Relation between field and potential

Consider two closely spaced equipotential surfaces A and B (Fig. 2.12)
with potential values Vand V+ §V, where 6§V is the change in Vin the
direction of the electric field E. Let P be a point on the
surface B. &1 is the perpendicular distance of the

surface A from P. Imagine that a unit positive charge
is moved along this perpendicular from the surface B
to surface A against the electric field. The work done
in this processis |E| 8L

This work equals the potential difference
ViV

Thus,

|B|51=V—(V+8V)=-5V

Le., |E|=-%‘{- (2.20)
' Equipotentials
Since &V is negative, 8V = - [6V]. we can rewrite FIGURE 2.12 From the
Eq (2.20) as polential to the field
av |GV
E = —_—
=~ —g-= kg (2.21)

We thus arrive at two important conclusions concerning the relation

between electric field and potential:

i)y Electric field is in the direction in which the potential decreases
steepest.

{ii) Its magnitude is given by the change in the magnitude of potential
per unit displacement normal to the equipotential surface af the point.

2.7 PoteEnTIAL ENERGY OF A SYsTEM oF CHARGES

Consider first the simple case of two charges g,and g, with position vector
r, and r, relative to some origin, Let us caleculate the work done
(externally) in building up this configuration. This means that we consider
the charges g, and q, initially at infinity and determine the work done by
an external agency to bring the charges to the given locations. Suppose,
first the charge g, is brought from infinity to the point r,. There is no
exlernal field against which work needs to be done, so work done in
bringing g, from infinity tor, is zero. This charge produces a potential in
space given by

where r,, is the distance of a point P in space from the location of gq,.
From the delinition of potential, work done in bringing charge g, from
infinity to the point r, is g, times the potential at r, due 1o g,:

1 a6,

work done on q,= FT
0 12

55



i where r, is the distance between points 1 and 2.
12 I;I %
Since electrostatic force is conservative, this work gets
e stored in the form of potential energy of the system. Thus,
o the potential energy of a system of two charges g, and g, is
FIGURE 2.13 Potential energy of a [ = 1 g
system ol charges q, and g, is - ane, 1, (2.22)
directly proportional e the produoct
ki |'|.I:I=.'|_*r-.:1 g e e lll: i Obwiously, if g, was brought first to its present location and
distance between them g, brought later, the potential energy Uwould be the same.

More generally, the potential energy expression,
Eq. (2.22), is unaltered whatever way the charges are brought to the specified
locations, because of path-independence of work for electrostatic force.

Equation (2.22) is true for any sign of g,and q,. If g,q, > 0, potential
energy is positive. This is as expected, since [or like charges (g,q, > 0),
electrostatic force is repulsive and a positive amount of work is needed to
be done against this force o bring the charges from infinity to a finite
distance apart. For unlike charges (q; g, < 0), the electrostatic lorce is
attractive. In that case, a positive amount of work is needed against this
force to take the charges from the given location to infinity. In other words,
a negative amount of work is needed for the reverse path (from infinity to
the present locations). so the potential energy is negative.

Equation (2.22) is easily generalised for a system of any number of
point charges. Let us calculate the potential energy of a system of three
charges q,, ¢, and g, located at r, r,, r,, respectively. To bring g, first
[rom infinity to r,, no work is required. Next we bring g, from infinity to
r,. As before, work done in this step is

(2.23)

The charges g, and g, produce a potential, which at any point P is
given by

Ve, = (i+ —‘Iz—) (2.24]

2=
Ane, \np  up

Work done next in bringing g, from infinity to the point r,is g,times
V. o_alr
1.2 3

_ 1 (99 | 9.9
QaVya(r5) = dre, [ ., g e (2.25)

The total work done in assembling the charges
at the given locations is obtained by adding the work

done in different steps |[Eq. (2.23) and Eq. (2.25)],

1
| U= 9% 09 B (2.26)

FIGURE 2.14 Polential energy of a 4“50 Fisi M54 T2z

system ol three charges is given by Again, because of the conservative nature ol the

Eq. (2.26), with the notatlon given

in the Hgure
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electrostatic force (or equivalently, the path
independence of work done), the final expression for
U, Eq. [2.26), is independent of the manner in which
the configuration is assembled. The potential energy
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is characteristic of the present state of configuration, and not the way
the stale is achieved.

Example 2.4 Four charges are arranged al the corners of a square
ABCD of side d, as shown in Fig. 2.15.(a] Find the work required to
put together this arrangement, {b) A charge g, is brought to the centre
E of the square. the four charges being held fixed at Its corners. How
much extra work is needed to do this?

=a

+1
AG @B

PO O¢
e FIGURE 2,15 e

Solution

(a) Since the work done depends on the final arrangement of the

charges, and nol on how they are pul logether, we calculate work

needed for one way of putting the charges at A, B. C and D. Suppose,

first the charge +g is brought to A, and then the charges —g. +g. and

—q are brought to B, C and D, respectively. The total work needed can

be calculated in steps:

(il Work needed to bring charge +g to A when no charge is present
elsewhere: this is zero,

(ii)] Work needed Lo bring —g lo B when +g is al A, This iz given hy
[charge al B) ® [electrostalic polential al B due Lo charge +g at A)

_ a |__ 9
=g (r&-msnd] T angd

[iii] Work needed to bring charge +q to C when +gis at A and -q is al
B. This is given by (charge at C) % [petential at C due to charges
at A and B)

o q -
q[4rr£°dq'r_ i 4::5:,,1:!)

- %)
4IDEHd. Jz
(iv] Work needed to bring —g to I when +g at A,—g at B, and +g at C.
This is given by (charge at D) % (potential at D due to charges at A,
B and C]

+4 ~q q
[411:30& -'l_-:rf.,,dﬁ ﬂ:l-:':aud)
T
‘w.;.d(z ?E) 57
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Add the work done in steps (i). {ii), (iii) and [iv]). The total work
required is

T;;% {[u}+[l}+ 1"%2']+(2_31§]}

..
_41“‘,3:[{4 "EJ

The work done depends only on the arrangement of the charges, and
not how they are assembled. By definition, this is the total
electrostatic energy of the charges.

(Students may try calculating same work/energy by taking charges
in any other order they desire and convinee themselves that the encrgy
will remain the same.)

() The extra work necessary to bring a charge g, to the point E when
the lour charges are at A, B, C and D) is g, ¥ (elecirostatic polential al
E due to the charges al A, B, C and D). The electrostalic potentlal at
E is clearly zero since potential due Lo A and C is cancelled by that
due to B and D, Hence, no work is required to bring any charge to

point E.

2.8 PoreEnTIAL ENERGY IN AN EXTERNAL FIELD

2.8.1 Potential energy of a single charge

In Section 2.7, the source of the electric field was specified - the charges
and their locations - and the potential energy of the system of those charges
was determined. In this section, we ask a related but a distinet question,
What is the potential energy of a charge g in a given lield? This question
was, in fact, the starting point that led us to the notion of the electrostatic
potential (Sections 2.1 and 2.2). But here we address this question again
to clarify in what way it is different from the discussion in Section 2.7.
The main difference is that we are now concerned with the potential
energy of a charge (or charges) in an external field. The external field E i
noi produced by the given charge(s) whose potential energy we wish o
calculate. E is produced by sources external to the given charge(s). The
external sources may be known, but often they are unknown or
unspecified; what is specified is the electric field E or the electrostatic
potential V due to the external sources. We assume that the charge g
does not significantly affect the sources producing the external field. This
is true il g is very small, or the external sources are held lixed by other
unspecified lorces. Even il g is [inile, its influence on the external sources
may still be ignored in the situation when very strong sources far away
at infinity produce a finite field E in the region ol interest. Note again that
we are interested in determining the potential energy ol a given charge g
(and later, a system of charges) in the external field; we are not interested
in the potential energy of the sources producing the external electiric lield.
The external electric field E and the corresponding external potential
Vmay vary lrom point to pointl. By definition, Val a point P is the work
done in bringing a unit positive charge rom infinity to the point P.
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(We continue to take potential at infinity to be zero.) Thus, work done in
bringing a charge g from infinity to the point P in the external field is qV.
This work is stored in the form of potential energy of g. If the point P has
position vector r relative to some origin, we can write:

Potential energy ol g at r in an external field

=qVir) (2.27)
where V(r) is the external potential at the pointr.

Thus, if an electron with charge g= e = 1.6x107" C is accelerated by
a polential difference of AV = 1 volt, it would gain energy of gAV = 1.6 %
10*3J, This unit of energy is defined as 1 electron volt or 1eV, i.e.,
1 eV=1.6 % 107'%], The units based on ¢V are most commonly used in
atomic, nuclear and particle physics, (1 keV = 10%V = 1.6 x 10 %], 1 MeV
=10%V = 1.6 x 107%J, 1 GeV = 10%V = 1.6 x 10"%] and 1 TeV = 10V
=1.6x 10 'TJ}. [This has already been defined on Page 117, XI Physics
Part I, Table 6.1.]

2.8.2 Potential energy of a system of two charges in an
external field

Next. we ask: what is the potential energy ol a system of two charges g,
and g, located at r,and r,, respectively, in an external field? First, we
calculate the work done in bringing the charge g, from infinity to r.
Work done in this step is g, Vir,), using Eq. (2.27), Next, we consider the
work done in bringing g, tor,. In this step, work is done not only against
the external field E but also against the field due to g,.

Work done on g, against the external field

=q, Vr,)

Work done on g, against the field due to g,

= D%

4“‘8:1.'..!!2

where r,,is the distance between g, and g,. We have made use of Eqgs.
(2.27) and (2.22). By the superposition principle for fields, we add up
the work done on g, against the two fields (E and that due to q,):

Work done in bringing g, tor,

%9

—q. Vi, )+ 12 2.28

T VK Ane,r, [ |
Thus,
Potential energy of the system
= the total work done in assembling the conliguration

9.9

=q,Virl+ Vi) +——"—

¢ Vin)+q,Vi(r,) i (2.29)

Example 2.5

[a)] Determine the electrostatic potential energy of a system consisting
of two charges ¥ pC and -2 pC (and with no external field) placed
at (-9 em, 0, 0) and (9 cm, 0, 0] respectively.

(b) How much work is required to separate the two charges infinitely
away from each other?
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(c) Suppose that the same system of charges is now placed in an
external electric fleld E=4 (1/r%; A=9 x 10°NC" m®. What would
the electrostatic energy of the configuration be'?

Solution

1 g4, 7 x(-2)x 10"
=———==c=0an] —— =07 J.

(a) U Ve %107 x T 07d

b) W=IL,-U, =0-U=0-(-0.7) =07 J.

[e] The mutual interaction energy of the two charges remains
unchanged. In addition, there is the energy of interaction of the
two charges with the external electrie field. We find,

., TuC —2uC
GY(8) +qV () <A 0.089m i 0.09m

and the net eleclrostatic energy is

fpdpe N g THE oy SRR

=70-20-0.7=49.3]

2.8.3 Potential energy of a dipole in an external field
Consider a dipole with charges q, = +qg and q, = —-q placed in a uniform
electric field E, as shown in Fig. 2.16.

As seen in the last chapter, in a unilorm eleciric lield,

the dipole experiences no net force; but experiences a

g torque t given by
‘ £ = t=pXE (2.30)
: 27 which will tend to rotate it (unless p is parallel or
A ccrsaﬁ,‘ﬁ{ ______________ . antiparallel to E). Suppose an external torque T, 15
; A0 ocodd x applied in such a manner that it just neutralises this
b e i L torque and rotates it in the plane of paper from angle 8,
@q el . to angle 8, at an infinitesimal angular speed and without
e - angular acceleration. The amount of work done by the
el external torque will be given by
* a [ G
FIGURE 2.16 Polential energy of a W _-L: e (010 = .L plsnges
dipole in a uniform external field.

= pE(cos 6, —cos6) (2.31)

This work is stored as the potential energy of the system. We can
then associate potential energy Ul#) with an inclination @ of the dipole.
Similar to other potential energies, there is a [reedom in choosing the
angle where the potential energy Uis taken to be zero. A natural choice
is to take 0,=n /2. (An explanation for it is provided towards the end of
discussion.) We can then write,

— Ule) = pE [msﬂ ——-::usej = pEcosg=-p.E (2.32)
60 2
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This expression can alternately be understood also from Eq. (2.29).
We apply Eq. (2.29) to the present system of two charges +qg and —q. The
potential energy expression then reads

2
, q

u(é)= -V - r
(6)=alV(r) -V(x)] YR (2.33)

Here, r, and r, denote the position vectors of +q and —q. Now, the

potential dilference belween positions r, and r, equals the work done
in bringing a unit positive charge against field from r, to r,. The
displacement parallel lo the lorce is 2a cos@. Thus, [Vr,)-V (r,)] =
-Ex 2a cosf . We thus obtain,

= a a ,

U=~ pE ey drg % 2a B dng % 2a .34)

We niote that U7(0) ditfers from U(@) by a quantity which is just a constant
for a given dipole. Since a constant is insignificant for potential energy, we
can drop the second term in Eq. (2.34) and it then reduces to Eq. [(2.32).

We can now understand why we took 0=r/2. In this case. the work
done against the external field E in bringing +q and - q are equal and
opposite and cancel out, i.e., g [V[rll - V{rz}]:ﬂ.

Example 2.8 A molecule of a substance has a permanent eleclric

dipole moment of magnitude 107 C m. A mole of this substance is

polarised (al low temperature) by applying a strong electrostatic field

of magnitude 10° V m™. The direction of the field is suddenly changed

by an angle of 60° Estimate the heat released by the substance in

aligning lts dipoles along the new direction of the field. For simplicity,

assume 100% polarisation of the sample.

Solution Here, dipole moment of each molecules = 1072 C m

As 1 mole of the substance contains 6 ¥ 10*® molecules, :

total dipole moment of all the molecules, p = 8 x 10¥ % 10* Cm
=Gx10°Cm

Initial potential energy, U = —pE cos 0 = -6x10 ®x10° cos 0° = -6 J

Final petential energy (when 8 = 609, U = —6 x 10°x% 10° cos GO° =-3 J

Change in potential energy = -3 J - [-6J) = 3.J

So, there i= loss in potential energy. This must be the energy released

by the substance in the form of heat in aligning its dipoles.

2.9 ELEcTrOsTATICS OF CONDUCTORS

Conductors and insulators were described briefly in Chapter 1.
Conductors contain mobile charge carriers. In metallic conductors, these
charge carriers are electrons. In a metal, the outer (valence) electrons
part away from their atoms and are free to move. These electrons are free
within the metal but not free to leave the metal. The free electrons form a
kind of ‘gas’; they collide with each other and with the ions, and move
randomly in different directions. In an external electric field, they drift
against the direction of the field. The positive ions made up of the nuclei
and the bound elecirons remain held in their fixed posilions. In electrolytic
conductors, the charge carriers are both positive and negative ions; but
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the situation in this case is more involved - the movement of the charge
carriers is aliected both by the external electric field as also by the
so-called chemical forces (see Chapter 3). We shall restrict our discussion
to metallic solid conductors. Let us note important results regarding
elecirostatics ol conduciors.

1. Inside a conductor, electrostatic field is zero

Consider a conductor, neutral or charged. There may also be an external
electrostatic field. In the static situation, when there is no current inside
or on the surface of the conductor, the electric field is zero everywhere
inside the conductor. This fact can be taken as the defining property of a
conductor. A conductor has free electrons. As long as electric field is not
zero, the free charge carriers would experience force and drift, In the
static situation, the free charges have so distributed themselves that the
electric lield is zero everywhere inside. Electrostatic field is zero inside a
conductor.

2. At the surface of a charged conductor, electrostatic field
must be normal to the surface at every point

If E were not normal to the surface, it would have some non-zero
component along the surface. Free charges on the surface of the conductor
would then experience force and move, In the static situation, therefore,
E should have no tangential component. Thus electrostatic field at the
surface of a charged conductor must be normal to the surface at every
point, (For a conductor without any surface charge density, field is zero
even at the surface.) See result 5.

3. The interior of a conductor can have no excess charge in
the static situation

A neutral conductor has equal amounts of positive and negative charges
in every small volume or surface element. When the conductor is charged,
the excess charge can reside only on the surface in the static situation.
This lollows [rom the Gauss’s law. Consider any arbilrary volume element
v inside a conductor. On the closed surface S bounding the volume
element v, electrostatic field is zero, Thus the total electric [lux through S
is zero. Hence, by Gauss's law, there is no net charge enclosed by S. But
the surtace S can be made as small as you like, i.e,, the volume v can be
made vanishingly small, This means there is no net charge at any point
inside the conductor, and any excess charge must reside at the surface.

4. Electrostatic potential is constant throughout the volume
of the conductor and has the same value (as inside) on
its surface

This follows from results 1 and 2 above, Since E = 0 inside the conductor
and has no tangential component on the surface, no work is done in
moving a small test charge within the conductor and on its surface. That
is, there is no potential difference between any two points inside or on
the surface ol the conductor, Hence, the result. If the conductor is charged,
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electric field normal to the surface exists; this means potential will be
different for the surface and a point just outside the surface.

In a system of conductors of arbitrary size, shape and
charge configuration, each conductor is characterised by a constant
value ol potential, bul this constant may difler from one conductor to
the other.

5. Electric field at the surface of a charged conductor

7 .
E=—n
& (2.35)

where o is the surface charge density and a is a unit vector normal
to the surface in the outward direction.

To derive the result, choose a pill box (a short cylinder) as the Gaussian
surface about any point P on the surface, as shown in Fig, 2.17. The pill
box is partly inside and partly outside the surface of the conductor, It
has a small area of cross section 85 and negligible height.

Just inside the surface, the electrostatic field is zero; just outside, the
field is normal to the surface with magnitude E. Thus,
the contribution to the total Qux through the pillbox
comes only [rom the outside (circular) cross-section
of the pill box. This equals + ESS (positive for o> 0,
negative for o < 0), since over the small area 55, E
may be considered constant and E and 55 are parallel
or antiparallel. The charge enclosed by the pill box
is =85,

By Gauss's law

Surface of
Conductor

EfS= M—as
&y
L -
E= 19 (2.36)
&
Including the fact that eleciric lield is normal to the FIGURE 2.17 The Gaussian surface
surface, we get the vector relation, Eq. (2.35), which [a pill box) chosen to derive Eq. (2.35)
is true for both signs of o. For o> U, electric fleld is for electrie fleld at the surface of a
normal to the surface oulward; for o< 0, electric field charged conductor
is normal to the surtace inward.
6. Electrostatic shielding
Consider a conductor with a cavity, with no charges inside the cavity. A
remarkable result is thal the electric field inside the cavity is zero, whatever
be the size and shape of the cavity and whatever be the charge on the
conductor and the external fields in which it might be placed. We have
proved a simple case of this result already: the electric field inside a charged
spherical shell is zero. The proof of the result for the shell makes use of
the spherical symmetry of the shell (see Chapter 1). But the vanishing of
electric field in the (charge-free) cavity of a conductor is, as mentioned a5

above, a very general result, A related result is that even if the conductor
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is charged or charges are induced on a neutral
conductor by an external Held. all charges reside
only on the outer surface of a conductor with cavity.

The proofs of the results noted in Fig. 2.18 are
omitted here, but we note their important
implication. Whatever be the charge and field
configuration outside, any cavity in a conductor

! remains shielded from outside electrie influence: the

hody t \ @>0  field inside the cavity is aliways zera This is known

g =l ¥ as electrosiatic shielding. The effect can be made

FREGHE B A T eibetic Bl nade a7 0 10 pIVGeCHOg pedsitie Uispumenta Ko

:-:-wﬂ':' ”1'. sl nctes -m[ - outside e]e::lmca_.] influence. Figure ?.15 gives a

l:.']l-j:‘_L[t'!:i.I'f.‘!-_'-'ll'.ll:.'-'.?]l|‘r on the outer surface summary of the important electrostatic properties
of a conductor with cavity, (There are no of a conductor.

charges placed in the cavity.)
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FIGURE 2.19 Some important electrostatie properties of a conduetor.
Example 2.7
(a) A comb run through one's dry hair atiracts small hits ol paper.

(b)
(c)
(d)

Why?

What happens if the hair s wet or if It {5 a rainy day? (Remember,
a paper does not conduct clectricity.)

Ordinary rubber is an Insulator. But special rubber tyres of
aircralt are made slightly conducting. Why is this necessary?
Vehicles carrying Inflammable matertals usually have metallle
ropes touching the ground during motion. Why?

A bird perches on a bare high power line, and nolhing happens
to the bird. A man standing on the ground touches the same line
and gets a fatal shock. Why?

Solution

(a)

This is because the comb gets charged by friction. The molecules
in the paper gets polarised by the charged comb. resulling in a
net foree of attraction. If the hair is wet. or if it is rainy day, friction
between hair and the comb reduces. The comb does not get
charged and thus it will not attract small bits of paper.
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(b) To enable them to conduct charge (produced by friction) to the
ground; as too much of static electricity accumulated may result

In spark and result in fire.
le] Reason similar to (b).

(d) Current passes only when there is difference In potential.

2.10 DieLECTRICS AND POLARISATION

Dielectrics are non-conducting substances. In contrast to conductors,
they have no (or negligible number of ) charge carriers. Recall from Section

2.9 what happens when a conductor is placed in an
external electric field. The free charge carriers move
and charge distribution in the conductor adjusts
itself in such a way that the electric field due to
induced charges opposes the external field within
the conductor. This happens until, in the static
situation, the two fields cancel each other and the
net elecirostatic field in the conductor is zero. Ina
dielectric, this free movement of charges is not
possible, It turns out that the external field induces
dipole moment by sireiching or re-orienting
molecules of the dielectric. The collective effect of all
the molecular dipole moments is net charges on the
surface of the dielectric which produce a field that
opposes the external field. Unlike in a conductor.
however, the opposing field so induced does not
exactly cancel the external field. It only reduces it.
The extent of the effect depends on the
nature of the dielectric. To understand the
effect, we need to look at the charge
distribution of a dielectric at the
molecular level.

The molecules of a substance may be
polar or non-polar. In a non-polar
molecule, the centres of positive and
negative charges coincide. The molecule
then has no permanent (or intrinsic) dipole
moment. Examples of non-polar molecules
are oxygen {{}2] and hydrogen {Hzl
molecules which, because of their
symmetry, have no dipole moment. On the
other hand, a polar molecule is one in which
the centres of positive and negative charges
are separated (even when there is no
external field). Such molecules have a
permanent dipole moment. An ionic
molecule such as HCl or a molecule of water
(H,O) are examples of polar molecules.

E, E,
. -
- -
E, E,
12 -
Dielectric
FIGURE 2.20 Diflerence in behaviour
of a conductor and a dielectric
in an external electric feld

H, o,

Polar

HCl
FIGURE 2.21 Some examples of polar

and non-polar molecules
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In an external electric field, the

E=0 E£0
positive and negative charges of a non-
s (i — + -+ polar molecule are displaced in opposite
= directions. The displacement stops when
- + the external [orce on the constituent
charges of the molecule is balanced by
4+ B ) g g =7 the restoring force (due to internal fields
= -t s — in the molecule). The non-polar molecule
+ = =g thus develops an induced dipole moment.
- 2o The dielectric is said to be polarised by
{#) Nom-polar molecules the external field. We consider only the
simple situation when the induced dipole
E=0 E<0 moment is in the direction of the field and
- . is proportional to the field strength.
i + + — =) == + [Substances for which this assumption
i ' =S It is true are called linear isotropic
- ] = tliclecirics.) The induced dipole moments
— 4+ Aok ' of different molecules add up giving a net
= : s dipole moment of the dieleciric in the
= 5 e =% presence of the external field.
) = Adiclectric with polar molecules also
b} Folar nlaletdlen develops a net dipole moment in an
external field, but for a different reason.
FIGURE 2.22 A dielectric -'h-r-:-:njzi- A |1<.-1. clipole Inn the absence ﬂfan}' external field, the
moment in an external l.:||i".'[|'|'..' ficld. [al Non-polar different permanent dipoles are oriented
muolecules, (b} Palar molecules. randomly due to thermal agitation; so
the total dipole moment is zero. When
an external field is applied. the individual dipole moments tend to align
with the field. When summed overall the molecules, there is then a net
dipole moment in the direction of the external field, i.e., the dielectric is
polarised. The extent of polarisation depends on the relative strength of
two mutually opposite laciors: the dipole potential energy in the exiernal
ficld tending to align the dipoles with the field and thermal energy tending
to disrupt the alignment. There may be, in addition, the ‘induced dipole
moment’ effect as for non-polar molecules, but gene rally the alignment
effect is more important for polar molecules.

Thus in either case, whether polar or non-polar, adielectric develops
a net dipole moment in the presence of an external [ield. The dipole
moment per unit volume is called polarisation and is denoted by P. For
linear isotropic dielectrics,

P=gy E (2.37)
where y_is a constant characteristic of the dielectric and is known as the
electric susceptibility of the dielectric medium.

It is possible to relate ¥, to the molecular properties of the substance,
but we shall not pursue that here.

The question is: how does the polarised dieleciric modily the original
external field inside it? Let us consider, for simplicity, a rectangular

a5 dielectric slab placed in a uniform external field E; parallel to two of its

faces. The field causes a uniform polarisation P of the dielectric. Thus
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every volume element Av ol the slab has a dipole moment —E
P Av in the direction of the field. The volume element AU is G5 Y (st 1 _-+_
macroscopically small but contains a very large number of i s ' E
molecular dipoles, Anywhere inside the dielectric, the +i=+ =+ =+
volume element AL has no net charge (though it has net _ | 3
dipole moment). This is, because, the positive charge of one = %) ===
dipole sits close to the negative charge of the adjacent dipole. e P : E
However, at the surfaces of the dielectric normal to the s Yedic bt o
electric field, there is evidently a net charge density. As seen g | g, ) e et F
in Fig 2.23. the positive ends ol the dipoles remain ' |
unneutralised at the right surface and the negative ends at + =+ =+ =+
the left surface, The unbalanced charges are the induced =
charges due to the external field. et et
Thus, the polarised dielectric is equivalent to two charged = ; | .
3 h i — + =+ =+ =+
surfaces with induced surface charge densities, say a, [ -
and —o,,. Clearly, the field produced by these surface charges —s P
opposes the external lield. The total lield in the dielectric FIGURE 2.23 A uniformly
is, thereby, reduced [rom the case when no dielectric is polarised diclectric amounts
present, We should note that the surlace charge density o induced surface charge

+o, arises from bound (not free charges) in the dielectric. density, but no volume
charge density

2.11 CaracitTors AND CAPACITANCE

A capacilor is a system of two conductors separated by an insulator
(Fig. 2.24}. The conductors have charges, say @, and @,. and potentials
V, and V,. Usually, in practice, the two conductors have charges Q
and - Q. with potential difference V= V| - V, between them. We shall
consider only this kind of charge configuration of the capacitor. (Even a
single conductor can be used as a capacitor by assuming the other at
infinity.) The conductors may be so charged by connecting them to the
two terminals of a battery. @ is called the charge of the capacitor, though
this, in fact, is the charge on one of the conductors - the total charge of
the capacitor is zero.

The electric field in the region between the
conductors is proportional to the charge Q. That
is, if the charge on the capacitor is, say doubled,
the electric field will also be doubled at every point.
(This follows from the direct proportionality
between field and charge implied by Coulomb's
law and the superposition principle.] Now,
potential difference Vis the work done per unit
positive charge in taking a small test charge from Cenductor 1 Conductor 2
the conductor 2 to 1 against the field. pGURE 2.24 A svstem of two conductors
CD!‘IEEQL[EI'IH}T. Vis also PmPﬂfﬁﬂﬂﬂl tDQ- and the separaled by an |:'|.-~.|I.;|In|' lorms a capacilos
ratio @/ Vis a constant:

g

C= v (2.38)

The constant C is called the capaciiance of the capacitor. C is independent :
of @ or V, as stated above. The capacitance C depends only on the 67
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Surfare
charge density o

geometrical configuration (shape, size, separation) of the system of two
conductors, [As we shall see later, it also depends on the nature of the
insulator (dielectric) separating the two conductors.] The Sl unit of
capacitance is 1 farad (=1 coulomb votYor1lF=1CVt A capacitor
with lixed capacitance is symbolically shown as - |-, while the one with
variable capacilance is shown as £,

Equation (2.38) shows thal for large C, Vis small lor a given Q. This
means a capacitor with large capacitance can hold large amount of charge
@ al a relatively small V. This is ol practical importance. High potential
difference implies strong electric field around the conductors. A strong
electric field can ionise the surrounding air and accelerate the charges so
produced to the oppositely charged plates, thereby neutralising the charge
on the capacitor plates, at least partly. In other words, the charge of the
capacitor leaks away due to the reduction in insulating power of the
intervening medium.

The maximum electric field that a dielectric medium can withstand
without break-down (of its insulating property] is called its dielectric
strength; for air it is about 3 x 10° Vim\. For a separation between
conductors of the order of 1 cm or so, this Held corresponds to a potential
dilference of 3 » 10* V between the conductors. Thus, lor a capacitor to
store a large amount of charge without leaking, its capacitance should
be high enough so that the potential difference and hence the electric
field do not exceed the break-down limits. Put differently, there is a limit
to the amount of charge that can be stored on a given capacitor without
significant leaking. In practice, a farad is a very big unit; the most common
units are its sub-multiples 1 pF = 10" F, 1 nF = 10 F, 1 pF = 100"* F,
ete. Besides its use in storing charge, a capacitor is a key element of most
ac cireuits with important functions, as described in Chapter 7.

2.12 TuE PAraLLEL PLATE CAPACITOR

A parallel plate capacitor consists of two large plane parallel conducting
plates separated by a small distance (Fig. 2.25). We first take the
intervening medinum between the plates to be

1 Area A vacuum, The effect of a dielectric medium between
J the plates is discussed in the next section. Let A be

1 the area of each plate and d the separation between

Qm-+~1--1-++++-1-++-+

& them. The two plates have charges Q and —-Q. Since
d is much smaller than the linear dimension of the
plates (d® << A), we can use the result on electric

5 d field by an infinite plane sheet of uniform surface
¥ v v v v charge density (Section 1.15). Plate 1 has surface
e e | charge density o= @Q/A and plate 2 has a surface
f’ 2 charge density —o. Using Eq. (1.33), the electric field
' in ditferent regions is:
Surface 11

charge density — o

FIGURE 2.25 The parallel plate capacitor.
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Outer region [ (region above the plate 1),

& o

E=—m -——=0
2, 2g (2.58)
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Outer region Il (region below the plate 2],

E=" -2 =0
Y (2.40)

In the inner region between the plates 1 and 2, the electric fields due
to the two charged plates add up, giving

E:%+£—=§=£« (2.41)

a 0 0 HA

The direction ol electric field is [rom the positive to the negative plate.

Thus, the eleciric [ield is localised between Lhe lwo plates and is
uniform throughout. For plates with finite area, this will not be true near
the outer boundaries of the plates. The field lines bend outward at the
edges — an effect called “fringing of the field". By the same token, o will
not be strictly uniform on the entire plate. |E and o are related by Eq.
(2.35).] However, for d® << A, these effects can be ignored in the regions
sufficiently far from the edges, and the field there is given by Eq. (2.41).
Now for uniform electric field, potential difference is simply the electric
tield times the distance between the plates, that is,

1 Od
V= Ed —=—
s A (2.42)
The capacitance C of the parallel plate capacitor is then
Q £A
C="==—— :
v H (2.43)

which, as expected, depends only on the geometry of the system. For
typical values like A= 1m", d= 1 mm, we get
8.85%10 *C'N'm * x I m*
e - 8.85XI107F 2.44
10*m 4
(You can check that if 1F= 1C V' = 1€ (NC'm)! = 1 C* N m?)
This shows that 1F is foo big a unit in practice, as remarked earlier,
Another way of seeing the 'bigness’ of 1F is to calculate the area of the
plates needed to have €= 1F for a separation of, say 1 co:
Cd IF x102m
A=—= — — = 10%m® ;
& 8.85x10%C*N'm™ 2:45)
which is a plate about 30 km in length and breadth!

2.13 Errect oF DieLECcTRIC ON CAPACITANCE

With the understanding ol the behaviour of dielecirics in an external
field developed in Section 2.10, let us see how the capacitance of a parallel
plate capacitor is modilied when a dielectric is present. As before, we
have two large plates, each of area A, separated by a distance d. The
charge on the plates is ). corresponding to the charge density tolwith
o= 0/4). When there is vacuum between the plates,

-
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and the potential difference V,is
V, = E,d
The capacitance C, in this case is
Q A
o= = I
0 v, * (2.46)
Consider next a dielectric inserted between the plates fully occupying
the intervening region. The dielectric is polarised by the field and. as
explained in Section 2.10. the effect is equivalent to two charged sheets
(at the surfaces of the dielectric normal to the field) with surface charge
densities o and —o . The electric field in the dielectric then corresponds
to the case when the net surface charge density onthe plates is t{o—¢,).
That is,
a -0,
E==—=" (2.47)
i
so that the potential difference across the plates is
0 =,
V=FEd= Ed
z, (2.48)
For linear dielectrics, we expect ¢, to be proportional to E, L.e., to ¢
Thus, (o- :'TP} is proportional io o and we can write
O—0p = ok 2.49
(4 K [ a }
where Kis a constant characteristic of the dielectric. Clearly, K> 1. We
then have
el Gd
V _—— i ——
The capacitance C, with dielectric between the plates, is then
2 gKEA
c T e T e =
v d (2.51)
The product gK is called the permittivity of the medium and is
denoted by &
e=g K (2.52)
Forvacuum K= 1 and £= g, g, is called the permittivity of the vacuum.
The dimensionless ratio
E
K=— 2.53
& (2.53)
is called the dielectric constant ol the substance. As remarked belore,
from Eq. (2.49). it is clear that Kis greater than 1. From Eqs. (2.46) and
(2. B1)
C
K=—
C, (2.54)
Thus, the dielectric constant of a substance is the factor {>1) by which
55 the capacitance ncreases from its vacuum value, when the dielectric is

inserted fully between the plates of a capacitor, Though we arrived at
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Eq. (2.54) for the case of a parallel plate capacitor, it holds good for any
type of capacitor and can, in fact, be viewed in general as a definition of

the dielectric constant of a substance.

Example 2.8 A slab of material of dielectric constant K has the same
area as the plales of a parallel-plate capacitor but has a thickness
(3/4)d, where d Is the separation of the plates. How is the capaci tance
changed when the slab is inserted between the plates?

Solution Let E, = V. /d be the electric field between the plates when
there is no dielectric and the potential difference is V. If the dielectric
is now Inserted. the electric field in the dielectric will be E = E /K.

The potential difference will then be
V= ED[-.I-..d]+ ﬂﬁd]

K+3
4K

-Ed— e
izt )=,

The potential difference decreases by the factor (K + 3)/4K while the
free charge @, on the plates remains unchanged. The capacitance

thus increases

c-Ba_ 4K G 4
TV K+3V,

H+3G"

2.14 ComBINATION OF CAPACITORS

We can combine several capacitors of
capacitance C,, C,...., C, to obtain a systern with
some eflective capacitance C. The ellective
capacitance depends on the way the individual
capacitors are combined. Two simple
possibilities are discussed below,

2.14.1 Capacitors in series

Figure 2.26 shows capacitors C, and C,
combined in series.

The left plate of C, and the right plate of C,
are conmected to two terminals of a battery and
have charges @ and —@ . respectively. It then
lollows that the right plate of C, has charge -Q
and the left plate of C, has charge Q. If this was
not so, the net charge on each capacitor would
not be zero. This would result in an electric field
in the conductor connecting C and C,. Charge
would flow until the net charge on both C, and
C, is zero and there is no electric field in the
conductor connecting C, and C,. Thus, in the
series combination, charges on the two plates
(£@) are the same on each capacitor. The total

& -g
(o] -g

+| - + |-

+ = +

+| - 4 2

+| = + .

+| - + -

+. - + —

+| +

+ = * -

c, C,
FIGURE 2.26 Combination of {wo
capacilors in series.
g -2 g -4 g -2 g -g
+ = L - 4+ = + -
+ - - - +
% + - +
+ - 4+ -+ - + =
+ -+ - o+ + -
T - % = ¥ = + -
+ +1 - + - + -
+ - o+ + - + -
{ad [ c, c,
FIGURE 2.27 Combination of n
capacilors in series 71
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potential drop Vacross the combination is the sum of the potential drops
V) and V; across C, and C,, respectively.

V=V, +V,= g+§ (2.55)
2
Vv 1 1
ie., E_ E}‘Jr E;‘: (2.56)

Now we can regard the combination as an eftective capacitor with
charge @ and potential dilference V. The effective capacitance ol the
combination is

C= % (2.57)
We compare Eq, (2,57) with Eq, (2,56), and obtain

L.t 1

oo C G, (2.58)

The proof clearly goes through for any number of capacitors arranged

in a similar way. Equation (2.55), for n capacitors arranged in series,
generalises to

QI _Qt

* E V=E+VE+...+VH=§:+-%+,..+EQ; (2.59)

Following the same steps as [or the case of two
capacitors, we get the general formula for effective
capacitance of a series combination of n capacitors:

1 1 1

E= C—!+ c—?+ E-F R E_n [E.Eﬂ}

++ 4

4

- 2.14.2 Capacitors in parallel

Figure 2.28 [a) shows two capacitors arranged in
i parallel. In this case, the same potential difference is
z applied across both the capacitors. But the plate charges
E [th] on capacitor 1 and the plate charges [iQE] on the
capacitor 2 are not necessarily the same:
Q,=CV.Q=CV (2.61)
The equivalent capacilor is one with charge
0=0,+8, (2.62)
and potential dilference V.
Q=CvV=C,V+CV [2.863)
- The effective capacitance C is, from Eq. (2.63),
C=C,+C, (2.64)
The general lormula for effective capacitance C for
+—— y—» parallel combination of n capacitors [Fig. 2.28 (b)]
follows similarly,

b} Q=0,+9,+..+Q, (2.65)

R A B 2 8 o

0

i
'R

btk | bt
LR

FIGURE 2.28 Parallel combination of Le., CV=CV+CV+..C V2.66)
[a) two capacitors, [b) n capacliors which gives
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C=C,+ G, +.:C, (2.67)
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Example 2.9 A networle of four 10 pFF capacitors s connected to a 500 V
supply, as shown in Fig. 2.29. Detenmine (a) the equivalent eapacitance
of the network and (b) the charge on each capacitor. (Note, the charge on
o capaciior is the charge on the plate with higher potential, equal and
opposite to the charge on the plate with lower potential )

9 -8
- -
. 2 E ¢
o
~g=-d== LA, 2 +
[t
B e g 4 == 4
C.
A - D
+g -g
) S0V
FIGURE 2.29

Solution

(a) In the given network, C,, C, and C, are connected in series. The
effective capacitance C' of these three capacitors is given by
Lok Lo

(S S T & 1

For C,= C,= C,= 10 pF, C'= (10/3) uF. The network has C’and C,
connected in parallel. Thus, the equivalent capacitance C of the
network is

C=Cr+g,= [%+1ﬂ) UF =13.3uF

(b) Clearly, from the ligure, the charge on each of the capaciiors, C,,
C, and C, Is the same, say @. Let the charge on C, be @' Now, sinece
the potential difference across AB is Q/C,. across BC is @/C,, across
CDis ©/C;, we have

Q. Q. @Q

o = B0V

G o o :
Also, Q'/C, = 500 V.
This gives for the given value of the capacitances,

Q= ED'UVxZ—Dlm =1.7x10°%C and

@'=500Vx10uF=5.0x10°C

2.15 EnNERGY STORED IN A CAPACITOR

A capacitor, as we have seen above, is a syslem ol lwo conductors with
charge @ and —@. To determine the energy stored in this configuration,
consider initially two uncharged conductors 1 and 2. Imagine next a
process of transferring charge from conductor 2 to conductor 1 bit by
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{a)

FIGURE 2.30 (a) Work done in & small

step of bullding charge on conductor 1
from Q' lo @'+ 6 Q. (b) Tolal wark dons

in charging the capacitor may be

Q =@ Dbit, so that at the end, conductor 1 gets charge Q. By
= charge conservation, conductor 2 has charge -Q al
the end (Fig 2.30 ).

i In translerring positive charge [rom conductor 2
- to conductor 1, work will be done externally, since at
= any stage conductor 1 is at a higher potential than
conductor 2. To calculate the total work done, we first
- ecalculaie the work done in a small step involving
transfer of an infinitesimal (i.e., vanishingly small)
amount of charge. Consider the intermediate situation
when the conduclors 1| and 2 have charges Q' and
—@' respectively. At this stage, the potential difference
V' between conductors 1 to 2 is Q/C, where Cis the
capacitance of the system. Next imagine that a small

SR I R
o]

TYTTYTTYTY e oy

L)

()

viewed as stored in the energy of charge § Q'is transferred from conductor 2 to 1. Work
eleotrie field betweesn the plates done in this step (§ W), resulling in charge Q" on
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conductor 1 increasing to Q% 50, is given by

4

W= v'ags
a ag C

aQ’ (2.68)

This is not surprising since integration is nothing but summation of
a large number of small terms.
We can write the final result, in different ways

0 s
W==_= (V= 2OV :
5C- 3 zQ (2.73)

Since elecirostatic force is conservative, this work is stored in the [orm
of potential energy of the system. For the same reason, the final result for
poitential energy [Eq. (2.73]] is independent of the manner in which the
charge configuration of the capacitor is built up. When the capacitor
discharges, this stored-up energy is released. It is possible to view the
potential energy of the capacitor as ‘stored’ in the electric field between
the plates, To see this, consider for simplicity, a parallel plate capacitor
|of area A (of each plate) and separation d between the plates].

Energy stored in the capacitor

_19° _(Aof d
2& 2 A

The surface charge density «is related to the electric field £ between
the plates,

(2.74)

o
E=— b
Ey (2.75)

From Eqgs. (2.74) and (2.75] , we get
Energy stored in the capacitor

U= (1/2)¢,E* x Ad (2.76)
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Note that Ad is the volume of the region between the plates (where
electric field alone exists). If we define energy density as energy stored
per unit volurme of space, Eq (2.76) shows that

Energy density of electric field,

u=(1/2)g E* (2.77)

Though we derived Eq. (2.77) for the case ol a parallel plate
capacitor, the result on energy density of an eleciric field is, in fact,
very general and holds true for electric field due to any configuration
of charges.

Example 2.10 (a] A 200 pF capacltor Is charged by 100 V battery
[Fig. 2.31(a)]. How much electrostatic energy is stored by the capacitor?
{b) The capacitor is disconnected from the battery and connected to
another 900 pF capacitor [Fig. 2.31(b]]. What is the electrostatic
energy stored by the system'?

g -9

+Q -@ 3 2

*+ = s -

+ = + ‘_

L d - + -

o+ - 4 -

+ = * =

i = + -

M HF

+ 5 * =

C 5

100V

¥ %= g ‘: g

L -

+ =

(a) + =

+ =

+ -

+ -

C

(bl

FIGURE 2.31

Solution
[g) The charge on the capacilor is
Q=CV=900% 102 Fx 100V=0x10°C
The energy stored by the capacitor is
=(1/2) CV* = (1/2) QV
=(1/2)x9%x10%C X 100V =45x% 10%J

(b] In the steady sifuation. the two capacitors have their positive
plites al the same polential, and their negative plates at the
same potential. Let the common potential difference be V', The
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charge on each capacitor is then Q= CV". By charge conservation,
@' = Q/2. This implies V" = V/2. The total energy of the system is

=2% %Q‘F’z %fQV =2.25x107%J

Thus In going from (a) to (b), though no charge Is lost; the final
energy is only half the initial energy. Where has the remaining energy
gone?

There is a transient period before the system settles to the
situation (b). During this period, a transient current flows from
the first capacitor to the second. Energy is lost during this time in
the form of heal and eleciromagnetic radiation.

SUMMARY

Electrostatic force is a conservative force. Work done by an external
foree (gqual and opposite to the electrostatic force) in bringing a charge
g from a point R to a point P is q(V -Vl which is the difference in
potential energy of charge g between the [inal and initial points,

Potential at a point is the work done per unit charge (by an external
agency) in bringing a charge from infinity to that point. Potential at a
point is arbitrary to within an additive constant, since it is the potential
difference between two points which is physically significant. If potential
at infinity is chosen to be zero: potential at a point with position vector
r due to a point charge O placed at the origin is given iz given by
vi=—2

4re, T

The electrostatic potential at a point with position vector r due o a
point dipole of dipole moment p placed at the origin is
1 prt
rj=——"F+
Vir) " o
The result is true also for a dipole (with charges —g and g separated by
Za) for r>= o

For a charge configuration g, g, .... g, with position vectors r,,
I, ... I, the potential al a point P is given by the superposition principle
L= L[ﬂ+q—2+ ...+i}

4ng, Ty Tap Tt

where rp is the distance between g, and P, as and 50 on.

An equipotential surface is a surface over which potential has a constant
value. For a point charge, coneentric spheres centred at a location of the
charge are equipotential surfaces, The eleciric field E at a point is
perpendicular to the equipotential surface through the point. E is in the
direction of the steepest decrease of potential.
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Potentlal energy stored in a system ol charges is the work done (by an
exlernal agency) in assembling the charges at their locations, Polential
energy of two charges g, g, atx,, r, Is glven by

1 449

PR

4, Ty

where 1, is distance between g, and g,

The potential enerdy of a charge g in an external potential Vir) is gVir),
The potential energy of & dipole moment p in a uniform electric ficld E
is —p-E.

Electrostatics ficld E is 2ero in the interior of a conductor; just outside
the surface of a charged conductor, E is normal to the surface given by

[ 2
E =.E‘_n where A is the unit veelor along the outward normal to the
b

surface and ois the surface charge density. Charges in a conductor can
reside only at its surlace. Potential is constant within and on the surface
of a conductor. In a cavily within a conductor (with no charges), the
electric field is zero.

A capacitor is a system ol two conduciors separated by an insulator. lis
capacilance is defined by C = 0/V, where Jand —{j are the charges on the
two conduciers and V is the polential difference between them. C is
determined purely geometrically, by the shapes, sizes and relative
positions of the two conductors. The unit of capacitance Is farad:.,
1 F=1C V™ For a parallel plate capacitor (with vacuum between the
plaies],

A
Cc= EﬂE

where A is the area of each plate and d the separation between them.

. If the medium between the plates of a capacitor is filled with an insulating

substance (dielectric), the electric fleld due to the charged plates induces
a net dipole moment in the dielectric. This effect, called polarisation,
gives rise to a field in the opposite direction. The net eleciric fleld Inside
the dielectric and hence the potentlal difference between the plates is
thus reduced. Consequently, the capacitance C increases from its value
C, when there is no medium (vacuum),

€= KC,

where K is the dieleciric constant of the insulating subsiance.

. For caparitors in the series combination, the toial capacitance Cis given by

In the parallel combination, the total capacitance C is:
C= G+ +C+t ..,

where C,, G, Cy... are individual capacitances.
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12. The energy Usiored in a capacitor of capacitance C, with charge () amd
voltage Vis

1 2 _16°
U= V= IZ VeE=_

2 o 2 5
The electrie energy density (energy per unit volume) in a region with
electric field is (1/2)s,E%

Potential porv  MIETAY v Potential difference fs
physically significant

Capacitance C [Hl_'LL'é‘I-'-'-"'AhI- F

Polarisation P L2 AT Cm? Dipole moment per unit
violume

Meleciric consiant K [Dimensionless]

POINTS TO PONDER

1. Electrostatics deals with forces between charges at rest, But if there is a
force on 4 charge. how can it be at rest? Thus, when we are talking of
electrostatic force between charges, it should be understood that each
charge is being kepl al rest by some unspecilied force that opposes the
nel Coulomb [oree on the charge.

2. A capacitor i= so configured that il confines the electrie fleld lines within
a small region of space. Thus, even though [leld may have considerable
strength, the potential difference between the two conductors of a
capacitor is small.

3. Electric field is ﬂismntinunus across the surface of a spherical charged
shell. It is zero inside and E;II outside. Electric patential is, however
continuous across the surface, equal (o g/4ng R al the surface.

4. The torgque p * E on a dipole causes il to oscillate aboul E. Only il there
is a dissipative mechanism, the oscillations are damped and the dipole
eventually aligns with E.

5. Potential due to a charge g at lts own location 18 not defined - It Is
Infinite.

6. In the expression gVir) for potential energy of a charge g Vir] is the
potential due to external charges and not the potential due 1o g As seen
in point 5, this expression will be ill-defined il Vir] includes potential

78 due o a charge g itsell.
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A cavity inside a conductor is shielded from outside electrical influences,
It is worth noting that electrostatic shielding does niot work the other
way round; that is. if you put charges inside the cavity, the exterior of
the conductor is not shielded from the fields by the inside charges.

EXERCISES

Two charges 5 * 107 C and -3 % 107 C are located 16 cm apart. At
what point{s) on the line joining the two charges is the electric
potential zero? Take the potential at infinity to be zero.

A regular hexagon of side 10 em has a charge 5 pC at each of its
vertices, Calculate the potential at the centre of the hexagon.

Two charges 2 uC and -2 pC are placed at points A and B 6 em
apart.

(a) ldentify an equipotential surface of the system.

(b}  What is the direclion of the electric field at every point on this
surlace?

A spherical conductor ol radius 12 ¢m has a charge of 1.6 x 10°7°C
distributed uniformly on its surtace. What is the electric field

(a) inside the sphere
(b)  Just outside the sphere
[} al a point 18 ¢m Irom Lhe centre of the sphere?

A parallel plate capacitor with air between the plates has a
capacitance of 8 pF (1pF = 107% F). What will be the capacitance if
the distance between the plates is reduced by hall, and the space
between them is filled with a substance of dielectric constant 87

Three capacitors each of capacilance @ pF are connected in series.
{a)  What is the total capacitance of the combination?

(b)  What Is the polential dilterence across each capaciior il the
combination is connected to a 120 V supply?

Three capacitors ol capacitances 2 pF, 3 pF and 4 pF are connected
in parallel.

(a)  What is the total eapacitance of the combination?

(b)  Determine the charge on cach capacitor il the combination is
connected to a 100 V supply.

I a parallel plate capacitor with air between the plates, each plate
has an area of 6 x 10 m® and the distance between the plates is 3 mm.
Caleulate the capacitance of the capacitor. If this capacilor is
connected to a 100 V supply, what is the charge on each plate of the
capacitor? s
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2.9

2.10

2.11

Explain what would happen if In the capacitor given in Exercise
2.8, a 3 mm thick mica sheel (ol dielectric constant = 8) were inserted
between the plates,

(al while the voltage supply remained connected.

(b)  alter the supply was disconnected.

A 12pF capacitor is connected to a 50V battery. How much
elecirostatic energy is stored in the capacitor?

A GO0pF capacitor is charged by a 200V supply. It is then
disconnected rom the supply and Is connecled Lo another
uncharged 600 pF capacitor. How much electrostatic energy is lost

in the process?



Chapter Three | -

CURRENT
ELECTRICITY

3.1 INTRODUCTION

In Chapter 1, all charges whether free or bound, were considered to be at
rest, Charges in motion constitute an electric current. Such currents occur
naturally in many situations. Lightning is one such phenomenon in
which charges flow from the clouds to the earth through the atmosphere,
sometimes with disastrons results. The low of charges in lightning is not
steady, but in our everyday life we see many devices where charges [ow
In a steady manner, like water flowing smoothly in a river, Atorch and a
cell-driven clock are examples of such devices. In the present chapter, we
shall study some of the basic laws concerning sieady electric currents.

3.2 ELecTtRiCc CURRENT

Imagine a small area held normal to the direction of flow of charges. Both
the positive and the negative charges may [low [orward and backward
across the area. In a given time interval ¢, let ¢, be the net amount (L.e,,
forward minus backward) of positive charge that flows in the forward
direction across the area. Similarly, let g_be the net amount of negative
charge flowing across the area in the forward direction. The net amount
of charge flowing across the area in the forward direction in the time
interval ¢, then, is g = ¢,— ¢_. This is proportional to f for steady current
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and the quotient

I= r (3.1)

is defined to be the current across the area in the forward direction. (If it
turn out to be a negative number, it implies a current in the backward
direction.)

Currents are not always steady and hence more generally, we define
the current as lollows. Let AQ be the net charge [lowing across a cross-
section of a conductor during the time interval At [i.e., between times ¢
and (L + Af)]. Then. the current at time { across the cross-section of the
conductor is defined as the value of the ratio of AQ o At in the limit of At
tending to zero,

_ 1im 29

I{t)= lim =5 (3.2)

In Sl units, the unit of current Is ampere. An ampere is defined
through magnetic effects of currents that we will study in the following
chapter. An ampere Is typically the order of magnitude of currents in
domestic appliances. An average lightning carries currents of the order
of tens of thousands of amperes and at the other extreme, currents in
Our nerves are in microamperes,

3.3 ELectric CURRENTS IN CONDUCTORS

An electric charge will experience a lorce il an electric lield is applied. Ifit is
ree to move, it will thus move contributing to a current. In nature, free
charged particles do exist like in upper strata of atmosphere called the
ionosphere. However, in atoms and molecules, the negatively charged
electrons and the positively charged nuclei are bound to each other and
are thus not free to move. Bulk matter is made up of many molecules, a
gram of water, for example, contains approximately 10* molecules. These
molecules are so closely packed that the electrons are no longer attached
to individual nuclei. In some materials, the electrons will still be bound,
i.e., they will not accelerate even if an electric field is applied. In other
materials, notably metals, some of the electrons are practically free to move
within the bulk material. These materials, generally called conductors,
develop electric currents in them when an electric field is applied.

If we consider solid conductors, then of course the atoms are tightly
bound to each other so that the current is carried by the negatively
charged electrons. There are, however, other types of conductors like
electrolytic solutions where positive and negative charges both can move.
In our discussions, we will focus only on solid conductors so that the
current is carried by the negatively charged electrons in the background
of lixed positive ions.

Consider first the case when no electric field is present. The electrons
will be moving due to thermal motion during which they collide with the
fixed ions. An electron colliding with an ion emerges with the same speed
as before the collision. However, the direction of its velocity after the
collision is completely random. At a given time, there is no preferential
direction for the velocities of the electrons. Thus on the average, the



Current
Electricity

number of electrons travelling in any direction will be equal to the number
of electrons travelling in the opposite direction. So, there will be no net
eleetric current.,

Let us now see what happens to such a
piece ol conductor if an electric lield is applied,
To locus our thoughts, imagine the conductor
in the shape of a cylinder of radius R (Fig. 3.1).

Suppose we now take two thin circular dises  greipe 3.1 Charses + Q and

G put at the ends

of a dielectric of the same radius and put ob-4 rhetallic cvllndes: The lectrans will: dull

positive charge +0) distributed over one disc because of the eleclri
and similarly —C} at the other disc. We attach neulralise the charges

field vreated to

The currenl thus

the two discs on the two flat surfaces of the will stop alier a while unless the charges +0Q)

cylinder. An electric field will be created and ang -4 are continuol

is directed from the positive towards the

negative charge. The electrons will be accelerated due to this field towards
+@. They will thus move to neutralise the charges. The electrons, as long
as they are moving, will constitute an electric current. Hence in the
situation considered, there will be a current for avery short while and no
current therealter.

We can also imagine a mechanism where the ends of the cylinder are
supplied with Iresh charges to make up for any charges neutralised by
electrons moving inside the conductor, [n that case, there will be a steady
electric field in the body of the conductor. This will result in a continuous
current rather than a current for a short period of time. Mechanisms,
which maintain a steady electric field are cells or batteries that we shall
study later in this chapter. In the next sections, we shall study the steady
current that results from a steady electric field in conductors,

3.4 Onom’s Law

A basic law regarding low of currents was discovered by G.5. Ohm in
1828, long before the physical mechanism responsible for flow of currents
was discovered. Imagine a conductor through which a current T'is flowing
and let Vbe the potential difference between the ends of the conductor,
Then Ohm’s law states that

Vel

o, V=RI1 (3.3)

where the constant ol proporiionality K is called the resistance ol the
conductor, The SI units of resistance is ohm, and is denoted by the symbol
£2. The resistance R not only depends on the material of the conductor
but also on the dimensions ol the conductor, The dependence of R on the
dimensions of the conductor can easily be determined as follows.
Consider a conductor satisfying Eq. (3.3) to be inthe form of a slab of
length land cross sectional area A [Fig. 3.2(a)]. Imagine placing two such
identical slabs side by side [Fig. 3.2(b)], so that the length of the
combination is 21, The current flowing through the combination is the
same as that flowing through either of the slabs. If Vis the potential
difference across the ends of the first slab, then Vis also the potential
dillerence across the ends of the second slab since the second slab is

1aly l.'r'jl'll.'l“'.-|:'ll:'l.].

FIGURE 3.2
Mustrating the

relation R = pl/A for
a rectangular slab
ol length | anc area
ol cross-section A
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identical to the first and the same current I'flows through
both. The potential difference across the ends of the
combination is clearly sum of the potential difference
across the two individual slabs and hence equals 2V, The
current through the combination is Iand the resistance
of the combination R, is [from Eq. (3.3)],

R.- ¥= 2R (3.4)

since V/I= R, the resistance of either of the slabs. Thus,
doubling the length of a conductor doubles the
resistance. In general, then resistance is proportional to

length,
Reel (3.5)
Georg Simon Ohm (1787- Next, imagine dividing the slab into two by cutting it
1854) German physicist, lengthwise so that the slab can be considered as a

professor at Munich. Ohm combination of two identical slabs of length 1, but each
waslle-::l to t:li:‘ law by L‘;‘l'“ having a cross sectional area of A/2 [Fig. 3.2(c)].

:2:&?15551 o e&?’ﬁi’;l, Lhz For a given voltage Vacross the slab, if [is the current
ectie ficld 1 'a_nalugu:us o through the entire slab, then clearly the current flowing
the temperature gradient, through each of the two half-slabs is I/2. Since the

and the electric current is potential difference across the ends of the hall-slabs is V,

analogous to the heat flow, i.e., the same as across the full slab, the resistance of each
of the half-slabs R, is
Vv V
R, = = 2—=2R.
1 /2 1 (3.6)

Thus, halving the area of the cross-section of a conductor doubles
the resistance. In general, then the resistance R is inversely proportional
to the cross-sectional area,

1
R~
y (3.7)
Combining Egs. {3.5) and (3.7), we have
l
Roe—
A (3.8)
and hence for a given conductor
[
R=p— :
Pa (3.9)

where the constant of proportionality p depends on the material of the
conductor but not on its dimensions. gis called resistiviiy.
Using the last equation, Ohm’s law reads

I
V=T xR:% (3.10)

Current per unit area (taken normal to the current), I/A, is called
current density and is denoted by j. The Sl units of the current density
are A/m?. Further, il E is the magnitude of uniform electric field in the

conductor whose length is [, then the potential difference V across its
B4 ends is El Using (hese, the lasl equation reads
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El=jpl
or. E=jp (3.11)
The above relation for magnitudes E and j can indeed be cast in a
vector form. The current density, (which we have defined as the current
through unil area normal {0 the current) is also directed along E, and is
also a vector j (= j B/E). Thus, the last equation can be written as,
E=jp (3.12)
or, j=cE (3.13)
where o=1/p is called the conductivity. Ohm's law is often stated in an
equivalent form, Eq. (3.13) in addition to Eq.(3.3). In the next section. we

will try to understand the origin of the Ohm's law as arising from the
characteristics of the drift of electrons.

3.5 DRrIFT oF ELECTRONS AND THE ORIGIN
oF RESISTIVITY

As remarked before, an electron will suffer collisions with the heavy fixed
ions, but after collision, it will emerge with the same speed but in random
directions. If we consider all the electrons, their average velocity will be
zero gince thelr directions are random. Thus, if there are N electrons and
the velocity of the  electron (i= 1, 2, 3, ... N) at a given time is v, then

- i
— L' :{} b
N&=t (3.14)
Consider now the situation when an electric field is NN

present. Eleetrons will be accelerated due to this

field by
-cE
a=——

- (3.15) A e B
where —e is the charge and mis the mass of an electron. o T
Consider again the i electron at a given time t. This e Ly
electron would have had its last collision some time 7 R
before ¢, and let t, be the time elapsed afier its last £
collision. If v, was its velocity immediately after the last J,f
collision, then its velocity V at time tis i ?
'

Vi v= B f, 3.15) *

m FIGURE 3.3 A schematic pleture of
since starting with its last collision it was accelerated an electron moving from a point A Lo
(Fig. 3.3) with an acceleration given by Eq. (3.15) for a another point B through repeated
time interval . The average velocity of the electrons at collisions, and straight line travel
time ¢ is the average of all the Vs, The average of w/sis  Deiween collisions (full lines). If an
zero [Eq. (3.14)] since immediately after any collision, ~“/“¢!71¢ lield is applied as shown, the

eleciron ends up afl point B [dotted

the direction of the velocity of an electron is com pletely
random. The collisions ol the electrons do not occur at
regular intervals but at random times. Let us denote by
t, the average lime between successive collisions. Then
at a given time, some of the electrons would have spent

lines), A slight
opposite the electric feld is visible,

drift in a direction
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time more than 1 and some less than 1. In other words, the time t in
q. (3.16) will be less than 1 for some and more than « for others as we go
through the values of i= 1. 2 ..... N. The average value of {, then is ¢
(known as relaxation time). Thus, averaging Eq. (3.16) over the
N-electrons atl any given time £ gives us lor the average velocily v,

eE
vd = {vﬂ}almrmf;r = [v‘}mm}r _ -;;.I-. [t"} areroge
== E T -—_E ¥ 3 1
= = (8.17)

This last result is surprising. It tells us that the
electrons move with an average velocity which is
independent of time, although electrons are
accelerated. This is the phenomenon of drift and the
velocity v, in Eq. (3.17) is called the drift velocity.

Because of the drift, there will be net transport of
charges across any area perpendicular to E, Consider
a planar area A, located inside the conductor such that

FIGURE 3.4 (Curreni In a metalli the normal to the area is parallel to E (Fig. 3.4). Then
copductor. The magnitude of current because ol the drift, in an infinitesimal amount ol lime
density in a metal is the magnitude of  AE, all electrons to the left of the area at distances upto
charde contained noa cylinder of unlt | v | Atwould have crossed the area. If nis the number

area and length v, of free electrons per unit volume in the metal, then

there are m At |v,|A such electrons. Since each
electron carries a charge —e. the total charge transported across this area
Ato the right in time Atis-ne A|v | At E is directed towards the left and
hence the total charge transported along E across the area is negative of
this. The amount of charge crossing the area A in time At is by definition
[Eq. (3.2)] I At, where I'is the magnitude of the current. Hence,

IAt=+neA |v,|At (3.18)
Substituting the value of |w,| from Eq. (3.17)
2
186=52 rn At[E] (3.19)
nt

By definition I'is related to the magnitude |j| of the current density by
I=|j|A (3.200
Hence, from Eqgs.(3.19) and (3.20),
2
1 e
fl=—rlE
| (3.21)

The vector j is parallel to E and hence we can write Eq. (3.21) in the
vector form

== (3.22)

o Comparison with Eqg. [3.13) shows (hat Eq. (3.22) is exaclly the Ohm’s
86 law, if we identify the conductivity e as
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ne®
Fg=—7 (3.23)
m

We thus see that a very simple picture of electrical conduction
reproduces Ohm's law. We have, of course, made assumptions that
and n are constants, independent of E. We shall, in the next section,
discuss the limitations of Ohm's law.

Example 3.1 (a] Estimate the average drift speed of conduction
electrons in a copper wire of cross-sectional area 1.0 * 107 m® carryving
a current of 1.5 A, Assume that each copper atom contributes roughly
one conduction electron. The density of copper is 9.0 x 10% kg/m?,
and its atlomic mass is 63.5 u, (b) Compare the drift speed oblained
above with, (I) thermal speeds of copper atoms at ordinary
temperalures, (ii]) speed of propagalion of electric lield along the
conductor which causes the drift motion.

Solution

[a) The direction of drift velocity of conduction electrons is opposite
to the electrie lield direction, ie., electrons drill in the direction
of increasing polential. The drift speed v, is given by Eq. [3.18)
v, = (I/ned)
Now. e= 1.6 x 10" C, A= 1.0 x 10"m?, I = 1.5 A. The density of
conduction electrons, nis equal to the number of atoms per cubic
metre {assuming one conduclion electron per Cu atom as is
reasonable from its valence electron count of one). A cubic metre
of copper has a mass of 9.0 ® 107 kg. Since 6.0 x 10** copper
atoms have a mass of 635 g,

— 6.0x10™
B35
=85 % 10% m>

% 9.0 x108

which glves.

1.5
TS BSx10¥ x1B8x10" «1.0x107

=11 %10 e =Tl mms"

(b) (i) At a temperature T, the thermal speed* of a copper atom of
mass M Is obtained from [<{1/2) M® > = (3/2) k.T | and is thus

typically of the order of flKaT/M | where . is the Boltzmann
constant. For copper at 300 K. this is about 2 ¥ 10* m/s, This
figure indicates the random vibrational speeds of copper atoms
In a conductor. Note that the drift speed of electrons is much
smaller, aboul 10® times the typical thermal speed at ordinary
temperatures,

(i) An electric field travelling along the conductor has a speed of
an electromagnetic wave, namely equal to 3.0 ¥ 10* m s
(You will learn aboui this in Chapter 8). The drill speed is, in
comparison, extremely small; smaller by a factor of 107

T See Eqg. (13.23) of Chapter 13 from Class XTI hook,
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Examrie 3.2

Example 3.2

(a) In Example 3.1, the eleciron drift speed is estimated 1o be only a
few mm s for currenis in the range of a few amperes? How then
is current established almost the instanl a circuil is closed?

(B) The electron drift arises due to the force experienced by electrons
in the electrie field inside the conduetor. But foree should cause
aceceleration. Why then do the electrons acquire a steady average
drift speed?

[c] If the electron drift speed is so small. and the electron's charge is
small, how can we still obtain large amounts of current in a
conductor?

[d] When electrons drift in a metal [rom lower to higher potential,
does it mean that all the ‘free’ electrons of the metal are moving
in the same direction?

[e) Are the paths of ¢lectrons straight lines belween successive
collisions (with the positive lons of the metal) in the (i) absence of
electric field, (i} presence of electric field?

Solution

[a] Electric field is established throughout the circuait, almost instantly
[with the speed of light] causing at every point a local electron
drift. Establishment of a eurrent does nol have Lo wail lor electrons
from one end of the conductor travelling to the other end. However,
it does take a little while for the current to reach its steady value,

(bl Each ‘free’ electron does accelerate, increasing its drift speed until
it collides with a positive ion of the metal. Il loses its drifi speed
alter collision bui starts {o accelerate and increases its drift speed
again only to suffer a collision again and so on. On the average,
therefore, electrons acquire only a drift speed.

(2] Slm}xlﬁ. because the electron number density is enormous,
~10%% m,

[d] By no means, The drift velocity Is superposed over the large
random velorities of electrons.

[e] In the absence of eleciric Held. the paths are stralght lnes; in the
presence of electric field, the paths are, in general, curved.

3.5.1 Mobility

As we have seen, conductivity arises from mobile charge carriers. In
metals, these mobile charge carriers are electrons: in an ionised gas. they
are electrons and positive charged ions; in an electrolyte, these can be
both positive and negative ions.

An important quantity is the mobility g defined as the magnitude of
the drift velocity per unit electric field:

= (3.24)

The SI unit of mobility is m?/Vs and is 10* of the mobility in practical
units (em®/Vs), Mobility is positive. From Eq. (3.17), we have

etk

d
n
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L I
E m
where tis the average collision time for electrons.

(3.25)

3.6 Lmurations oF OaMm’s Law

Although Ohm's law has been lound valid over a large class

of materials, there do exist materials and devices used in

eleclric circuits where the proportionality ol Vand I does not

hold. The deviations broadly are one or more of the following

types:

(a) Vceases to be proportional to I'(Fig. 3.5).

(b) The relation between Vand I depends on the sign of V. In
other words, if I'is the current for a certain V, then reversing
the direction of V keeping its magnitude fixed, does not

/)
/

] ——

FIGURE 3.5 The dashed line
represenls the Hnear Ohm's
law
Voversus current [ lor a good

vl ag

he salld lne s the

conducton

produce a current of the same magnitude as I'in the opposite direction
(Fig. 3.6). This happens, for example, in a diode which we will study

in Chapter 14,

L

&
|
I
1.5
i T
i
—
T T E
2 0.2 yv—» =
7
_~—~’/ LT *
L
FIGURE 3.6 Characteristic curve
of a diode. Nole the different
arales for J|r';__[.1|ii’l.' ard rositive

values of the voltage and current

Voltage V [V) —»

FIGURE 3.7 Varlation of current

versus volinge for GaAs

[c) The relation between Vand Iis not unique, i.e., there is more than
one value of Vior the same current I (Fig. 3.7). A material exhibiting

such behaviour is GaAs.

Materials and devices not obeying Ohm's law in the form of Eq. (3.3)
are actually widely used in electronic circuits. In this and a few
subsequent chapters, however, we will study the electrical currents in

materials that obey Ohm's law.
3.7 Resistivity oF Various MATERIALS

The materials are classified as conductors, semiconductors and insulators
depending on their resistivities, in an increasing order of their values.
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Metals have low resistivities in the range of 10°® Om to 10°® Qm. At the
other end are insulators like ceramic, rubber and plastics having
resistivities 10*® times greater than metals or more. In between the two
are the semiconductors. These, however, have resistivities
characteristically decreasing with a rise in temperature. The resistivities
of semiconductors can be decreased by adding small amount of suitable
impurities. This last feature is exploited in use of semiconductors for
electronic devices.

3.8 TeEMPERATURE DEPENDENCE OF RESISTIVITY

The resistivity of a material is found to be dependent on the temperature.
Different materials do not exhibit the same dependence on temperatures,
Over a limited range of temperatures, that is not too large, the resistivity
of a metallic conductor is approximately given by,

o= py 11 + a [T-T)] (3.26)
where p_ is the resistivity at a temperature T and p, is the same at a
reference lemperature T, « is called the temperature co-gfficient of
resistivity, and from Eq. (3.26), the dimension of « is {Temperature}'].
For melals, ais positive.

The relation of Eq. (3.26) implies that a graph of g, plotted against T
would be a straight line. At temperatures much lower than 0°C, the graph.
however, deviates considerably from a straight line (Fig. 3.8).

Equation (3.26) thus, can be used approximately over a limited range
of T around any reference temperature T,, where the graph can be
approximated as a straight line.

51.20t # \
D,
&
=1.10F \
w
: %
B1.00 i I I I \k\'\-..___\x
T
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Temperature T(E)j —» T

FIGURE 3.8 Resistivity FIGURE 3.10

oy of nichrome as a Fremperature dependence

functlon of absolut of resistivity for a typleal

temperature T semiconductor,

Some materials like Nichrome (which is an alloy of nickel, iron and
chromium) exhibit a very weak dependence of resistivity with temperature
(Fig. 3.9). Manganin and constantan have similar properties. These
malerials are (thus widely used in wire bound standard resistors since
their resistance values would change very little with temperatures,
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Unlike metals, the resistivities ol semiconductors decrease with
increasing temperatures. A typical dependence is shown in Fig. 3.10.
We can qualitatively understand the temperature dependence of
resistivity. in the light of our derivation of Eq. (3.23). From this equation,
resistivily of a material is given by
1 i

e (3.27)

g thus depends inversely both on the number nof free electrons per unit
volume and on the average time ¢ belween collisions. As we increase
temperature, average speed of the electrons, which act as the carriers of
current, increases resulling in more frequent collisions. The average time
of collisions 1, thus decreases with temperature.

In a metal, nis not dependent on temperature to any appreciable
extent and thus the decrease in the value of twith rise in temperature
causes p to increase as we have obhserved.

For insulators and semiconductors, however, n increases with
temperature, This increase more than compensates any decrease in ¢in
Eq.(3.23) so that for such materials, p decreases with temperature,

Example 3.3 An eleciric toaster uses nichrome for its heating
element. When a negligibly small current passes through it, its
resistance at room temperature (27.0 °C) is found to be 75.3 02, When
the toaster is connecied to a 230 V supply, the current seliles, afier
a few seconds, to a steady value of 2.68 A. Whal is the steady
temperature of the nichrome element? The temperature coefficient
of resistance of nichrome averaged over the temperature range
involved, is 1.70 x 107 °C™,

Solution When the current through the element is very small, heating
effects can be ignored and the temperature T of the element is the
same as room temperature, When the toaster is connected to the
supply, Hs Inltial eurrent will be slightly higher than its sieady value
of 2.68 A, But due lo heating effecl of the current, the temperalure
will rise. This will cause an Increase In resistance and a slight
decrease in current. In a few seconds, a steady state will be reached
when temperature will rise no further. and beth the resistance of the
element and the current drawn will achieve steady values. The
resistance K, at the steady temperature T, is

230V
R - 262 A

Using the relation
R =R [1+u(l,-T)
with @ = 1.70 x 1071 °CL, we get

(75.3)= 1. 7010
that is, T,= (820 + 27.0) °C = 847 °C
Thus, the steady temperature of the heating element (when heating

effect due to the current equals heat loss to the surroundings) is
84T °C.

= 85.8 0

=820 °C

00 TTANVIES
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Exavpie 3.4

Example 3.4 The resistance of the platinum wire of a platinum
resistance thermometer at the ice point i= 5 £ and at steam point is
5.23 0. When the thermometer is inserted in a hot bath, the resistance
of the platinum wire is 5.795 &, Caleulate the temperature of the
bath.

Solution B, =5 Q, R, =5.23 Q and R, = 5.795

Now, r=wan. R =R, (1 +at)
o

_5.795-5

Se—r =100

0.795

0.23 %100 = 345,65 °C

3.9 ELectricaL ENErGY, POWER

Consider a conductor with end points A and B, in which a current I'is
flowing from A to B. The electric potential at A and B are denoted by V(A)
and V(B) respectively, Since current is flowing from A to B, V(A) > V(B)
and the potential difference across AB is V= V[A) - VIB) = 0.
In a time interval Af, an amount of charge A@ = I At travels from A to
B. The potential energy of the charge al A, by definition, was Q V{A] and
similarly at B, il is Q VIB). Thus, change in its potential energy AU, is
AU__, = Final potential energy — Initial potential energy
=AQUV(B) - V(A =-4Q V
=-JVAat<0 (3.28)
If charges moved without collisions through the conductor, their
kinetic energy would also change so that the total energy is unchanged.
Conservation of total energy would then imply that,

AK= —ﬁUpm (3.29)
that is,
AR=1IVALt>0 (3.30)

Thus, in case charges were moving [reely through the conductor under
the action of electric ficld, their kinetic energy would increase as they
move. We have, however, seen earlier that on the average, charge carriers
do not move with acceleration but with a steady drift velocity. This is
because of the collisions with ions and atoms during transit. During
collisions, the energy gained by the charges thus is shared with the atoms.
The atoms vibrale more vigorously, i.e., the conductor heats up. Thus,
in an actual conductor, an amount of energy dissipated as heat in the
conductor during the time interval Alis,

AW =TVt (3.31)

The energy dissipated per unit time is the power dissipated
P=AW/At and we have,

P=1V (3.32)
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Using Ohm's law V' =IR. we get
P=I*R=V*R (3.33)
as the power loss ("ohmic less”) in a conductor of resistance R carrying a

current L It is this power which heats up, for example, the coil of an
electric bulb to Incandescence, radiating out heat and light.

Where does the power come [rom? As we have I &
reasoned before, we need an external source to keep Positive. L[ [ | Negative
i : ; ; electrode | | electrode
a steady current through the conductor. It is clearly
this source which must supply this power. In the R
simple circuit shown with a cell (Fig.3.11), it is the

f ¥ 3 : — — Electrolyvte

chemical energy of the cell which supplies this power
lor as long as it can.

The expressions [or power, Eqgs. (3.32) and (3.53),
show the dependence of the power dissipated in a
resistor R on the current through it and the voltage FIGURE 3.11 Heal is produced in the
across it. resistor B which is connecied across

Equation (3.33) has an important application to the terminals of a cell. The energy
power transmission. Electrical power is transmitted  dissipated in the resistor F comes from
from power stations to homes and factories, which the chemical energy of the electrolvie

may be hundreds ol miles away, via transmission
cables. One obviously wants to minimise the power
loss in the transmission cables connecting the power stations to homes
and factories. We shall see now how this can be achieved. Consider a
device I, to which a power F is to be delivered via transmission cables
having a resistance R, to be dissipated by it finally. If Vis the voltage
across Rand Ithe current through it, then

P=VI] (3.34)

The connecting wires from the power station to thedevice has a finite
resistance R The power dissipated in the connecting wires, which is
wasted is P, with

P.=I*R,

F*R,
= V2 (3.35)

from Eq. (3.32). Thus, to drive a device of power P, the power wasted in the
connecting wires is inversely proportional to V2, The transmission cables
from power stations are hundreds of miles long and their resistance R_is
considerable. To reduce P, these wires carry current at enormous values
of Vand this is the reason for the high voltage danger signs on transmission
lines — a common sight as we move away from populated areas. Using
electricity at such voltages is not safe and hence at the other end, a device
called a transformer lowers the voltage to a value snitable for use.

3.10 CeLLs, eEMF, INTERNAL RESISTANCE

We have already mentioned that a simple device to maintain a steady
current in an electric circuit is the electrolytic cell. Basically a cell has
two electrodes, called the positive (P) and the negative [(N), as shown in
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Electrolyte

[a)

Syrbol
(b

FIGURE 3.12 [al Skelch ol
an electrolyte ecell with
positive terminal P oaned
negalive terminal N. The

gap hetween the électrodes

= exagperated for clacity. A
and B are points In the

electrolyte typleally close Lo

Pand N. (b) the symbaol for

a cell, + referring to P and

referring (o the N
electrode. Electrical
connections to the cell are
made at P and N

Fig. 3.12. They are immersed in an electrolytic solution. Dipped in
the solution, the electrodes exchange charges with the electrolyte.
The positive electrode has a potential difference V, (V, > 0) between
itself and the clectrolyte solution immediately adjacent to it marked
Ain the ligure. Similarly, the negative elecirode develops a negative
potential — (V) (V= 0} relative to the electrolyte adjacent to it,
marked as Bin the figure. When there is no current, the electrolyte
has the same potential throughout, so that the potential difference
between Pand Nis V, - (-V) =V, + V| This difference is called the
electromotive force (emf) of the cell and is denoted by & Thus
e=V+V >0 (3.55)

Note that ¢ is, actually, a potential difference and not a force. The
name emft, however, is used because of historical reasons, and was
given al a time when the phenomenon was nol undersiood properly.

To understand the significance of s consider a resistor K
connected across the cell (Fig. 3.12). A current [ flows across R
from C to D. As explained before, a steady current is maintained
because current flows from N to P through the electrolyte. Clearly,
across the electrolyte the same current flows through the electrolyte
but from N to P, whereas through R, it flows from Pto N,

The electrolyte through which a current flows has a finite
resistance r, called the internal resistance. Consider first the
situation when R is infinite so that T= V/R = 0, where V is the
potential difference between P and N. Now,

V= Polential dilference between P and A

+ Potential difference between A and B

+ Potential dillference belween B and N
=g [3.58)
Thus, emf £ is the potential difference between the positive and
negative electrodes in an open circuit, i.e., when no current is

flowing through the cell.
If however Ris finite, Iis not zero. In that case the potential difference
between P and N is

VeV+V -Ir

=g-—-]Ir

(3.57)

Note the negative sign in the expression (I ) for the potential difference
between A and B. This is because the current Iflows from B to A in the
electrolyte.

In practical caleulations, internal resistances of cells in the circuit

may be neglected when the current Iis such that g >> I r. The actual
values of the internal resistances of cells vary from cell to cell. The internial
resistance of dry cells, however, is much higher than the common
electrolytic cells.

We also observe that since V'is the potential difference across R, we
have from Ohm's law

94

V=IR
Combining Eqs. (3.57) and (3.58), we get

(3.58)
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IR = =-1Ir
Or, [=—*- (3.59)
" R+r '

The maximum current that can be drawn from a cell isfor R= 0 and
itisI = s/r. However, in most cells the maximum allowed current is
much lower than this to prevent permanent damage to the cell.

3.11 CEeLLs IN SERIES AND IN PARALLEL

Like resistors, cells can be combined together in an electric circuit. And
like resistors, one can, for calculating currents and voltages in a circuit.
replace a combination of cells by an equivalent cell.

£ (3] Em
1 1 _ - I
AT r, B n C AT I C
FIGURE 3.13 Two cells of emls g and & in the series. r, r; are their
internal resistances. For connections across A and C. the combination
can be considered as one cell of emi g, and an internal resistance J.:-q'

Consider first two cells in series (Fig. 3.13), where one terminal of the
two cells is joined together leaving the other terminal in either cell free,
£, & are the emf's of the two cells and r;, r, their internal resistances,
respectively.

Let V(A), VI(B]., VIC)] be the potentials at points A, B and C shown in
Fig. 3.13. Then V(A) - V(B) is the potential difference between the positive
and negative terminals of the first cell. We have already calculated it in
Eq. (3.57) and hence,

Vi =V(A) ViBl=g In (3.60)
Similarly,
Vee=V(B) VICl=¢, In (3.61)

Hence, the potential difference between the termninals A and C of the
combination is

Vie= VIA]-VIC)= V(A)-V(B) + V(B)-V(C)

=(g +6)-Hnr+1n) (3.62)

Il we wish {o replace the combination by a single cell between A and
C of emfl B and internal resistance Top WE would have

Vg™ A I Toi (3.63)
Comparing the last two equations, we get

Eoq = &1 + g, (3.64)

and Tg=Tit 1 (3.65)

In Fig.3.13, we had connected the negative electrode of the first to the
positive electrode of the second. If instead we cormect the two negatives,
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Eq. (3.61) would change to V,_=-¢,~Ir, and we will get

Bog = By — By (&; > &) (3.66)
The rule for series combination elearly can be extended to any number
of cells:

(i) The equivalent eml of a series combination ol n cells is just the sum of
their individual emf's, and

(ii) The equivalent internal resistance of a series combination of n cells is
just the sum of their internal resistances.

This is so, when the current leaves each cell from the positive
electrode. If in the combination, the current leaves any cell from
the negative electrode, the emf of the cell enters the expression

1 ¢ for ¢ with a negafive sign, as in Eq. [3.66).

Next, consider a parallel combination of the cells (Fig. 3.14).
I, and [, are the currents leaving the positive electrodes of the
cells. At the point B, I, and L, flow in whereas the current I flows
out, Since as much charge flows in as out, we have

FIGURE 3.14 Two cells in i=L+l (3.67)
parallel. For connections Let VlBI} and VI.BZ' [y 1 Pﬂtmuﬂlq a'_H_I ancl BZ‘ T'EHPH.‘-HVE‘]}".
Across; & AL, the Then, considering the first cell, the potential diflerence across its
:.-|L||||||||.'|1 ionn can b lE]"I'ni.n'-cﬂE- iE V[BI! oy V{Bz}. HE“CE—, erm Eq, {3.5?}
replaced by one eell af eml
B and inlernal resislances VEV[EJ— V{Bz}=EL - Ilrl (3.68)
Teq "I'I*_'l"'*"""l ‘_‘;"* '1I"'__'-_'-J_"I"I"~ i Points B, and B, are connected exactly similarly to the second
i At ) A0E T T, cell. Hence considering the second cell, we also have
V=VI(B)-V(B)=6& - (3.69)
Combining the last three equations
I L= 1
eE-Vv -V (&g =& 1 1
n Tz hn o n n

Hence, Vis given by,

nr
v Ry S L
n I Iy (&71)

If we want to replace the combination by a single cell, between B, and

B,. of eml ¢_ and internal resistance r,,, we would have
V= sq-Ir (3.72)
The last two equations should be the same and hence
G T &L
E el w 'S
e —— (3.73)
s
T o=
= in, (3.74)

We can put these equations in a simpler way,
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1. 1.1
e n T (3.75)
feg _ 8 &
oo = n + r, (3.76)

In Fig. (3.14). we had joined the positive terminals
together and similarly the two negative ones, so that the
currents I, L flow out of positive terminals. If the negative
terminal of the second is connected to positive terminal
of the first, Egs. (3.75) and (3.76) would still be valid with
EE — -'EE

Equations (3.75) and (3.76) can be extended easily.

If there are n cells of emf £, . . . & and of internal
resistances ry,... 1, respectively, connected in parallel, the
combination is equivalent to a single cell of emt £, and
internal resistance T such that

Gustav Robert Kirchhoff
(1824 - 1887) German
physicist, professor at
Hetdelberg and at

®)
e
o
=
=
o)
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)
2
._}
<
)
@
=
C
4
=

£ TN — 5 Berlin. Mainly known for
Tey T Fa ) his development of
spectroscopy., he also
£ E E made many important
s e Zn
v F Fih = (3.78) contributions to mathe- =
£ 1 i Lﬂ.

matical physics, among
them, his first and
second rules for cirouits,

- ¥

3.12 Kircauorr's RuLEs

Electric circuits generally consist ol a number of resistors

and cells interconneclted sometimes in a complicated way.

The formulae we have derived earlier for series and parallel combinations
of resistors are not always sufficient to determine all the currents and
potential dilferences in the circuit. Two rules, called Kirchhoff's rules,
are very useful for analysis of electric circuits.

Given a circuit, we start by labelling currents in each resistor by a
symbol, say I, and a directed arrow to indicate that a current I flows
along the resistor in the direction indicated. If ultimately Iis determined
to be positive, the actual current in the resistor is in the direction of the
arrow. If [ turns out to be negative, the current actually flows in a direction
opposite to the arrow. Similarly, for each source (i.e., cell or some other
source of electrical power) the positive and negative elecirodes are labelled,
as well as, a directed arrow with a symbol for the current Dowing through
the cell. This will tell us the potential difference, V=V (F)-V[N)=s~1Ir
[Eq. [3.57) between Lhe positive terminal P and the negative terminal N; I
here is the current flowing from N to P through the cell]. If, while labelling
the current I through the cell one goes from P to N, then of course

V=z+Ir (3.79)

Having clarified labelling, we now state the rules and the proof:
(o) Junction rule: At any junction. the sum of the currenis entering
the junction is egual to the sum of currents leaving the junction

(Fig. 3.15). 97
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FIGURE 3.15 Al junctlon a the current
leaving is I, + [, and current entering is L,
The junction ruile says _.r5 = J] t JIE. At podnt
h current entering is I. There is only one

current leaving h and by junction role
that will also be [,. For the loops "ahdcha

and “ahdefga’, the loop rules give -301,

4l L+ 45 = Dand-30I, + 21 T, ~86 =0

This applies equally well if instead of a junction of

several lines, we consider a point in a line.

The proof of this rule follows from the fact that
when currents are steady, there is no accumulation
of charges al any junction or at any point in a line.
Thus, the total current flowing in, (which is the rate
at which charge flows into the junction), must equal
the total current owing out.

Bl Loop rule: The algebraic sum of changes in
potential around any closed loop involving
resistors and cells in the loop is zero
(Fig. 3.15).

This rule is also obvious, since electric potential is
dependent on the location of the point. Thus
starting with any point if we come back to the same
point, the total change must be zero. In a closed
loop, we do come back to the starting point and
hence the rule.

Example 3.6 A battery of 10 V and negligible internal resistance iz
connected across the diagonally opposite corners of a cubleal network
consisting of 12 resistors cach of resistance 1 @ (Fig. 3.16). Delermine
the eguivalent resistance ol the network and the current along each

edge of the cube,

D AN )
e = X

Examrre 3.6

FIGURE 3.16
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Solution The network is not reducible to a simple series and parallel
combinations of resistors. There is, however, a clear symmelry in the
problem which we can exploit to obtain the equivalent resistance of
the network,
The paths AA', AD and AB are obviously symmetrically placed In the
network, Thus, the current in each must be the same, say, I Further,
at the corners &', B and D, the incoming current I must split equally
into the two oulgoing branches. In this manner, the current in all
the 12 edges of the cube are easily written down in terms of I, using
Kirchhoil's lirst rule and the symmetry in the problem.
Nexi take a closed loop, say, ABCC'EA, and apply Kirchholf's second
rule:

-[R-(1/2]IR-IR+¢e=0
where R is the resistance of each edge and e the emf of battery, Thus,

5
s=—IR
2
The equivalent resistance R,qu of the network is
2N
=— =—R
R 31 6

ForR=110, Rﬂ= (5/6) 22 and lor e= 10V, the total current (= 3I) in
the network 1s

A= 10V/5/B)0=12A je. I=44A
The current flowing in each edge can now be read off from the
Fig. 3.16.

O"g ANV

It should be noted that because of the symmetry of the network, the

¥

i

| sanpcanmanged)g

ILEARE

npa

great power of Kirchhoff's rules has not been very apparent in Example 3.6.
In a general network, there will be no such simplification due to symmetry,
and only by application of Kirchhoffs rules to junctions and closed loops
[as many as necessary to solve the unknowns in the network) can we
handle the problem. This will be lllustrated in Example 3.7,

Example 3.7 Determine the current in each branch of the network
shown in Fig. 3.18.

FIGURE 3.18
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Examrie 3.7

Solution Fach branch of the network is assigned an unknown current
to be determined by the application of Kirchholl's rules. To reduce
the number of unknowns at the outset. the first rule of Kirchhoff is
used at every junction to assign the unknown current in each branch,
We then have three unknowns [, [, and [; which can be found by
applving the second rule of Kirchholl to three different closed loops,
Kirchhoff's second rule for the closed loop ADCA gives,
10-HI-L)+2{L +L,-L)-1, =0
13.80¢a)]
that is, 71— 61, — 21, = 10
For the closed loop ABCA. we get
10-4L-2 (L+L)-1,=0
that is, I, + 6L + 21, =10 [3.80(b)]
For the closed loop BCDEB, we get
5-2(L+1)-2(L+L-1)}=0
that is, 21, - 4L, - 4L, =-5 [3.80(c]]
Equations (3.80 a, b, ¢] are three simultaneous equations in three
unknowns, These can be solved by the usual method to give

K _5 ol
L=28A L=2 A L=1_ A

The currenis in the varlous branches of the network are

5 1 7

i o B il

AB.EPL CA: 2&. ]l'J'I_T.JE!.la A
1

AD 1§A, CD:0A BC:25 A
It is easily verified that Kirchhoff's second rule applied to the
remaining closed loops does not provide any additional independent
equation, that is. the above values of currents satisfy the second
rule for every closed loop of the network. For exam ple, the total voltage
drop over the closed loop BADEDB

b 15
sve[2xa v [Exalv
[ax) [st

equal Lo zero, as required by Kirchholl's second rule,

3.13 WHEATSTONE BRIDGE

As an application of Kirchhotf's rules consider the circuit shown in
Fig. 3.19, which is called the Wheaistone bridge. The bridge has
four resistors R, R,, R, and R,. Across one pair of diagonally opposite
points (A and C in the figure) a source is connected. This (i.e., AC) is
called the battery arm. Between the other two vertices, B and D, a
galvanometer G (which is a device to detect currents) is connected. This
line, shown as BD in the figure, is called the galvanometer arm.

FFor simplicity, we assume that the cell has no internal resistance. In
general there will be currents flowing across all the resistors as well as a
current I through G. Ol special interest, is the case ol a balanced bridge
where the resistors are such that [ = 0. We can easily get the balance
condition, such that there is no current through G. In this case, the
Kirchholf's junction rule applied to junctions D and B (see the figure)
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immediately gives us the relations I = [, and [, = [,. Next, we apply B
1 4
Kirchholl's loop rule to closed loops ADBA and CBDC. The frst / l\{{ r
loop gives ' . %"a
- R +0+LR,=0 (1,=0) B8l R, R 1
and the second loop gives, upon using L=1.1, =1, ﬁﬁ< @) ‘} C
LR, +0-I R,=0 (3.82) |BN B il
From Eq. (3.81), we obtain, ] -
L
LR N 7
I, R D
whereas from Eq. (3.82), we obtain,
I, _R, |
L R '
Hence, we obtain the condition ;
R, R, FIGURE 3.19
R1 = Rs ESBS[H.”

This last equation relating the four resistors is called the balance
condition for the galvanometer to give zero or null deflection.

The Wheatstone bridge and its balance condition provide a practical
method for determination of an unknown resistance. Let us suppose we
have an unknown resistance, which we insert in the [ourth arm; R, is
thus not known. Keeping known resistances R, and R, in the first and
second arm of the bridge, we go on varying R, tll the galvanometer shows
a null deflection. The bridge then is balanced, and from the balance

condition the value of the unknown resistance R, is given by,

r R
Ry= R, [3.83(b)]

A practical device using this principle is called the meter bridge.

Example 3.8 The four arms of a Wheatstone bridge (Fig, 3.20) have
the [ollowing resislances:
AB = 1000, BC = 100, CD = 50, and DA = 6080,

FIGURE 3.20

101
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A galvanometer of 152 resistance Is connected across BD. Calculate

the current through the galvanometer when a potential difference of
10V is maintained across AC.

Solution Considering the mesh BADB, we have

1001, + 151 - 60, = 0

or 200 +3[ - 12L=0 [3.84(a]]
Considering the mesh BCDB, we have

10— 1) =156 -5 (L, + 1) =0
101, — 801, 51, = 0
oL -6L-L=0 [3.84(b)]

Considering the mesh ADUEA,

60L, +5(,+1)=10
651, + 51, = 10

18L +1 =2 [3.84(c)]
Multiplying Eq. (3.84b] by 10

201, - Eﬂl’g— 10L, =0 [3.84(d))
From Egs. (3.84d) and [3.84a) we have

631, -2, =0

L, =315 [5.841e]]

Examrie 3.8

Substituting the value of I, into Eq. [3.84(c)]. we get

13 (31.51) + 1, =2
410.5 IL=2
I,= 4.87 mA,

SUMMARY

Current through a given area of a conductor is the net charge passing
per unit time through the area,

To maintain & steady current, we must have a closed cireuit in which
an external agency moves electric charge from lower to higher potential
energy. The work done per unit charge by the source in taking the
charge from lower to higher petential energy [Lé., from one terminal
of the source to the other) Is called the electromotive force, or emf, of
the source. Note that the emf is not a force; it is the voltage difference
between the two terminals of a source in open circuit,

Ohpt's lauy The electrie current [ flowing through a substance is
proportional to the voltage V across its ends, Le.. Ve JTor V= Ri,
where B is called the resistance of the substance, The unit of resistance
isohm: 19=1VA™"
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The resistance R of a conductor depends on lis length | and
cross-sectional area A through the relation,

_ol
£ A

where p, called resistivify i= a property of the material and depends on
temperature and pressure,

Electrical resistivity of substances varies over a very wide range. Metals
have low resistivity, in the range of 10°* & m to 10°% 2 m. Insulators
like glass and rubber have 102 to 10?* times greater resistivity.
Semiconductors like 5i and Ge lie roughly in the middle range of
resistivity on a logarithmic scale,

In most substances, the carriers of current are electrons; In some
cases, for example, lonie crystals and electrolytic ligulds, positive and
negative ions carry the eleetric current,

Current density j gives the amount of charge flowing per second per
unit area normal o the flow,

i=ngu

where 1t is the number density (number per unit volume] of charge
carriers each ol charge g, and o, is the drift velocity of the charge
carriers. For electrons g = — . If j Is normal to a cross-sectlonal area

A and is constant over the area, the magnitude of the current I through
the ared is mew, A,

Using E = V/L I = nev, A, and Ohm’s law, one obtains

eE  ne’
m o I

The proportionality between the force eE on the electrons in a metal
due to the external fleld E and the drift velocity v, [not aceeleration)
can be understood, il we assume that the electrons salfer collisions
with ions in the metal, which deflect them randomly, If such collisions
oeCcur on an average at a time interval ¢,

Ug

v, = ar=elc/m
where ais the aceeleration of the eleetron. This gives

LU
ne’r
In the lemperature range in which resistivity increases linearly with

temperature, the femperature coefficient of resistivity o is defined as
the fractional increase in resistivity per unit inerease in temperature,

. Ohm's law is obeyed by many substances, but it s not a lundamental

law of nature. It fails if

(g] Vdepends on I non-linearly.

(b] the relation between Vand [ depends on the sign of ¥Vior the same
absolute value of V.

[c] The relation between ¥ and I is non-unigue.

An example of {a) s when p Increases with I (even if temperature is

kept fixed). A rectifier combines features [a) and (h). GaAs shows the

feature (o).

. When a source of eml g is connected to an external resistance R, the

voltage V,, across R is giver) by

£
R
R+r
where ris the internal resistance of the source.

Vm=m=

103



B Physics

12. Kirchhaff's Rules -
fa] Junction Rule: At any junclion of circuit elements, the sum of
currents entering the junction must equal the sum of currents
leaving It.
(k) Loop Rule: The algebrale sum ol changes in potentlal around any
closed loop musl be zero.
13. The Wheatstone bridge is an arrangement of four resistances - R, R,
E,. R, as shown in the text. The null-point condition is given by

Sk
R, R,

using which the value of one resistance can be determined, knowing
the other three resistances.

Physical Quantity Symbol Dimensions Unit Remark
Electric current I [A] A 51 base unit
‘Charge Q.q IT Al o

Voltage, Electric v IMEFT®A" v Work /charge

potential difference

Electromotive force £ [M L2 T AT v Work/charge
Resistance R AT AT 5] R=V/1
Resistivity P ML*T A% Om R = pl/A
Electrical o M 'L T3AY 5 e=1/p
mmiucmtlt_'_,r :
Electric field E MLT®AY  vm?! Hleaeic force
Drift speed U LT mes’ Uy =.E'Er_

7 TTe
Relaxation lime L [T 8
Current density. j L% A Am? current/area
Mobility u MLT*AY m*vis® v /E

POINTS TO PONDER

1. Current g a scalar although we represent current with an arrow.
Currents do not obey the law of vector addition. That current is a
scalar also follows from it's delinition. The current I through an area
of cross-section Is given by the scalar product of two vectors:

I=j-A8

104 where j and A8 are vectors,
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3.2

3.3

Refer to VI curves of a resistor and a diode as drawn in the text. A
resistor obeys Ohm's law while a diode does not. The assertion that
V= IR is a statement of Ohm's law is not true. This equation defines
resistance and it may be applied to all conducting devices whether
they obey Ohm's law or not. The Ohm's law asserts that the plot of I
versus Vis linear e, Ris Independent of V.

Equation E = pj leads to another statement of Ohm's law, Le.. a
conducting material obeys Ohm's law when the resistivity of the
material does not depend on the magnitude and direction of applied
electrie fleld.

Homogeneous conductors like silver or semiconductors llke pure
germanium or germanium conlaining impurities obey Olim's law within
some range of electric field values. If the field becomes too strong,
there are departures from Ohm's law In all cases.

Motion of conduction electrons in electric field E is the sum of (i)
motion due to random collisions and (i) that due to B, The motion
due to random collisions averages o zero and does not contribute to
v; [Chapter 11, Textbook of Class X}, v, , thus is only due to applied
electric ficld on the electron,

The relation § = o v should be applied (o each ype of charge carriers
separately. In a conducting wire, the total current and charge density
arises from both positive and negative charges:

I=p. v, tpv
AEp TR
Now in a neutral wire carrying electric current,

L

Further, v, ~ 0 which gives

p=0

i=p ¥

Thus, the relation j = p v does not apply to the total current charge
density.

Kirchhofl's junction rule is based on conservation of charge and the
outgoing currents add up and are equal to incoming current at a

Junction. Bending or reorienting the wire does not change the validity
of Kirchhoff's junction rule.

EXERCISES

The storage battery of a car has an emi of 12 V. Il the internal
resistance of the baltery is 0.4 &, what is the maximum current
that can be drawn [rom the battery?

A battery of emf 10 V and internal resistance 3 0 is connected to a
resistor. If the current in the circuit is 0.5 A, what is the resistance
of the resistor? What is the terminal voltage of the battery when the
circuit is closed?

At room temperature {27.0 *C) the resistance of a heating element
is 100 0. Whal is the temperature of the element il the resistance is
found to be 117 £, given that the tem;ljerature coefficient of the
material of the resistor is 1.70x 107 =

106
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3i4

3.5

3.6

3.7

3.8

3.9

A negligibly small current |s passed ’r.hruughh a wire of length 15 m
and uniform cross-section 6,0 x 107 m? and its resistance is
measured to be 5.0 £ Whal is the resistivity of the material at the
temperature of the experiment?

A silver wire has a resistance of 2.1 0 at 27.5 "C. and a resistance
of 2.7 2 at 100 °"C. Determine the temperature cocfficient of
resistivity ol silver.

A heating element using nichrome connected to a 230 V supply
draws an initial current of 3.2 A which setiles after a few seconds to
a steady value of 2.8 A. What is the steady temperature of the heating
element Il the room temperature is 27.0 "C? Temperature coelllcient
of resistance of nichrome averaged over the lemperature range

invalved 1s 1.70 % 107 =g?,

[Determine the current in each branch of the network shown in
Fig. 3.21: B

51} = 100

100 1oV

FIGURE 3,21

A storage battery of emf 8.0 V and internal resistance (0.5 02 Is being
charged by a 120 V de supply using a series resistor of 15.5 £3. What
is the terminal voltage ol the battery during charging? What is the
purpose of having a series resistor in the charging cireull?

The number density of free electrons in a copper conductor
estimated in Example 3.1 is 8.5 x 10*® m®. How long does an electron
take to drifi from one end of a wire 3.0 m long to its other end? The
area of cross-section of the wire is 2.0 x 10 ®* m® and it is carrying a
current of 3.0 A



Chapter Four

MOVING CHARGES
AND MAGNETISM

4.1 INTRODUCTION

Both Eleciricity and Magnetlism have been known lor more than 2000
years. However, it was only about 200 years ago, in 1820, that it was
realised that they were intimately related. During a lecture demonstration
in the summer of 1820, Danish physicist Hans Christian Oersted noticed
that a current in a straight wire caused a noticeable deflection in a nearby
magnetic compass needle. He investigated this phenomenon. He [ound
that the alignment of the needle is tangential to an imaginary circle which
has the straight wire as its centre and has its plane perpendicular to the
wire. This situation is depicted in Fig.4.1(a). It is noticeable when the
current is large and the needle sufficiently close to the wire so that the
earth's magnetic field may be ignored. Reversing the direction of the
current reverses the orientation of the needle [Fig. 4. 1(b)]. The deflection
inereases on increasing the current or bringing the needle closer to the
wire, Iron filings sprinkled around the wire arrange themseives in
concentric circles with the wire as the centre [Fig. 4.1(c])]. Oersted
concluded that mouving charges or currents produced a magnetic field
in the surrounding space.

Following this, there was intense experimentation. In 1864, the laws
obeyed by electricity and magnetism were unified and formulated by
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James Maxwell who then realised that light was electromagnetic waves.
Radio waves were discovered by Hertz, and produced by J.C.Bose and
G. Marconi by the end of the 19" ecentury. A remarkable scientific and
technological progress took place in the 20" century. This was due to
our increased understanding of eleciromagnetism and the invention of
devices for production, amplification, transmission and detection of

electromagnetic waves.
AN V4 -
i ¢« 4 b B |
4 Y &
w i ==
fal () =]

FIGURE 4.1 The magnetic fleld due (o a straight long current-carrying
wire. The wire is perpendicular to the plane of the paper. A ring of
compass needles surrounds the wire. The orienlation of the needles is
shown when [a) the current emerges out of the plane of the paper.
(b} the current moves into the plane of the paper. () The arrangement ol
iron llings around the wire. The darkened ends ol the needle represent
north poles. The effect of the earth’'s magnetic fleld is neglected

Hans Christian Oersted
(1777-18561) Danish
physicist and chemist,
professor at Copenhagen.
He observed that a
compass needle suffers a
deflectlon when placed
near @4 wire carrying an
electric eurrent. This
discovery gave Lhe firsl
empirical evidence ol a
connection between eleclric
and magnetic phenomena.

In this chapter, we will see how magnetic field exerts
lorees on moving charged particles, like electrons, prolons,
and current-carrying wires. We shall also learn how
currents produce magnetic fields. We shall see how
particles can be accelerated to very high energies in a
cvelotron, We shall study how currents and voltages are
detected by a galvanometer.

In this and subsequent Chapter on magnelism,
we adopl the [ollowing convenlion: A current or a
tield (electric or magnetic) emerging out of the plane of the
paper is depicted by a dot (®). A current or a [ield going
into the plane of the paper is depicted by a cross (@)°.
Figures. 4.1(a) and 4.1(b) correspond to these two
situations, respectively.

4.2 MacNETIC FORCE
4.2.1 Sources and fields

Belore we introduce the concept ol a magnetic feld B, we
shall recapitulate what we have learnt in Chapier 1 about
the electric field E. We have seen that the interaction
between two charges can be considered In two stages.
The charge Q. the source of the field, produces an electric
field E, where

* Adot appears lke the tip of an arrow pointed at vou, a cross is like the feathered
tail of an arrow moving away rom vou,
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E=Q /)’ (4.1)

where T is unit vector alongr, and the field E is a vector
field. A charge ginteracts with this field and experiences
a lorce F given by

F=gE =qQFf /(dng)r’ (4.2)

As pointed out in the Chapter 1, the field E is not just
an artefact but has a physical role. [t can convey energy
and momentum and is not established instantaneously
but takes finite time to propagate. The coneept of a field
was specially stressed by Faraday and was incorporated
by Maxwell in his unification ol eleciricity and magnetism.
In addition to depending on each poinl in space, il can
also vary with time, i.e.. be a function of time. In our
discussions in this chapter, we will assume that the fields
do not change with time.

The field at a particular point can be due to one or
more charges. If there are more charges the fields add
vectorially. You have already learnt in Chapter 1 that this
i=s called the principle of superposition. Once the [eld is
known, the force on a test charge is given by Eq. (4.2).

Just as static charges produce an electric field, the
currents or moving charges produce (in addition) a
magnetic field, denoted by B (r), again a vector field. It
has several basic properties identical to the electric field.
It is defined at each point in space [and can in addition
depend on time). Experimentally, it is found to obey the
principle of superposition: the magnetic field of several
sources is the vector addifion of magnetic field of each
individual source.

4.2.2 Magnetic Field, Lorentz Force

Let us suppose that there is a point charge g (moving
with a velocity v and, located at r at a given time {} in
presence of both the electric field E (r) and the magnetic
field B (r). The force on an electric charge g due to both
of them can be written as

F =q|E(r)+ vxB(x)|]=F

elecine

+F

mngrwil{'

Hendrik Antoon Lorentz
(1853 - 1928) Duich
theoretical physicist,
professor at Lelden. He
investigated the
relationship between
electricity, magnetism, and
mechanics. In order to
explain the observed ellect
of magnetic [lields on
emitters of light [Zeeman
effect), he postulated the
existence of electric charges
in the atom, for which he
was awarded the Nobel Prize
in 1902. He derived a set of
transformation equations
(known afller him, as
Lorentz transformation
equations] by some tangdled
mathematical arguments,
but he was not aware that
these equations hinge on a
new concepl of space and
time,

(4.3)

This force was given first by H.A. Lorentz based on the extensive
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experiments of Ampere and others. It is called the Loreniz force, Yon

have already studied in detail the [orce due to the electric lield. If we

look at the interaction with the magnetic field, we find the following
features.

(i) Itdepends on g, v and B (charge of the particle, the velocity and the
magnetic field). Force on a negative charge is opposite to that on a
positive charge.

(i) The magnetic force g [ v x B | Includes a vector product of velocity

and magnetic field. The vector product makes the force due to magnetic 109
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field vanish {(become zero) it velocity and magnetic field are parallel

or anti-parallel. The force acts in a (sideways) direction perpendicular

to both the velocity and the magnetic field. Tts
direction s given by the screw rule or right hand
rule for vector (or cross) product as illustrated

in Fig. 4.2,

(ili) The magnetic force is zero if charge is not
moving (as then |v|=0). Only a moving
charge feels the magnetic force,

The expression for the magnetic force helps
us to define the unit of the magnetic field, if one

FIGURE 4.2 The direction of the magnetic takes g, F and v, all to be unily in the lorce
lorce acling on a charged particle. (a) The  equation F=gq[v % Bl =quBsin 6 i , where dis
foree on a positively charged particle with the angle between v and B [see Fig. 4.2 (a]]. The
velocity v and making an angle 8 with the

magnitude of magnetic field Bis 1 SI unit, when
the [orce acting on a unii charge (1 C), moving
perpendicular to B with a speed 1m/s, is one
newton.

Dimensionally, we have [B] = [F/qu] and the unit
of B are Newton second / (coulomb metre). This unit is called tesla [(T)
named after Nikola Tesla (1856 — 1943). Tesla is a rather large unii. A
smaller unit (non-Sl) called gauss (=107 tesla) is also often used. The
earth’s magnetic field is about 3.6 x 10° T.

meagnetic Held B is given by the right-hand
rule, (b) A moving chargéd particle g is
defllected In an opposile sense o =g in the

1§ ek L L ||i 1A e et g |||.'i_-!|
} &

4.2.3 Magnetic force on a current-carrying conductor

We can extend the analysis for force due to magnetic field on a single
moving charge to a straighl rod carrying current. Consider a rod ol a
uniform cross-sectional area A and length 1. We shall assume one kind
of mobile carriers as in a conductor (here electrons). Let the number
density of these mobile charge carriers in it be n. Then the total number
of mobile charge carriers in it is nlA. For a steady current T in this
conducting rod, we may assume that each mobile carrier has an average
drift velocity v, (see Chapter 3). In the presence of an external ma gnetic
field B, the force on these carriers is:

F=(nlAlgv,x B
where g is the value of the charge on a carrier. Now ngwv, is the current
density jand |{ngv,) | Ais the current I (see Chapter 3 for the discussion
of current and current density). Thus,

F=[ngv,JlAl xB=[jAl] xB

=MxB (4.4)

where Lis a vector of magnitude [, the length of the rod, and with a direction
identical to the current I Note that the current I'is not a vector. In the last
step leading to Eq. (4.4), we have transferred the vector sign [rom j to L

Equation (4.4) holds for a straight rod. In this equation, B is the
external magnetic field. It is not the field produced by the current-carrying
rod. If the wire has an arbitrary shape we can calculate the Lorentz force
on it by considering it as a collection of linear strips ::II!J and summing

F=31dl, xB
110 :

This summalion can be converted to an integral in most cases.
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Example 4.1 A siraight wire of mass 200 g and length 1.5 m carries
a current of 2 A [ is suspended in mid-air by a uniform horizontal
magnetic field B (Fig. 4.3). What is the magnitude of the magnetie
field?

I
]

g @B
M

FIGLURE 4.3

Solution From Eq. (4.4), we find that there is an upward force F, of
magnitude 0B, For mid-air suspension. this must be balanced by
the force due to gravity:

myg=1I11B

=y
L I

= 0.2x9.8
2x1.5
Mote that it would have been sullicient to specily m/l, the mass per

unit length of the wire, The earth's magnetic field is approximately
4 % 10°° T and we have ignored it

=0.65T

Example 4.2 If the magnetic field is parallel to the positive y-axis
and the charged particle is moving along the positive ax-axis (Fig. 4.4),
which way would the Lorentz force be for [a) an electron (negative
charge), (b] a proton (positive charge).

z

&
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xrxinx:ﬁxﬁxh
® oW ®ok oM % ONR N
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K XX X ¥ XXX XXX
X XX MK MK KL A
T T T
X oM X MK X KX ME M
py e
FIGURE 4.4

Solution The velocity v of particle is along the x-axis, while B, the
magnetic feld is along the y-axis, so v X B is along the z-axis (screw
rule-or right-hand thumb rule). So. (a) for electron it will be along -z
axiz, (b] for a positive charge (proton) the force is along +z axis.
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4.3 MortioN iIn A MaGNETIC FIELD

We will now consider, in greater detail, the motion of a charge moving in
a magnetic field. We have learnt in Mechanics (see Class XI book, Chapter
6) that a force on a particle does work if the force has a component along
[or opposed to) the direction of motion of the particle. In the case of motion
of a charge in a magnetic field, the magnetic forceis perpendicular to the
velocity of the particle. So no work is done and no change in the magnitude
of the velocity is produced (though the direction of momentum may be
changed). [Notice that this is unlike the force due to an electric field, gE.
which can have a component parallel (or antiparallel) to motion and thus
can transfer energy in addition to momentum.]

We shall consider motion of a charged particle in a uniforrn magnetic

FIGURE 4.5 Circular motion

radius
FIGURE 4.6 Helical motion

field. First consider the case of v perpendicular to B. The
perpendicular force, g v X B, acts as a centripetal force and
produces a circular motion perpendicular to the magnetic field.
The particle will describe a circle if v and B are perpendicular
to each other (Fig. 4.5).

If veloeity has a component along B, this component
remains unchanged as the motion along the magnetic field will
not be affected by the magnetic field. The motion in a plane
perpendicular to B is as before a circular one, thereby producing
a helical motion (Fig. 4.6).

You have already learnt in earlier classes (See Class X1,
Chapter 4) that if ris the radius of the circular path of a particle,
then a force of mu?/ r, acts perpendicular to the path towards
the centre of the circle, and is called the centripetal force. If the
velocity v is perpendicular to the magnetic field B, the magnetic

force is perpendicular to both v and B and acts
like a centripetal force. It has a magnitude q u
B. Equating the two expressions for centripetal

force,
muv?/r=quvB. which gives
r=muo/gB (4.5)

for the radius of the circle described by the
charged particle. The larger the momentum, the
larger is the radius and bigger the circle
described. If wis the angular frequency, then ©
=w I. 50.

w=2Znv=gB/m [4.6(a)]
which is independent of the velocity or energy .
Here v is the frequency of rotation, The
independence of v from energy has important
application in the design of a cyclotron [see
Section 4.4.2).

The time taken for one revolution is T= 2=/ w
= 1/v. Il there is a component ol the velocity

112 parallel to the magnetic field (denoted by v, ), it will make the particle
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move along the field and the path of the particle would be a helical one
(Fig. 4.6). The distance moved along the magnetic ield in one rotation is
called pitch p. Using Eq. [4.6 (a)], we have
p= y,T=2mmvyv, /qB [4.6(h)]
The radius of the circular component ol motion is called the radius of
the helix.

Example 4.3 Whal is the radius of the path of an electron (mass
9 % 10 kg and charge 1,6 x 107 C) moving at a speed of 3 X107 m/s in
a magnetic field of 6 x 107" T perpendicular to 1t? What s lis
frequency? Calculate its energy in keV, ( 1 eV = 1.6 x 107 ).

Solution Using Ea. (4.5) we lind
r=mu/(gB) =9x10¥ kgx3x 10" mg’ /(16X 1077 CxEX 107*T)
=28 x 107 m =28 cm
veu/([2x)=17x10%s" = 17x10° Hz =17 MHz.
E=(a)mu® =(2)9x 10 kg x 9 x 10" m*/s* =405x10"7J
= 4x107%J = 2.5 keV.

£ T14dNVES]

4.4 MacgneETIC FIELD DUE TO A CURRENT ELEMENT,
Bior-Savart Law

All magnetic fields that we know are due to currents (or moving
charges) and due to intrinsic magnetic moments of particles. Current elemesit
Here, we shall study the relation between current and the
magnetic field it produces. It is given by the Biot-Savart's law. ¥iae
Fig. 4.7 shows a finite conductor XY carrying current I. Consider

an infinitesimal element dl of the conductor. The magnetic field

dB due o this element is to be determined at a point F which is at

a distance r from it. Let @ be the angle between dI and the
displacement vector r. According to Biot-Savart’'s law, the
magnitude ol the magnetic field dB is proportional io the current

I, the element length | dI|. and inversely proportional to the square

of the distance r. Its direction® is perpendicular to the plane
containing dland r. Thus, in vector notation,

Idlxr FIGURE 4.7 llusiration of
B = 3 the Blot-Savart law. The
ciirrenl elemernt T dl
Hy Idl=rx i1 1601 produces a Iiz-]'n: dB at a
= — . a distanee r. The & sign
4n r3 indicates that the
where . /4n is a constant of proportionality. The above expression leld Is perpendicular
holds when the medium is vacuum. to the plane of this

page and directed
into it

* The sense of dil*ris also given by the Right Hand Screw rule @ Look at the
plane containing vectors dl and r. Imagine moving from the first vector towards
second vector, If the movement is anticlockwise, the resultant is towards you. 113
If it is clockwise, the resullant is away from you. 2
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The magnitude of this field is,

_ My Idlsing

i Idlsing
|dB| e [4.11(b)]

where we have used the property of cross-product. Equation [4.11 (a]]
constitutes our basic equation for the magnetic field. The proportionality
constant in SI unils has the exact value,

My o
= =10"Tm/A
. m,/ [4.111c)]

We call y, the permeability of free space (or vacium).

The Biot-Savart law for the magnetic field has certain similarities, as
well as, differences with the Coulomb’s law for the electrostatic field. Some
of these are:

(i Both are long range, since both depend inversely on the square of
distance from the source to the point of interest, The principle of
superposition applies to both lields. [In this connection, note that
the magnetic field is linear in the sowce Idljust as the electrostatic
field is linear in its source: the electric charge.]

{ii) The electrostatic field is produced by a scalar source, namely, the electric
charge. The magnetic lield is produced by a vector source I dL

(iii) The electrostatic field is along the displacement vector joining the
source and the field point. The magnetic [ield is perpendicular to the
plane containing the displacement vector rand the current element Idl

(iv) There is an angle dependence in the Biot-Savart law which is not
present in the electrostatic case. In Fig, 4.7, the magnetic field at any
point in the direction of d1 (the dashed line) is zero. Along this line,
=0, sin #= 0 and from Eq. [4.11(a]], |[dB| =0.

There is an interesting relation between g, the permittivity of free
space; i, the permeability of free space; and ¢, the speed of light in vacuum:

Hp 1 1 1
={4mn = 10 e

foto =(416) 0 = 5377 (197)° ExaoE- @

We will discuss this connection further in Chaptler 8 on the
electromagnetic waves. Since {he speed ol lighl in vacuum is constant,
the product yg, is fixed in magnitude. Choosing the value of either g, or
i, fixes the value of the other. In SI units, u, is fixed to be equal to

4n % 1077 in magnitude.

Example 4.5 An element Al=Axi is placed at the origin and carries

a large current I'= 10 A (Fig. 4.8). What is the magnetic field on the y-
axis at a distance of .5 m. Ax= 1 cm.

| L

_"-!11""_

FIGURE 4.8

L

Examrie 4.5
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Solution
f, Idlsing
|d3|“;;—r'f—' [using Eq. (4.11)]

di=Ax=10"m,1=10A. r=05m=y, /4107 L2

g=90° ;sin =1
107 x10%10*

4B =107

The direction of the field is in the +z-direction. This is so since,

Alxr = Axixyj=use(ixj) - yaxk

We remind vou of the following evelic property of eross-products,

ixj=k:jrk=ikxi=j

Note that the field is small In magnitude,

=4 % 10°%T

In the next section, we shall use the Biot-Savart law to calculate the
magnetic field due to a circular loop.

4.5 MacNETIiC FIELD ON THE Axis oF A CIRCULAR
CurrenT Loop

In this section. we shall evaluate the magnetic field due
to a circular coil along its axis. The evaluation entails
summing up the effect of infinitesimal current elements
(I dl) mentioned in the previous section. We assume — dl - a8,

T

that the current [is steady and that the evaluation is R e

carried oul in [ree space (i.e., vacuum). : /
o an

Fig. 4.9 depicts a circular loop carryving a steady x P dB,

current I. The loop is placed in the y-z plane with its
centre at the origin O and has a radius R. The x-axis is
the axis of the loop. We wish to calculate the magnetic
field at the point P on this axis. Let xbe the distance of
F from the centre O of the loop. -4
Consider a conducting element dl of the loop. This is
shown in Fig. 4.9, The magnitude dB of the magnetic
field due to dlis given by the Biot-Savart law [Eq. 4.1 1(al],

dl

Il =x magnetic field dB (due to a line
I'iE='ﬁ'—|'3—'| (4.12) element dll ) and lis

dr T components along and
Now r° = x° + R* . Further, any element of the loop perpendicular to the axis
will be perpendicular to the displacement vector from
the element to the axial point. For example, the element dlin Fig. 4.9 is
in the y-z plane, whereas, the displacement vector r from dl to the axial
point P is in the x-y plane, Hence | dl% r|=rdL Thus,

My L
"R (@.13)

FIGURE 4.9 Muagnetic field on the
axis of a current carrying circular
loop of radius R, Shown are the
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The direction of dB is shown in Fig. 4.9, It is perpendicular to the
plane formed by dland r. It has an x-component dB, and a compenent
perpendicular to x-axis, dB . When the components perpendicular to
the x-axis are summed over, they cancel out and we obtain a null result.
For example, the dB_component due to dlis cancelled by the contribution
due to the diametrically opposite dl element, shown in
Fig. 4.9. Thus, only the xcomponent survives, The net contribution along
x-direction can be obtained by integrating d B, = dB cos fover the loop.
For Fig. 4.9,

_ R
CDSH—W [‘1‘1‘“
From Egs. (4.13) and (4. 14),
i ddl R
e (x1+RE}w*
The summation of elements dlover the loop yields 2rnR, the

circumference of the loop. Thus, the magnetic field at P due to entire
circular loop is

dB

X

Ul R i
—, aaml
2(x* +R*)"
As a special case of the above result, we may obtain the field at the centre
of the loop. Here x=0. and we obtain,

T

Bi=5r (4.16)

The magnetic [ield lines due to a circular wire form closed loops and
are shown in Fig. 4,10, The direction of the magnetic field is given by
(another) right-hand thumb rule stated below:

Curl the palm of your right hand arouned the cireular wire with the

B=B,i= (4.15)

fingers pointing in the direction of the current. The right-hand thumb

gives the direction of the magnetic field.

FIGURE 4.10 The magnetic lield lnes for a current loop, The direction of

the field is given by the right-hand thumb rule described in the Llext. The

upper side of the loop may be thought of as the north pole and the lower
side as the =south pole of a magnet
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Example 4.6 A siraight wire carrying a current of 12 A is bent into a
semi-circular arc of radius 2.0 cm as shown in Fig. 4.11(a). Consider
the magnetic field B at the centre of the arc. (a) What Is the magnetic
field due to the straight segments? (b] In what way the contribution
to B [rom the semicircle differs [rom that of a circular loop and in
what way does it resemble? (¢} Would your answer be different if the
wire were bent into a semd-cireular arce of the same radius but in the
opposite way as shown in Fig. 4.11(b)?

) )
FIGURE 4.11

Solution

{a) dl and r for each element of the straight segments are parallel.
Therefore, dl ¥ r = 0, Straight segments do not contribute to
|BJ.

(b} For all segments of the semicircular are, dl % ¢ are all parallel to
each other (into the plane of the paper). All such contributions
add up in magnitude. Hence direction of B [or a semicircular arc
is given by the right-hand rule and magnitude is half that of a
circular loop. Thus B Is 1.2 % 107 T normal to the plane of the
paper going into il

[e) Same magnitude of B but opposite In directlon to that in (b).

O TINVEY

Example 4.7 Consider a tightly wound 100 turn coll of radius 10 cm,
carrving a current of 1 A, What is the magnitude of the magnetic
field at the centre of the coil?

Solution Since the coil is tightly wound, we may take each circular
element to have the same radius = 10 cm = (0.1 m. The number of
turns N = 100, The magnitude of the magnetic field s,

NI 4Arnx107 x10% x 1

B= 2R 2wl —2rx10*=628%10" T

g
&
"
a

4.6 AwmpPERE's CIircurtaL Law

There is an allernative and appealing way in which the
Biot-Savvart law may be expressed. Ampere's circuital law
considers an open surface with a boundary (Fig. 4.12).
The surface has current passing through it. We consider
the boundary to be made up of a number of small line
clements. Consider one such element of length df We Bouidany  Stzface
take the value of the tangential component of the

magnetic field, B, ai this elemeni and muliiply it by the FIGURE 4.12

117
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Andre Ampere (1775 -
18386) Andre Marie Ampere
was a French physicist,
mathematician and chemist
who founded the science of
elecirodynamics. Ampere
was a child prodigy
who mastered advanced
mathematics by the age of
12, Ampere grasped the
significance ol Qersted's
discovery. He carried oul a
large series of experiments
to explore the relationship
between current electricity
and magnetism. These
investigations culminated
in 1827 with the
publication of the
‘Mathematical Theory of
Electrodynamic Pheno-
mena Deduced Solely from
Experiments’. He hypo-
thesised thatl all magnetic
phenomena are due to

circulating electric
CUurrents. ﬁﬂlptl’t was
humble and absent-

minded. He once [orgot an
invitation to dine with the
Emperor Napoleon. He died
of pneumonia at the age of
61, His gravestone bears
the epitaph: Tandem Felix
(Happy at last).

length of that element dl [Note: B di=B+dl]. All such
products are added together. We consider the limit as the
lengihs of elements get smaller and their number gets
larger, The sum then tends to an integral. Ampere’s law
states that this integral is equal to p, times the total
current passing through the surface, ie.,

$Bdl =y 1 [4.17(a)]
where I is the tolal current through the surface. The
integral is taken over the closed loop coinciding with the
boundary C of the surface. The relation above involves a
sign-convention, given by the right-hand rule. Let the
fingers of the right-hand be curled in the sense the
boundary is traversed in the loop integral §B-di. Then
the direction of the thumb gives the sense in which the
current I is regarded as positive.

For several applications, a much simplilied version of
Eq. [4.17(a)] proves sufficient. We shall assume that, in
such cases, it is possible to choose the loop [called
an amperian loop) such that at each point of the
loop, either
[l B istangential to the loop and is a non-zero constant

B, or
(ii)} B is normal to the loop. or
[iii)} B vanishes.

Now, lel Lbe the length (part) of the loop for which B
is tangential. Let I, be the current enclosed by the loop.
Then, Eq. (4.17) reduces to,

BL=y,l, [4.17(b)]

When there is a system with a symmetry such as for
a straight infinite current-carrying wire in Fig. 4.13, the
Ampere’s law enables an easy evaluation of the magnetic
field, much the same way Gauss’ law helps in
determination of the electric field. This is exhibited in the
Example 4.9 below. The boundary of the loop chosen is
a circle and magnetic field is tangential to the
circumference of the circle. The law gives, for the left hand
side of Eq. [4.17 (b)]. B. 2xnr. We flind that the magnetic
field at a distance r outside the wire is tangential and
given by

Bx2nr = pu,1,

B=yu, I/ (2rn) (4.18)
The above result for the infinite wire is interesting
[rom several points ol view.
() It implies that the field at every point on a circle of
radins r, (with the wire along the axis), is same in
magnitude. In other words, the magnetic field
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possesses what is called a eylindrical symmetry. The field that
normally can depend on three coordinates depends only on one: r.
Whenever there Is symmetry, the solutions simplify.

[ii) The field direction al any point on this circle is tangential to it.
Thus, the lines of constant magnitude of magnetic field form
concentric circles. Notice now, in Fig. 4.1(c), the iron filings form
concentric circles, These lines called magnetic field lines form closed
loops. This is unlike the electrostatic field lines which originate
Irom positive charges and end at negative charges. The expression
for the magnetic field of a straight wire provides a theoretical
justification to Oersted’s experiments.

(iiify Another interesting point to note is that even though the wire is
infinite, the field due to it at a non-zero distance is not infinite. It
tends to blow up only when we come very close to the wire, The
flield is directly proportional to the current and inversely
proportional to the distance from the (infinitely long) current source.

(iv)  There exists a simple rule to determine the direction of the magnetic
field due to a long wire. This rule, called the right-hand rule®, is:

Grasp the wire in your right hand with your extende d thumb pointing
in the direction of the current. Your fingers will curl around in the
direction of the magnetic field.

Ampere's circuital law is not new in content from Biot-Savart law.
Both relate the magnetic field and the current, and both express the same
physical consequences of a steady electrical current. Ampere's law is to
Biot-Savart law, what Gauss's law is to Coulomb’s law. Both, Ampere's
and Gauss's law relate a physical quantity on the periphery or boundary
(magnetic or electric field) to another physical quantity, namely, the source,
in the interior ([current or charge). We also note that Ampere’s circuital
law holds for steady currents which do not lluctuate with time. The
following example will help us understand what is meant by the term
enclosed current.

Example 4.8 Figure 4,13 shows a long straight wire of a circular
cross-section (radius a) carrving steady current I The current [ is
uniformly distributed across this cross-seclion, Calculate the
magnetic field in the region r< aand r> a

e

FIGURE 4.13

* Naote that there are fivo distinet right-hand rules: One which gives the direction
of B on the axis of current-loop and the other which gives direction of B
for a straight conducting wire, Fingers and thumb play different roles in
the twao,

8 T1dNVES]
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Solution [a) Consider the ease r > a. The Amperan loop, labelled 2,
is a circle coneentric with the cross-section. For this loop.
L=2nr

i, = Current enclosed by the loop = [

The result is the famillar expression for a long straight wire

Bi2rn =p,l

H

K= 2——::; [4.19(a)]
1

B e )

Now the current enclosed I is not [ but is less than this value.
Since the current distribution |s uniform, the current enclosed is,

_far® e
Leif3) -5
: I
Using Ampere's law, B2nr) =t "5
ol
E=[2ﬂﬁ1]r [4.19(b)]
Ber [r=a
B
4 %
4 =
e N NG
1: e I
o
FIGURE 4.14

Figure (4.14) shows a plot of the magnitude of B with distance r
from the centre of the wire. The direction of the field is tangential to
the respective circular loop (1 or 2) and given by the right-hand
rule described earlier in this section.

This example possesses the required symumetry so that Ampere's
law can be applied readily.

It should be noted that while Ampere's circuital law holds for any
loop, it may not always facilitate an evaluation of the magnetic field in
every case, For example, for the case of the circular loop discussed in
Section 4.6, it cannot be applied to extract the simple expression
B = u I/ 2R [Eq. (4.16]] for the field at the centre of the loop. However,
there exists a large number of situations of high symmetry where the law
can be conveniently applied. We shall use il in the next section to calculate
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the magnetic field produced by two commonly used and very useful
magnetic systems: the solenoird and the toroid.

4.7 THE SOLENOID

We shall discuss a long solenoid. By long solenoid we mean that the
solenoid's length is large compared to its radius. It consists of a long wire
wound in the form of a helix where the neighbouring turns are closely
spaced. S0 each turn can be regarded as a circular loop. The net magnetic
field is the vector sum of the fields due to all the turns. Enamelled wires
are used for winding so that turns are insulated from each other.

—

>

-

(] (b
FIGURE 4.15 (a] The magnetic leld due to g secton ol the solenold which has been
streftohed out for clarity, Only the exterlor semi- ircular part Is shown., Notice
how the circular loops between neighbouring turns tend to cancel,
(b) The magnetie field of a (nlte solenoid

Figure 4.15 displayvs the magnetic field lines for a finite solenoid. We
show a section of this solenoid in an enlarged manner in Fig. 4.15(a).
Figure 4.15(b) shows the entire finite solenoid with its magnetic field. In
Fig. 4.15(al. it is clear from the circular loops that the field between two
neighbouring turns vanishes. In Fig. 4.15(b). we see that the field at the
interior mid-peint P is uniform, strong and along the axis of the solenoid.
The field at the exterior mid-point  is weak and moreover is along the
axis of the solenoid with no perpendicular or normal component. As the

FIGURE 4.18 The magnelic Oeld of a very long solenold, We consider a
reclangular Amperian loop abed W determine the [eld.
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solenoid is made longer it appears like a long cylindrical metal sheet.
Figure 4,16 represents this idealised picture, The field outside the solenoid
approaches zero, We shall assume that the field outside is zero. The Held
inside becomes everywhere parallel to the axis.

Consider a rectangular Amperian loop abed. Along cd the field is zero
as argued above, Along transverse sections be and ad, the field component
is zero. Thus, these two sections make no contribution. Let the field along
ab be B. Thus, the relevant length of the Amperian loop is, L=h.

Let n be the number of turms per unit length, then the total number
of turns is nh. The enclosed current is, I,=T(n hJ, where Iis the current
in the solenoid. From Ampere's circuital law [Eq. 4.17 (b]]

BL= pl,, Bh=ulmnh

B=u,nl (4.20)

The direction of the [lield is given by the right-hand rule. The solenoid
is commonly used to obtain a uniform magnetic field. We shall see in the

next chapter that a large field is possible by inserting a soft iron core
inside the solenoid.

Example 4.9 A solenoid of length 0.5 m has a radius of 1 ¢cm and is
made up of 500 turns. It carries a current of 5 A, Whal is the
magnitude of the magnetic field inside the solenoid?

Solution The number of turns per unit length is,

500
n= 05 =1000 turns/m
The length 1= 0.5 m and radius r= 0.01 m. Thus, fa=50iec. >4,
Hence, we can use the long solenoid lormula, namely, Eq. (4.20]
B=punl
=4rx 107 x 10° x5
=628 % 10°T

4.8 ForceE BETWEEN Two PARALLEL
CURRENTS, THE AMPERE

We have learnt that there exists a magnetic field duetoa
conductor carrying a current which obeys the Biot-Savart
law. Further, we have learnt that an external magnetic field
will exert a force on a current-carrying conductor. This
follows from the Lorentz force formula. Thus, it is logical
to expect that two current-carrying conductors placed near
cach other will exert (magnetic) forces on each other. In
the period 1820-25, Ampere studied the nature ol this

FIGURE 4.17 Two long stralght magnetic force and its dependence on the magnitude of
paralicl conductors carrying steady  the eurrent, on the shape and size of the conductors, as
.III-,I,HI.-:.I.I:..I.I-T‘.;U ;Hﬁ{. '!?'] :”,]l]:u[r.”:.” L|;:]-j:l|r.l\l\._,:-1| well as, the distances between the conductors. In this
up by conductor ‘a’ at conduetor b section, we shall take the simple example of two parallel
122 current- carrying conductors, which will perhaps help us

to appreciate Ampere's painstaking work.
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Figure 4.17 shows two long parallel conductors a and b separated
by a distance d and carrying (parallel) currents I and I, respectlively.
The conductor ‘a’ produces, the same magnetic field B_ at all points
along the conductor 'b’. The right-hand rule tells us that the direction of
this lield is downwards (when the conduciors are placed horizontally].
[ts magnitude is given by Eq. [4.19(a)] or from Ampere's circuital law,

The conductor ‘b’ carrying a current I, will experience a sideways
force due to the field B,. The direction of this force is towards the
conductor ‘a’ (Verify this). We label this force as F,_, the force on a
segment L of ‘b’ due to *a’. The magnitude of this force is given by
Eq. (4.4),

F,,=LLB,

St L
~ond -

It is of course possible to compute the force on ‘a’ due to 'b’. From
considerations similar to above we can find the force F_ , on a segment of
length L of "a’ due to the current in 'b’. It is equal in magnitude to F_,
and directed towards 'b’, Thus,

F,=F, (4.24)

Note that this is consistent with Newton's third Law. Thus, at least for
parallel conductors and steady currents, we have shown that the
Biot-Savart law and the Lorentz force yield results in accordance with
Newton's third Law®.

We have seen from above that currents flowing in the same direction
allract each olher. One can show that oppositely directed currents repel
cach other. Thus,

Parallel currents attract, and antiparallel currents repel.

This rule is the opposite of what we lind in elecirostatics. Like [same
slgn} charges repel each other, but like (parallel) currents attract each
other.

Let f, represent the magnitude of the force Fy, per unit length. Then,
[rom Eq. (4.23),

= %quh
fra 2nd

The above expression is used to define the ampere (A), which is one of
the seven Sl base units,

(4.23)

(4.25)

It turns out that when we have time-dependent currents and/or charges in
motion, Newton's third law may not hold for forces between charges and/for
conductors, An essential consequence of the Newton's third law in mechanics
is eonservation of momentum of an iselated system. This, however, holds even
for the case of ime-dependent situations with electromagnetic fields, provided
the momentum carried by ficlds is also taken inlo account.
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The ampere is the value ol that steady current which, when maintained
in each of the two very long. straight, parallel conductors of negligible
cross-section, and placed one metre apart in vacuum, would produce
on each of these conductors a force equal to 2 % 107 newtons per metre
of length.

This definilion of the ampere was adopled in 1946, It is a theoretical
definition. In practice, one must eliminate the effect of the earth’s magnetic
lield and substitule very long wires by multiturn coils ol appropriate
geometries. An instrument called the current balance is used to measure
this mechanical force.

The SI unit of charge, namely, the coulomb, can now be defined in
terms of the ampere,

When a steady current of 1A is set up in a conductor, the quantity of
charge that flows through its cross-section in 1s is one coulomb (1C).

Example 4.10 The horizontal component of the earth’s magnetic field
at a certain place is 3.0 X107 T and the direction of the field is from
the geographic south to the geographic north, A very long straight
conductor is carrying a steady current of 1A, What is the force per
unit length on it when it s placed on a horizontal table and the
direction of the current is [a) east to west; (b) south to north?

Solution F=IIx B
F=IIE sinf
The force per unit length Is
f=F/l=1Bsind
(a) When the current Is flowing from east to west,
8= 80"
Hence,
Jf=1B
=1x3x10°=3x10°"Nm™
This is larger than the value 2x107 Nm™! quoted in the definition
of the ampere. Hence it is important to eliminate the elfect of the
earth’'s magnetic field and other siray fields while standardising
the ampere.
The direction of the force is downwards. This direction may be
obtained by the directional property of cross product of vectors.
(b] When the current is Nowing [rom soulh (o north,
#=0"
f=0

Henece there is no force on the conductor.

4.9 Torgue oN CurrenT Loopr, MaGNETIC DIPOLE

4.9.1 Torque on a rectangular current loop in a uniform
magnetic field

We now show that a rectangular loop carrying a steady current [ and
placed in a uniform magnetic field experiences a torque. It does not
experience a nel force. This behaviour is analogous to that of electric
dipole in a uniform electric field (Section 1.12).
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We first consider the simple case when the £——a—>
Rotation ads

rectangular loop is placed such that the uniform
magnetic field B is in the plane ol the loop. This is
illustrated in Fig. 4. 18(a).

The field exerts no force on the two arms AD and BC
of the loop. It is perpendicular to the arm AB of the loop
and exerts a force F, on it which is directed into the
plane of the loop. Its magnitude is,

F,=1bB

Similarly, it exerts a force F, on the arm CD and F,
is directed out of the plane of the paper,

F,=IbB=F,
Thus,. the net force on the loop is zero. There is a

torque on the loop due to the pair of forces F, and F,. F,
Figure 4.18(b) shows a view of the loop [rom the AD
end. It shows that the torque on the loop tends to rotate a/2 “"EJ\
it anticlockwise. This torque is (in magnitude}, ol .
r=R2+p2 J m
2 2
F,
= Ibﬂ% +be% - I{ab)B )
=JAB (4.26) FIGURE £.18 [a) A rectangular
current-carrving eoil In uniform
where A = abis the area of the rectangle. magnetic field. The magnetic moment
We next consider the case when the plane of the loop, m points downwards. The torque t is
Is not along the magnetic field, but makes an anglewith ~ @long the axis and fends o rofate th
it. We take the angle between the field and the normal to coll anticlockwise. (b) The couple

the coil to be angle #(The previous case corresponds to acting on: the £ofl

f#=n/2). Figure 4.19 illusirates this general case.

The forces on the arms BC and DA are equal, oppoesite, and act along
the axis of the coil, which connects the cenires of mass ol BC and DA.
Being collinear along the axis they cancel each other, resulting in no net
force or torque. The forces on arms AB and CD are F, and F,. They too
are equal and opposite. with magnitude,

F,=F,=IbB

But they are not collinear! This results in a couple as before. The
torque Is, however, less than the earller case when plane of loop was
along the magnetic field. This is because the perpendicular distance
between the forces of the couple has decreased. Figure 4, 19(b) is a view
of the arrangement from the AD end and it illustrates these two forces
constituting a couple. The magnitude of the torque on the loop is,

i a
r=F —sinf#+F, —sin#
Fa iy

=JlabBsin 0

=IABsind (4.27) .
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As # = 0, the perpendicular distance between
the forces of the couple also approaches zero. This
makes the forces collinear and the net force and
torgque zero. The torques in Egs. (4.26) and (4.27)
can be expressed as vector product of the magnetic
moment of the coil and the magnetic field.
We define the magnetic moment of the current
loop as,

m=JA (4.28)
where the direction of the area vector Ais given by
the right-hand thumb rule and is directed into
the plane of the paper in Fig. 4.18. Then as the
angle betweenmand B is 0. Eqgs. (4.26) and (4.27)
can be expressed by one expression

T=mxB (4.29)

This is analogous lo the electrostatic case

(Electric dipole of dipole moment p, in an electric
feld EJ}.

t=p.*E

As is clear from Eq. (4.28), the dimensions of the
magnetic moment are [A][L%] and its unit is Am?.

FIGURE 4.19 (a) The area vecior ol the loop From Eq (4.29), we see that the torgque
ABCD makes an arbltrary angle 8 with vanishes when m is either parallel or antiparallel
the magnetic field, {b) Top view of to the magnetic field B. This indicates a state of

He 00D Lhe Wwoes 3y gie 5 sating equilibrium as there is no torque on the coil (this

e -il"i'l ;_L'-]:T] |4‘:+n:j| £ also applies lo any object with a magnetic moment
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m). When m and B are parallel the equilibrivm is
a stable one. Any small rotation ol the coil
produces a torque which brings it back to its original position. When
they are antiparallel, the equilibriuum is unstable as any rotation produces
a torque which increases with the amount of rotation. The presence of
this torque is also the reason why a small magnet or any magnetic dipole
aligns itsell with the external magnetic lield.
If the loop has N closely wound turns, the expression for torque, Eq.
(4.29), still holds, with

m=NIA (4.30)

Example 4.11 A 100 turn closely wound circular coil of radius 10 cm
carries a current of 3.2 A, [a) What is the field at the centre of the
coll? (b) What ls the magnetic moment of this cofl?

The coil is placed in a vertical plane and is free lo rotate about a
horizontal axis which coineldes with its diameter, A uniform magnetic
field of 2T in the horizontal direction exists such that initially the axis
of the coil is in the direction of the field. The coll rotates through an
angle of 90° under the influence of the magnetic field. (¢} What are the
magnitudes of the torgues on the eoil in the initial and final position?
[d) What is the angular speed acquired by the coil when it has rotated
by 90°7 The moment of inertia of the coll is 0.1 kg m?.
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Solution
[a) From Eq. (4.18)

(b)

[c]

(c)

B = #UNI
2R
Here, N=100; I=3.2 A, and R = 0.1 m. Hence,
_4nx107x% 3.2 4x10"x10
2x10'  2x10!
=2x107°T
The direction is given by the right-hand thumb rule.
The magnetic moment iz given by Eg. (4.30),

Mm=NIA=NInr=100%x3.2%3.14%10%= 10 A m*
The direction is once again given by the right-hand thumb rule
T=|mxB| [from Eq. (4.29)]

=mBsin 0

fusing r x 3.2 = 10)

Initially, 8 = 0. Thus, initial torque r = 0. Finally, 8 = /2 (or 907,
Thus, final torque r,=mB=10x2 =20 N m.
From Newlon's second law,

e
4 — =mB sin
T d g

where # is the moment of inertia of the coil. From chain rule,
So_dady _da

dt  d@ dt d#

Using this,

v mde=mBsinddd

Integrating from =0 to 8 = r/2,

af wid
do =mB inddf
2| .t_!'m m 1_!.3\11'1

w
:!-if-=—-mEcnsH|;“"=mE
L2 /2
m‘f:(EmH =[2x._'11ﬂ] ~ 908!
g 10

Example 4.12

(a) A current-carrying circular loop lies on a smoot h horizontal plane.
Can a uniform magnetic field be set up in such a manner that
the loop turns around itself (i.e.. turns about the vertical axis).

(b) A currenl-carrying circular loop is located in a uniform external
magnetic field. If the loop is  free to turn, what is its orientation
of stable equilibrium? Show that in this orientation, the flux of

=
:
R
-
—
[
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the total field {external field + field produced by the loop] is
maximum.

{2} A loop of irregular shape carrying current is located in an external
magnetic fleld. If the wire is [lexible, why does it change Lo a
circular shape?

Solution

[a] No, because that would require t to be in the vertical direction,
But r=1A % B, and since A of the horlzontal loop 1s in the vertical
direction. r would be in the plane of the loop for any B.

(b) Orientation of stable equilibrium is one where the area vector A
of the loop is in the direction of external magnetic feld, In this
orientation, the magnetic fleld produced by the loop Is In the same
direclion as external lield, both normal Lo the plane of the loop,
thus giving rise to maximum flux of the total field.

[e) It assumes eircular shape with its plane normal (o the feld to
maximise flux. since for a given perimeter. a circle encloses greater
arca than any other shape.

4.9.2 Circular current loop as a magnetic dipole

In this section, we shall consider the elementary magnetic element: the
current loop, We shall show that the magnetic field (at large distances)
due to current in a circular current loop is very similar in behaviour to
the electric field of an electric dipole. In Section 4.6, we have evaluated
the magnetic field on the axis of a circular loop, of a radius R, carrying a
steady current [ The magnitude of this field is [(Eq. (4.15)],

2
B= _."‘Em;_.ﬁ_.
2(x* + R*)
and its direction is along the axis and given by the right-hand thumb

rule (Fig. 4.12). Here, xis the distance along the axis from the centre of
the loop. For x >> R, we may drop the B® term in the denominator. Thus,

_ MR
2x*
Note that the area of the loop A= nR*. Thus,
HnTA
g i
2mx’

As earlier, we define the magnetic moment m to have a magnitude IA,
m =JA .Hence,

= A o [4.31(a]]

The expression of Eq. [4.31(a)] is very similar to an expression obtained
earlier for the electric field of a dipole. The similarity may be seen if we
substitute,

ty —+1/&,
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m — p, [electrostatic dipole)

B —+ E (clectrostatic field)
We then obtain,

E = EPI 5
AmE, x
which is precisely the field for an electric dipole at a point on ils axis.
considered in Chapter 1. Section 1.10 [Eq. [1.20)].
It can be shown that the above analogy can be carried turther. We
had [ound in Chapter | that the eleciric lield on the perpendicular bisector
of the dipole is given by [See Eq.(1.21]],

. .
4 x>
where xis the distance from the dipole. If we replace p 2 mand g, = 1/ &

in the above expression. we obiain the result for B for a point in the
plane of the loop at a distance x [rom the cenire. For x >>R,

m
32%9.; xR [4.31(b]]

The results given by Egs. [4.31(a)] and [4.31(b)] become exact for a
poini magnetic dipole.

The results oblained above can be shown to apply toany planar loop:
a planar current loop is equivalent to a magnetic dipole of dipole moment
m = [ A which is the analogue of electric dipole moment p. Note, however,
a lundamental difference: an eleciric dipole is buil up of two elementary
units — the charges (or electric monopoles). In magnetism, a magnetic
dipole {or a current loop) is the most elementary dement. The equivalent
of electric charges, i.e., magnetic monopoles, are not known to exist.

We have shown that a current loop (i) produces a magnetic field and
behaves like a magnetic dipole at large distances, and
(ii) is subject to torque like a magnetic needle. This led Ampere to suggest
that all magnetism is due to circulating currents. This seems to be partly
true and no magnetic monopoles have been seen so far. However,
clementary particles such as an electron or a proton alse carry an intrinsic
magnetic moment, not accounted by circulating currents.

4.10 Tuar Moving Comi. GALVANOMETER

Currents and voltages in circuits have been discussed extensively in
Chapters 3. But how do we measure them? How do we claim that
current in a eircuit is 1.5 A or the voltage drop across a resistor is 1.2 V?
Figure 4.20 exhibits a very useful instrument for this purpose: the moving
coil galvanometer (MCG). It is a device whose principle can be understood
on the basis of our discussion in Section 4.10,

The galvanometer consists of a coil, with many turns, free to rotate
about a fixed axis (Fig. 4.20), in a uniform radial magnetic field. There is
a cylindrical soft iron core which not only makes the field radial but also
increases the strength of the magnetic field. When a current flows through
the coil, a torque acts on it. This torque is given by Eq. (4.26) to be

t=NIAB
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where the symbols have their usual meaning. Since
the field is radial by design, we have taken sin 8= 1 in
the above expression for the torque. The magnetic
torque NIAB tends to rotate the coil. A spring S
provides a counter torque k¢ that balances the
magnetic torque NIAB; resulting in a steady angular

deflection ¢. In equilibrium

k¢ = NI AB
where I is the torsional constant of the spring; i.e. the
restoring torque per unit twist. The deflection ¢ is

indicated on the scale by a pointer attached to the
spring. We have

¢ = [%] I (4.38)
The quantity in brackets is a constant for a given
1 galvanometer.

Uniform radial The galvanometer can be used in a number of ways.
TRt Al It can be used as a detector to check if a current is
FIGURE 4.20 The moving coll flowing in the circuit. We have come across this usage
galvanometer, Its elements are in the Wheatstone's bridge arrangement. In this usage
deseribed in the text. Depending on the neutral position ol the pointer (when no carrent is
the requirement. this device can be flowing through the galvanometer) is in the middle of
used as a current detector or for the scale and not at the left end as shown in Fig.4.20.
measuring the value of the current Depending on the direction of the current, the pointer's

MESRnInG) 00 ST Wl deflection is either to the right or the left.

FIGURE 4.21

Conversion ol a

galvanometer

(G]

an ammeler by the
introduction of a

shunt resistance I

very small value in
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The galvanomeler cannot as such be used as an
ammeter to measure the value of the current in a given circuit. This is for
two reasons: (i) Galvanometer is a very sensitive d evice, it gives a full-
scale dellection lor a current of the order of gA. (i} For measuring currents,
the galvanometer has to be connected in series, and as it has a large
resistance, this will change the value of the current in the circuit. To
overcome these difliculties, one attaches a small resistance r_, called shunt
resistance, in parallel with the galvanometer coil: so that most of the
current passes through the shunt. The resistance of this arrangement is,

RE rﬂ"'" 'rHG * rsj = r:i if RG - rﬂ

If r_has small value, in relation to the resistance of the rest of the
circuit R, the effect of introducing the measuring instrument is also small
and negligible. This arrangement is schematically shown in Fig. 4,21,
The scale of this ammeter is calibrated and then graduated to read off
the current value with ease. We define the current sensitivity of the
galvanometer as the deflection per unit current. From Eq. (4.38) this

currenl sensilivity is,
¢ NAB
I k

A convenient way for the manulacturer to increase the sensitivity is
to increase the number of turns N. We choose galvanometers having
sensitivities of value, required by our experiment.

(4.39)
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The galvanometer can also be used as a voltmeter to measure the
voltage across a given section of the circuit. For this it must be connected
in parallel with that section of the circuit, Further, it must draw a very
small current, otherwise the voltage measurement will disturb the original
set up by an amount which is very large. Usually we like {o keep the
disturbance due to the measuring device below one per cent. To ensure
this, a large resistance R is connected in series with the galvanometer.
This arrangement is schemaltically depicted in Fig.4 .22, Nole thal the
resistance of the voltmeter is now,

R_+R=R: large
The scale of the voltmeter is calibrated to read off the voltage value

with ease. We define the voltage sensitivity as the deflection per unit
voltage. From Eq. (4.38),

o NAB]I_ NAB) 1
v Lk )v Ik Jr (4.40)

An interesting point to note is that increasing the current sensitivity
may not necessarily increase the voltage sensitivity, Let us take Eq, (4.39)
which provides a measure of current sensitivity. If V-—» 2N, i.e., we double
the number of turns, then

9 ot
I I

Thus, the current sensitivity doubles. However, the resistance of the
galvanometer is also likely to double, since it is proportional to the length

ol the wire. In Eq. (4.40), N—2N. and R —2R, thus the voltage sensitivily,

$ e

v v
remains unchanged. So in general, the modification needed for conversion
of a galvanometer to an ammeter will be different from what is needed for
converiing it into a volimeter.

Example 4.13 [n the circuit (Fig. 4.23) the current is to be
measured, What is the value of the current if the ammeter shown
(a) Is a galvanometer with a resistance R; = 60,00 Q; (b) 1s a
galvanomeler described in (a) but converied to an ammeter by a
shunt resislance o= 0.02 03; () is an ideal ammeter with zero
resistance?

‘A

r

3.000 ¥

3.00 v

FIGURE 4.23

FIGURE 4.22
Conversion of a
galvanometer (G) to a
voltmeter by the
introduction of A

resistance R of large
value in series.

g

2

-

e
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Exampre 4.13

Solution

()

(b)

[c)

Total resistance in the circuit is,

R.+3=8630: Hence, I = 3/63 = 0.048 A.

Resistance of the galvanomeler converted to an ammeter is,
Re T, _60 (x0.020

R,+r, [60+0.02)0 =

Total resistance in the circuit is,

G.020+30=3.0220 . Hence, I'= 3/3.02 =0.99 A

For the ideal ammeter with zZero resistance,
I= 3/3=1.00A

0.020

SUMMARY

The iotal force on a charge g moving with veloelty v in the presence ol
magneiie and electric felds B and E, reapectively is ealled the Lorentz
Jorce: It is given by the expression:

F=glvxB+E

The magnetic force g [v % B) 1= normal to v and work done by It s zera.
A stralght conductor of length [ and carrving a steady current [
expericnees a force Fin a uniform external magnetic field B,
F=I1=B

where|1l| =1 and the direction of 1 is given by the direction of the
current,

In a uniform magnetic field B, a charge q executes a clreular orbit in
a plane normal to B, Its frequency of uniform cireular motlon Is called
the cyclotron frequency and is given by:

_ gB
T Rgm

This frequency is independent of the particle’s speed and radius, This
fact is exploited in a machine, the cyelotron, which is used (o
accelerate charged particles.

The Biot-Savart law asserts that the magnetic field dB due to an
element dl carrving a steady current Fat a point P al a distance rirom
the current element is:

4

To obtain the total field at P, we must integrate this vector expression
over the entire length ol the conducior.

The magnitude of the magnetic fleld due to a eircular coll of radius R
carrving a currenl [ at an axial distanee x from the centre is
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_ IR
Elxl _'_RE}S.-'I
At the centre this reduces (o
I
B= Ho®
2R

Ampere’s Clrcuftal Law: Let an open surface S be bounded by a loop
v Thgn the Ampere’s law states that fﬂ,d] = .uu-I where [ refers to

the current passing through 5. The sign of is determined from the
right-hand rule. We have discussed a simplified form of this law. If B
is directed along the tangent to every point on the perimeter L of a
closed curve and s constant in magnitude along perimeter then,
Bl=p. 1.
where I Is the nel current enclosed by the closed clrouit.

The magnitude of the magnetic fleld at a distance R from a long.

straight wire carrying a current I'is given by:

sl
B = ree—

2nR
The field lines are circles concentric with the wire.

The magnitude of the feld B nside a long solenoid carrying a current
Iis

B=p.nl

whiere rtis the number of turns per unit length,

where N is the total number of turms and 1 is the average radius.
Parallel currents attract and anti-parallel carrents repel.

. A planar loop carrying a current I having N elosely wound turns, and

an area A possesses a magnetic moment m where,

m=NIA

and the direction of m s given by the righi-hand thumb rule : curl
the palm of your right hand along (he loop with the fingers pointing
in the direction of the current. The thumb sticking oul gives the
direction of m (and A)

When this loop is placed in a uniform magnetic field B, the force F on
itiss F=0

And the torque on it is,

TE=mHB

In a moving coil galvanometer, this torque Is balanced by a counter-
torgue due to a spring, yielding

lop = NI AB

where ¢ is the equilibrivm deflection and & the torsion constant of
the spring.

A moving eoll galvanometer can be converted Into a ammeter by

introducing a shunt resistance r,, of small value in parallel. 1t can be
converted into a voltmeter by introducing a resistance of a large value
in series.
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Physical Quantity
‘space

Magnetic Field
Maﬁmﬂe Moment
Torsion Constant
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Symbol Nature Dimensions Units Remarks
ty Scalar IMLT2A7] TmA! 4% 107 TmA™
B Vector M T34 T (telsa)
Vector L2l Am?orJ/T
ke Scalar M L2T 3 Nmrad® Appears in MCG

4.1

4.2

4.3

POINTS TO PONDER

Electrostatie fleld lnes originate at a positive charge and terminate at a
negative charge or [ade at infinity, Magnelie field lines always form
closed loops.

The dizscussion in this Chapter holds only for steady currents which do
not vary with lime.

When currents vary with time Newton's third law fs valid only ifmomentum
carried by the electromagnetic fleld Is taken into account.

Recall the expression for the Lorentz force,

F=givxB +E]

This velocity dependent force has oceupled the attention of some of the
greatest scientific thinkers. If one switches to a frame with instantanecous
velocity v, the magnetic part of the force vanishes. The motion of the
charged particle [s then explained by arguing that there exists an
appropriate electric field in the new frame. We shall not discuss the
details of this mechanism. However, we stress that the resolution of this
paradox lmplies that electricity and magnetlsm are linked phenomena
[electromagnetism) and that the Lorentz force expression does not imply
a universal preferred frame of relerence in nature,

Ampere’s Circuital law is not Independent of the Biot-Savart law. It
can be derived from the Biot-Savart law. lts relationship to the
Biot-Savart law is similar to the relationship between Gauss's law and
Coulomb’s law.

EXERCISES

A circular coil of wire consisting of 100 turns, each of radius 8.0 cm
carries a current of 0.40 A, What is the magnitude of the magnetic
field B at the centre of the coil?

A long straight wire carries a current of 35 A. What is the magnitude
ol the field B at a point 20 em from the wire?

A long stralght wire in the horizontal plane carrles a current of 50 A
in north to south direction. Give the magnitude and direction of B
at a point 2.5 m east of the wire.



4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

Moving Charges and

Magnetism

A horizontal overhead power line carries a current of 90 A in east to
west direction, What Is the magnitude and direction of the magnetic
field due to the current 1.5 m below the line?

What is the magnitude of magnetic force per unit length on a wire
carrying a current of 8 A and making an angle of 30" with the
direction of a uniform magnetic field of 0.15 T?

A 3.0 em wire carrying a cuwrrent of 10 A is placed inside a solenoid

perpendicular to its axs. The magnetic field inside the solenoid is
given to be 0.27 T. What is the magnetic force on the wire?

Two long and parallel straight wires A and B carrying currents of

8.0 A and 5.0 A in the same direction are separated by a distance of
4.0 em. Estimate the force on a 10 cm section of wire A

A closely wound solenoid 80 ¢m long has 5 layers of windings of 400
turns each, The diameter of the solenoid is 1.8 cm. I the current
carried Is 8.0 A, estimate the magnitude of B inside the solenold
near ils centre.

A square coil of side 10 em consists of 20 turns and carries a current
of 12 A. The coil is suspended vertically and the normal to the plane
of the coll makes an angle of 30" with the direction of a uniform
horizontal magnetic field of magnitude 0.80 T. What is the magnilude
ol torgue experienced by the coll?

Two moving coll meters, M, and M, have the following particulars:
R =100, N, =30,

A =36%x10°m* B, =025T

R, =140, N, =42,

A,=18x10"m* B,=050T

(The spring constants are identical for the two meters).

Determine the ratio of (a) current sensitivity and (k) voltage
sensitivity of M, and M.

In a chamber, a uniform magnetie field of 6.5 G (1 G = 107 1) is
maintained. An electron is shot into the field with a speed of
4.8 x 10° m s normal to the field. Explain why the path of the
electron is a cirele. Determine the radius ol the circular orbit.
[e=1.5% 107 C, m, = 9.1x10™* kg)

In Exercise 4.11 obtain the [requencey of revolution of the electron in
its circular orbit. Does the answer depend on the speed of the
electron? Explain.

(a) A elrcular coll of 30 turns and radius 8.0 em carrving a current
of 6.0 A is suspended verlically in a uniform horizontal magnetic
field of magnitude 1.0 T, The field lines make an angle of 60°
with the normal of the coil. Caleualate the magnitude of the
counter torgue that must be applied to prevent the coll from
lurning.

(b) Would your answer change, If the circular coll In (a) were replaced
by a planar coil of some irregular shape that encloses the same
area? (All other particulars are also unaltered.)

135



Chapter Five

MAGNETISM AND
MATTER

5.1 INTRODUCTION

Magnetic phenomena are universal in nature, Vast, distanl galaxies, the
tiny invisible atoms, humans and beasts all are permeated through and
threugh with a host of magnetic fields from a variety of sources. The earth’s
magnetism predates human evolution. The word magnet is derived from
the name of an island in Greece called magnesia where magnetic ore
deposits were found, as early as 600 BC.

In the previous chapter we have learned that moving charges or electric
currents produce magnetic lields, This discovery, which was made in the
early part of the nineteenth century is credited to Oersted, Ampere, Biot
and Savart, among others.

In the present chapter, we take a look at magnetism as a subject in its
owr right.

Some of the commonly known ideas regarding magnetism are;

il The earth behaves as a magnet with the magnetic field pointing
approximately from the geographic south to the north.

(i} When a bar magnet is freely suspended, it points in the north-south
direction. The tip which points to the geographic north is called the
north pole and the tip which points to the geographic south is called
the south pole of the magnet.
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[iii) There is a repulsive force when north poles | or south poles ) of two
magnets are brought close together. Conversely, there is an attractive
force between the north pole of one magnet and the south pole of
the other.

(iv) We cannot isolate the north, or south pole of a magnet. If a bar magnet
is broken info two halves, we gdet two similar bar magnets with
somewhat weaker properties. Unlike electric charges, isolated magnetic
north and south poles known as magnetic monopoles do not exist.

v) Itis possible to make magnets out of iron and its alloys.

We begin with a description of a bar magnet and its behaviour in an
external magnetic field. We describe Gauss's law of magnetism. We then
follow it up with an account of the earth’'s magnetic field. We next describe
how materials can be classilied on the basis of their magnetic properties.
We describe para-, dia-, and lerromagnetism. We conclude with a section
on electromagnets and permanent magnets.

5.2 THE BArR MAGNET

One of the earliest childhood memories of the famous physicist Albert
Einstein was that of a magnet gifted to him by a relative. Einstein was
fascinated, and played endlessly with it. He wondered how the magnet
could affect objects such as nails or pins placed away from it and not in
any way connected to it by a spring or string.

We begin our study by examining iron filings sprinkled on a sheet of
glass placed over a short bar magnet. The arrangement of iron filings is
shown in Fig, 5.1.

The pattern of iron filings suggests that the magnet has two poles
similar to the positive and negative charge of an electric dipole, As
mentioned in the introductory seclion, one pole is designated the North
pole and the other, the South pole. When suspended freely, these poles
point approximately towards the geographic north and south poles,
respectively. A similar pattern of iron filings is observed around a current

carrying solenoid.
5.2.1 The magnetic field lines

The patiern of iron filings permits us to plot the magnetic lield lines®, This is

shown both for the bar-magnet and the current-carrving solenoid in

Fig. 5.2. For comparison refer to the Chapter 1, Figure 1.17(d). Electric field

lines of an electric dipole are also displayed in Fig. 5.2(c). The magnetic field

lines are a visual and intuitive realisation of the magnetic field. Their
properties are:

(i) The magnetic field lines of a magnet (or a solenoid) form continuous
closed loops. This is unlike the electric dipole where these field lines
begin from a positive charge and end on the negative charge or escape
to infinity.

* In some lextbooks the magnetic lield lines are called magnetic lines of force.
This nomenclature Is avolded since [f can be confusing. Unlike electirosiatics
the field lines in magnetism do not indicate the direction of the foree on a
(moving) charge.

FIGURE 5.1 The

arrangement of lran

filings swrounding a
bar magnet, The
pattern mimics

magnetle field lines

The pattern suggests

that the bar magner

isa magnetic dipole:
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FIGURE 5.2 '|he field lines of {a) a bar magnet. (b a current-carryving finite solenold and
(¢} electric dipole. At large distances, the field lines are very similar. The curves
labelled (i) and ({iare closed Gausstan surfaces.

A\
ot
- 1 -

" fa)
______________ 2 e R S e e
-—_---___?"_;.f" __r' # --------------

__{,'-I-E",:..
———— e
(b)

FIGURE 5.3 Calrulation of (a) The axial feld

finite-solenold in order (o demonstrate s simiblarity

ol a

{o that of a bar magnel. (b) A magnelic needle

in a uniform magnetic fleld B, The
arrangement may be used to
determine elther B or the magnete

moment m ool the needle,
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(ii] The tangent to the field line at a given
point represents the direction of the net
magnetic field B at that point.

(iii) The larger the number of lield lines
crossing per unit area, the stronger is
the magnitude of the magnetic field B.
In Fig. 5.2(a), B is larger around region
ti than in region(1).

(iv) The magnetic field lines do not
intersect, for if they did, the direction
of the magnetic field would not be
unique at the point of intersection.
One can plot the magnetic lield lines

in a variety of ways. One way is to place a

small magnetic compass needle at various

positions and note its orientation. This
gives us an idea of the magnetic field
direction at various points in space.

5.2.2 Bar magnet as an equivalent
solenoid

In the previous chapter, we have explained
how a current loop acts as a magnetic
dipole (Section 4.10), We mentioned
Ampere's hypothesis that all magnetic
phenomena can be explained in terms of
circulating currents.
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The resemblance of magnetic field lines for a bar magnet and a solenoid
suggest that a bar magnet may be thought of as a large number of
cireulating currents in analogy with a solenoid. Cutting a bar magnet in
half is like cutting a solenoid. We get two smaller solenoids with weaker
magnetic properties. The [ield lines remain continuous, emerging [rom
one face of the solenoid and entering into the other face. One can test this
analogy by moving a sinall compass needle in the neighbourhood of a
bar magnel and a current-carrying linile solenoid and noting that the
detlections of the needle are similar in both cases
To make this analogy more firm we calculate the axial field of a finite
solenoid depicted in Fig. 5.3 (a). We shall demonstrate that at large
distances this axial field resembles that of a bar magnet.

B=fe=d (5.2)

This is also the far axial magnetic field ol a bar magnet which one may
obtain experimentally. Thus, a bar magnet and a solenoid produce similar
magnetic fields, The magnetic moment of a bar magnet is thus equal to
the magnetic moment of an equivalent solenocid that produces the same
magnetic field.

5.2.3 The dipole in a uniform magnetic field

Let's place a small compass needle of known magnetic moment m and
allowing it to oscillaie in the magnetic lield. This arrangement is shown in
Fig. 5.3(b).

The torque on the needle is [see Eq. (4.29)].

r=mxB (5.3)
In magnitude = mB sing
Here r is restoring torque and #is the angle between m and B.

An expression for magnetic potential energy can also be obtained on
lines similar to electrostatic potential energy.
The magnetic potential energy U_ is given by

U, = [z(6)o

= ijsinﬂdH = ~mBcosd

=-m.B (5.6)

We have emphasised in Chapter 2 that the zero ol potential energy

can be lixed at one's convenience. Taking the constanl ol integration to be

zero means fixing the zero of potential energy at 8 = 90°, i.e., when the

needle is perpendicular to the field. Equation (5.6) shows that potential

energy is minimum (=-mbBj at 8= 0" [most stable position) and maximum
+= mb) at #= 180" [most unstable position).

Example 5.1

[a) What happens if a bar magnet is cut into two pieces: (i) transverse
to its length, (if) along its length?

[b) A magnelised needle in a unilorm magnetic feld experiences a
torgue bul no net force, An iron nail near a bar magnet. however,
experiences a force of attraction in addition to a torque. Why?



B Physics

(e} Must every magnelic configuration have a north pole and a south
pole? What about the field due to a toroid?

(d} Two identical looking iron bars A and B are given. one of which
is definitely known to be magnetised. (We do not know which
one.] How would one ascertain whether or not both are
maghetised? If only one is magnetised, how does one ascertain
which one? [Use nothing else but the bars A and B

Solution

{a} In elther case, one gets two magnets, each with a north and
south pole.

(b) No force if the field is uniform. The iron nail experiences a non-
uniform field due to the bar magnel. There is iInduced magnetic
moment in the nail. therefore, it experiences both force and
torgque. The net force is atiractive because the induced south
pole (say) in the nail is closer to the north pole of magnet than
induced north pole.

[c) Not necessarily. True only il the source of the Held has a net
non-zero magnetic moment. This is not so for a toroid or even for
g slraight inlinite conduclor,

(d) Try to bring ditfferent ends of the bars closer. A repulsive force (n
some situation establishes that both are magnetised. If it is
always attractive. then one of them is not magnetised. In a bar
magnel the intensity of the magnetic field is the strongest at the
two ends (poles) and weakest at the central region. This fact
may be used to determine whether A or B Is the magnet, In this
case, o see which one of the two bars is a magnel, pick up one,
{say. A) and lower one of its ends; first on one of the ends of the
other {say, B). and then on the middle of B. If you notice that in
the middle of B, A experiences no force, then B is magnetised. If
you do not notice any change from the end to the middle of B,

then A is magnetised.

5.2.4 The electrostatic analog

Comparison of Egs. (5.2), [5.3) and (5.6) with the corresponding equations
for electric dipole (Chapter 1), suggests that magnetic field at large
distances due to a bar magnet of magnetic moment m can be obtained
[rom the equation for eleciric field due to an eleciric dipole of dipole moment
p. by making the following replacements:

|'HIJ
_.} LA,
' 4ng, 4n
In particular, we can write down the equatorial field (Bg) of a bar magnet
at a distance r, for r>> 1, where lis the size ol the magnet:

E—=B.plm

My
Be = nr B-7
Likewise, the axial field (B,) of a bar magnet for r >>lis:
B o 2m

AT Am rﬂ [5-8}
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Equation (5.8) is just Eq. (5.2) in the vector form. Table 5.1 summarises
the analogy between electric and magnetic dipoles.

Electrostatics Magnetism
/¢ Ho
Dipole moment P m
Equatorial Field for a short dipole -p/ 4—rraur3 - om [/ 4n e
Axial Field for a short dipole 2p/ 4«n£ﬂr3 iy 2m / 4n re
External Field: torgue PXE m *x B
External Field: Energy -p-E -m-B

Example 5.2 Figure 5.4 shows a small magnetised needle P placed at

a point O, The arrow shows the direction of its magnetic moment. The

other arrows show diflerent positions (and orientations ol the magnetic

moment)] of another identlcal magnetised needle &,

[a) In which configuration Lhe system is not in equilibrium?

(b) In which configuration is the system in (i) stable, and {ii) unstable
equilibrinm?

) Which configuration corresponds to the lowest potential energy
among all the configurations shown?

2y
S

Qsl — otp — :I.Qa
T‘Q1 Q |

L

Qs
FIGURE 5.4
Solution
Patential energy of the configuration arises due to the potential energy of
one dipole (say, Q) in the magnetic field due to other (B), Use the result
that the field due to P is given by the expression [Eqgs. (5.7) and (5.8)]:

B, = "'i%%ﬁ {on the normal bisectar]
_M2my ;
By r {on the axis)

where m is the magnetic moment of the dipole F.
Equilibrium is stable when mg, is parallel to By, and unstable when it

is anti-parallel to B, 141
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For instance for the configuration Q. for which Q is along the
perpendicular bisector of the dipole P, the magnetic moment of O is
parallel to the magnetic field at the position 3. Hence @, Is stable.

Thus,

(a) PQ, and PQ,

c] PQy

Karl Friedrich Gauss
(1777 - 1855) He was a
child prodigy and was gifted
in mathematics, physics,
engineering, astronomy
and even land surveying.
The properties of numbers
fascinated lim, and in his
work he anticipated major
mathematical development
of later times. Along with
Wilhelm Welser, he built the
first electric telegraph in
1833, His mathematical
theory of curved surface
laid the foundation for the
later work ol Riemann.

(b) (i) PQ,, PQ, (stable); (i) PQ., PQ, (unstable)

5.3 MacNETIsM AND Gavuss’s Law

In Chapter 1, we studied Gauss's law for electrostatics.
In Fig 5.3(e), we see thal lor a closed surface represented
by (i), the number of lines leaving the surface is equal to
the number ol lines entering it. This is consisient with the
fact that no net charge is enclosed by the surface. However,
in the same figure, for the closed surface (i) thereis a net
outward [ux, since it does include a net (positive] charge.

The situation is radically different for magnetic fields
which are continuous and form closed loops, Examine the
Gaussian surfaces represented by (1or (i) in Fig 5.3(a) or
Fig. 5.3(b). Both cases visually demonstrate that the
number of magnetic lield lines leaving the surlace is
balanced by the number of lines entering it. The net
magnetic flux is zero for both the surfaces. This is true
for any closed surface.

FIGURE 5.5

Consider a small vector area element AS ol a closed surface 5 as in
Fig. 5.5. The magnetic lux through ASis defined as Ags B-AS, where B
is the field at AS, We divide S into many small area elements and calculate
the individual flux through each. Then, the net flux ¢ is,

P = Z@E =Zﬂ.a$= 0

(5.9)

where ‘all' stands for ‘all area elements AS'. Compare this with the Gauss's
law of electrostatics. The Aux through a closed surlace in thatl case is

given by

S E.AS = 9

Eq



where g is the electric charge enclosed by the surface.

Magnetism and
Matter

The difference between the Gauss's law of magnetism and that for
electrostatics is a reflection of the fact that isolated magnetic poles (alzo
called monopoles) are not known to exist. There are no sources or sinks
of B; the simplest magnetic element is a dipole or a current loop. All
magnetic phenomena can be explained in terms of an arrangement of

dipoles and /or current loops.
Thus, Gauss's law [or magnelism is:

The net magnetic flux through any closed surface is zero.

Example 5.3 Many of the diagrams given in Fig. 5.7 show magnetic
field lines (thick lines in the figure) wrongly. Point out what is wrong

with them. Some of them may describe electrostatic field lines correctly.

Paint oul which ones.

:

L_a:l
SRR
Empty spave

(d}

FIGURE 5.6

O
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Solution
[a) Wrong. Magnetic field lines can never emanate from a point, as

(b)

(c)

(d)

(el

()

shown In figure. Over any closed surface. the net flux of B must
always be zero. ie.. pictorially as many field lines should seem to
enter the surface as the number of lines leaving it. The field lines
shown, in fact, represent electiric lield of a long positively charged
wire. The correct magnetic field lines are circling the straight
conductor, as described in Chapter 4.
Wrorg. Magnetic field lines (like electric field lines) can never cross
each other, because otherwise the direction ol lield atl the point of
Intersection is ambiguous. There Is further error in the flgure.
Magnetostatic lleld lines can never form closed loops around empty
space. A closed loop of static magnetic field line must enclose a
region across which a current Is passing, By contrast. electrostatic
field lines can never form closed loops, neither in empty space.
nor when the loop encloses charges.
Right. Magnetic lines are complelely confined within a toroid.
Nothing wrong here in field lines forming closed loops, since each
loop encloses a region across which a current passes, Note, for
clarity of figure. only a few field lines within the toroid have been
shown. Actually, the entire region eénclosed by the windings
contains magnetic field,
Wrong. Field lines due to a solenoid al its ends and outside cannot
be g0 completely straight and confined; such a thing violates
Ampere's law, The lines should curve oul at both ends, and meel
eventually to lorm closed loops.
Right. These are fleld lines outside and inside a bar magnet. Note
carefully the direction of field lines inside. Not all field Unes emanate
out of a north pole [or converge into a south pole). Around both
the N-pole, and the S-pole. the net flux of the field is zero.
Wrong. These lield lines cannol possibly represeni a magnetic field.
Look at the upper region, All the field lines seem to emanate out of
the shaded plate. The nel lux through a surface surrounding the
shaded plate Is not zerp. This is impossible for a magnetic field.
The given field lines. in fact. show the electrostatic field lines
around a positively charged upper plate and a negatively charged
lower plate. The difference between Fig. [5.7(e) and (f]] should be
carefully grasped.
Wrong. Magnetic field lines between two pole pieces cannot be
precisely straight at the ends. Some [ringing of lines is inevitable.
Otherwise, Amperé's law is violaled, This is also true for electric
field lines.

Example 5.4

[a)

15]]
(e

Magnetic field lines show the direction (at every point) along which
a small magnetised needle aligns (at the point). Do the magnetic
field lines also represent the lines of force on a moving charged
particle at every point?

If magnetic monopoles existed, how would the Gauss's law of
magnetism be modifed?

Does a bar magnet exert a torque on itsell due to its own field?
Does one element of a current-carrying wire exert a force on another
element of the same wire?
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(d) Magnetic field arises due to charges in motion. Can a system
have magnetic moments even though its net charge is zero?

Solution
fa) No. The magnetic lorce is always normal (o B (remember magnetic
force =gwv * B), It Is misleading to call magnetic fleld lines as lines

af force.
(b] Gauss's law of magnetism states that the flux of B through any

closed surface Is always zero -[s B.Ag=0 .

Il monopoles existed, the right hand side would be egqual to the
monopole (magnetic charge} g, enclosed by 5. [Analogous to

Gauss's law of electrostatics. J;B-M = Myq,, where g, is the

fmonopole] magnetic charge enclosed by 5

[c) No. There is no force or torque on an element due to the fleld
produced by that element itself. But there is a force (or torgue)
on an element of the same wire. (For the special case of a straight
wire, this force is zero.)

(d) Yes. The average of the charge In the syslem may be zero. Yei,
the mean of the magnetic moments due to various current loops
may not be zero, We will come across such examples in connection
with paramagnetic material where atoms have net dipole moment
through their net charge is zero.

5.4 MAGNETISATION AND MAGNETIC INTENSITY

The earth abounds with a bewildering variety of elements and compounds.
In addition, we have been synthesising new alloys, compounds and even
elements. One would like lo classily the magnetic properties of these
substances. In the present section, we define and explain certain terms
which will help us to carry out this exercise.

We have seen thal a eirculating electron in an atom has a magnelic
moment. In a bulk material, these moments add up vectorially and they
can give a nel magnetic moment which is non-zero. We deline
magnetisation M of a sample to be equal to its net magnetic moment per
unit volume:

m,.,
v

M is a vector with dimensions L' A and is measured in a units of Am™.
Consider a long solenoid ol n turns per unit length and carrying a
current I. The magnetic field in the interior of the solenoid was shown to
be given by
B, = u, nl (5.12)
If the interior of the solenoid is filled with a material with non-zero
magnetisation, the field inside the solenoid will be greater than B,,. The
net B field in the interior of the solenoid may be expressed as

B=B + B_ {5.13)

M= {(5.11)
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where B_ is the field contributed by the material core. It turns out that
this additional field B is proportional to the magnetisation M of the
material and is expressed as

B = uM (5.14)
where p, is the same constant (permittivity ol vacuum) that appears in
Biot-Savart's law.

It is convenient 1o introduce another vector field H, called the magnetic
intensity, which is defined by

B
H=—-M (5.15)

Hy

where H has the same dimensions as Mand is measured in units of Am™,
Thus. the total magnetic field B is written as

B= u (H+ M) (5.16)

We repeat our defining procedure, We have partitioned the contribution
to the total magnetic field inside the sample into two parts: one, due to
external factors such as the current in the solenoid, This is represented
by H. The other is due to the specific nature of the magnetic material.
namely M. The latter quantity can be influenced by external factors. This
influence is mathematically expressed as

M= H (5.17)

where ¥, a dimensionless quantity, is appropriately called the magnetic
susceptibility. 1t is a measure of how a magnetic material responds to an
external field. ¥ is small and positive for materials, which are called
paramagnetic. It is small and negative for matlerials, which are termed
diamagnetic. In the latier case M and H are opposite in direction. From
Eqgs. (5.16) and (5.17) we obtain,

B = si (1 + YH (5.18)
=ty H
=uH 5.19)

where y =1+ y, is a dimensionless quantity called the relative magnetic
permeabhilifyy ol the substance. It is the analog of the dielectric conslant in
electrostatics. The magnetic permeability of the substance is yand it has
the same dimensions and units as p,;

H= = g (L),
The three quantities y, p and p are interrelated and only one of
them is independent. Given one, the other two may be easily determined.

Example 5.5 A =zolenoid has a core of a material with relative
permeability 400, The windings of the solenoid are insulated from the
core and carry a current of 2A. If the number of turns is 1000 per
metre, ealeulate (a) H, (b) M, () B and (d) the magnetising current 22
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Solution
(a) The field H is dependent of the material of the core, and is
H=nl=1000 % 2.0 = 2 x10° A/m.
(B) The magnetic field B is given by
B=p u. H
=400 % 4 X107 (N/AY) % 2 % 10° (A/m)
=10T
[c) Magnetisation is given by
M =(B-u, H)/ u,
= b, H-py H)/ iy =(p — 1JH=399 x H
= Bx10°A/m
(d) The magnetising current I is the additional current that needs to
be passed through the windings of the solencid in the absence of
the core which would give a B value as in the presence of the core.

Thus B=pg niI+ L) Using I=2A, B=1T, weget I =794 A

5.5 MAGNETIC PROPERTIES OF MATERIALS

The discussion in the previous section helps us to classify materials as
diamagnetic, paramagnetic or ferromagnetic, In terms of the susceptibility
¥ a material is diamagnetic il y is negative, para- il y is positive and small,
and ferro- if y is large and positive.

A glance al Table 5.3 gives one a better feeling lor these materials.
Here ¢ is a small positive number introduced to quantify paramagnetic
materials. Next, we describe these materials in some detail.

Diamagnetic Paramagnetic Ferromagnetic
-1z2x<0 O<y< e r==1
O=p =<1 l<p<l+e n==1

H-< Mg B>y o THS

5.5.1 Diamagnetism

Diamagnetic substances are those which have tendency to move from
stronger to the weaker part of the external magnetic field. In other words,
unlike the way a magnel altracts metals like iron. it would repel a
diamagnetic substance.

Figure 5.7(a) shows a bar of diamagnetic material placed in an external
magnetic field. The lield lines are repelled or expelled and the field inside
the material is reduced. In most cases, this reduction is slight, being one
part in 10°. When placed in a non-uniform magnetic field, the bar will tend
to move from high to low field.

lal
S — = —
e —
———
g —
—— —*
)

FIGURE 5.7

Eehaviour of

[a) diamagnetic
(b) paramagnetie
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The simplest explanation for diamagnetism is as follows. Electrons in
an atom orbiting around nucleus possess orbital angular momentum.
These orbiting electrons are equivalent to current-carrying loop and thus
possess orbital magnetic moment, Diamagnetic substances are the ones
in which resultant magnetic moment in an atom is zero, When magnetic
ficld is applied, those electrons having orbital magnetic moment in the
same direction slow down and those in the opposite direction speed up,
This happens due to induced current in accordance with Lenz's law which
you will study in Chapter 6. Thus, the substance develops a net magnetic
moment in direction opposite to that of the applied field and hence repulsion.

Some diamagnetic materials are bismuth. copper, lead, silicon,
nitrogen (at STP), water and sodium chloride. Diamagnetism is present
in all the substances. However, the effect is so weak in most cases that it
gets shifted by other effects like paramagnetism, ferromagnetism, ete.

The most exotic diamagnetic materials are superconductors. These
are metals, cooled to very low temperatures which exhibits both perfect
conductivity and perfect diamagnetism. Here the lield lines are completely
expelled! y=-1 and g = 0. A superconductor repels a magnet and (by
Newton's third law] is repelled by the magnet. The phenomenon of perlect
diamagnetism in superconductors is called the Meissner effect, after the
name of its discoverer. Superconducting magnets can be gainfully
exploited in variety of situations, for example, for running magnetically
levitated supertast trains.

5.5.2 Paramagnetism

Paramagnetic substances are those which get weakly magnetised when
placed in an external magnetic field. They have tendency to move from a
region of weak magnetic field to strong magnetic field, i.e., they get weakly
attracted to a magnet,

The individual atoms (or ions or molecules) ol a paramagnetic malerial
possess a permanent magnetic dipole moment of their own. On account
of the ceaseless random thermal motion of the atoms, no net magnetisation
is seen. In the presence of an external field B, which is strong enough,
and at low temperatures, the individual atomic dipole moment can be
made to align and point in the same direction as Bﬂ. Figure 5.7(b) shows
a bar of paramagnetic material placed in an external field. The field lines
getls concentrated inside the material, and the lield inside is enhanced. In
most cases, this enhancement is slight, being one part in 10°, When placed
in a non-uniform magnetic field, the bar will tend to move from weak field
to strong.

Some paramagnetic materials are aluminium, sodium, caleium,
oxygen (at STP) and copper chloride, For a paramagnetic material both
and u_depend not only on the material, but also (in a simple fashion) on
the sample temperature. As the field is increased or the temperature is
lowered, the magnetisation increases until it reaches the saturation value
at which point all the dipoles are perfectly aligned with the field.

5.5.3 Ferromagnetism

Ferromagnetic substances are those which gets strongly magnetised when
placed in an external magnetic field. They have strong tendency to move
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from a region of weak magnetic field to strong magnetic field. i.e., they get
strongly attracted to a magnet.

The individual atoms (or ions or molecules) in a ferromagnetic material
possess a dipole moment as in a paramagnetic material. However, they
interact with one another in such a way that they spontaneously align
themselves in a common direction over a macroscopic volume called
domain. The explanation of this cooperative effect requires guantum
mechanics and is beyond the scope of this textbook. Each domain has a
net magnetisation. Typical domain size is 1lmm and the domain contains
about 10" atoms. In the first instant, the magnetisation varies randomly
from domain to domain and there is no bulk magnetisation. This is shown
in Fig. 5.8(a). When we apply an exlernal magnetic field B,,, the domains
orient themselves in the direction of B, and simultancously the domain
oriented in the direction ol B, grow in size. This existence ol domains and
their motion in B, are not speculations. One may observe this under a
microscope afler sprinkling a liguid suspension of powdered
lerromagnetic substance of samples. This motion of suspension can be
observed. Fig. 5.8(b) shows the situation when the domains have aligned
and amalgamated to form a single ‘giant’ domain.

Thus, in a ferromagnetic material the field lines are highly
concentrated. In non-uniform magnetic field, the sample tends to move
towards the region of high field. We may wonder as to what happens
when the external field is removed. In some ferromagnetic materials the
magnetisation persists. Such materials are called hard magnetic materials
or hard ferromagnets. Alnico, an alloy ol iron, aluminium, nickel, cobalt
and copper, is one such material. The naturally occurring lodestone is
another. Such materials form permanent magnets to be used among other
things as a compass needle. On the other hand, there is a class of
ferromagnetic materials in which the magnetisation disappears on removal
of the external feld. Solt iron is one such material. Appropriately enough,
such materials are called soft ferromagnetic materials. There are a number
of elements, which are ferromagnetic: iron, cobalt, nickel, gadolinium,
ete. The relative magnetic permeability is >1000!

The ferromagnetic property depends on temperature. At high enough
temperature, a ferromagnet becomes a paramagnet. The domain structure
disintegrates with temperature, This disappearance ol magnetisalion with
temperature is gradual.

SUMMARY

1. The seience of magnetism is old. It has been known sinee ancient mes
that magnetic materials tend to polnt in the north-south direction: Hke
magnetic poles repel and unlike ones attract; and cutting a bar magnet
in two leads to two smaller magnets, Magnetic poles canmot be isolated,

2. When a bar magnet of dipale moment m is placed (n a uniform magnetic
fleld B,

FIGURE 5.8
(2] Randomly
orlented domains,

(k) Allgned domalng
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fa} the lorce on it is zero,

{b)  the torgue on it s m % B,

{c] lis polential energy is -m-B, where we choose the zero of energy at
the orientation when m is perpendicular 1o B,

3. Consider a bar magnet of size land magnetic momenl m, al a distance
T from Its mid-point, where r=>L the magnetic field B due to this bar

is,
Toqe  flalong axis)
= f;’:;_ (along equator)

4. Gauss's law for magnetism states that the net magnetic flux through
any closed surface (s zero

fa= 2 BAS=0

SEmEnis AR

5. Consider a material placed In an external magnetie field B, The
magnetic intensity is defined as.

=20
#Ha
The magnetisation M of the material {s its dipole moment per unit velume.
The magnetic ficld B in the material is,
B=yl H+M)

6. For a Unear material M = ¢y H. So that B= p H and y I8 called the
magnetic susceplibility of the material. The three quantities, y, the
relative magnetic permeability w, and the magnetic permeabilily g are
related as follows:

L= Mo By
R

7. Magnetic materials are broadly classifled as: diamagnetic, paramagnetic,
and ferromagnetic. For diamagnetic materials y is negative and small
and for paramagnetic materials it s positive and small. Ferromagnetic

materials have large y and are characterlsed by non-linear relation
between B and H.

8. Substances, which al room temperature, retain their ferromagnetic
property for a long period of time are called permanent magnets.

Permeability of By Scalar  [MLT? A% TmA'  p /4= 107
free space
Magnetic field, B Vector MT? A7Y T (tesla) 10° G fgauss) = 1T

Magnetic induction,
Magnetic flux density
Magnetic moment m Vector L2 A Am?
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POINTS TO PONDER

A satisfaclory understanding of magnetic phenomenon in terms ol moving
charges/currents was arrived al after 1800 AD. Bul technological
exploitation ol the directional properiles of magnets predates this scientific
understanding by two thousand years. Thus, scientific understanding is
nol a necessary condition for engineering applications. Ideally, science
and engineering go hand-In-hand, one leading and assisting the other in
tanderm.

Magnetic monopales do not exist, If you slice @ magnet in hall, yvou get
two smaller magnets. On the other hand, isolaled positive and negative
charges exist. There exists a smallest unit of charge, for example, the
electronie charge with value e = 1.6 x10 ¥ €. All other charges are
integral multiples of this smallest unit charge, In other words, charge is
quantised. We do not know why magnetic monopoles do not exist or why
electric charge is quantised,

A consequence of the fact that magnetic monopoles do not exist is that
the magnetic field lines are continuous and form closed loops. In contrast,
the electrostatic lines of force begin on a positive charge and terminate
on the negative charge (or fade out at infinity).

A miniscule difference in the value of 3, the magnetic susceptibility, yields
radically different behaviour: diamagnetic versus Bpﬂramagnctlc. For
diamagnetic materials y = -10 ¥ whereas x = +107 for paramagnetic
materials.

There exists o perfect diomagne!, namely, a superconductor. This is a
metal at very low temperatures. In this case y=—|, u. = 0, y = 0. The
exiernal magnetic field is totally expelled. Interestingly. this material is
also a perfect conductor. However, there exists no classical theory which
ties these two properties together. A guantum-mechanieal theory by
Bardeen, Cooper. and Schrieffer (BCS theory) explains these effects. The
BCS theory was proposed in 1957 and was eventually recognised by a Nobel
Prize in physics in 1970,

Scalar MLA*T# A7 W (weber) W=Tm?
Magnetisation M Vector L A Ak Magnetic moment
. Volume
Magnetic intensity H Vector [ Al Am? B =, (H + M)
Magnetic field
% _E] o
M’,’E - X .BCEIHI = - M = IH
susceplibility
u Scalar [MLT 2A7%  TmA' u=pu
NA*  B-uH
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5.1

5.2

5.3

5.4

5.5

5.6

5.7

Diamagnetism is universal. It is present in all materials: But it
is weak and hard (o detect i the substance is para- or [erromagnetic,
We have classifled materials as diamagnellc. paramagnetie. and
ferromagnetic. However, there exist additional types of magnetic material
such as lerrimagnetic, anti-ferromagnetic, spin glass, ete, with properties
which are exotic and mysterious.

EXERCISES

A short bar magnet placed with its axis at 30° with a uniform external
magnetic field of 0.25 T experiences a torque ol magnitude equal to
4.5 % 10%.J. What is the magnitude of magnetic moment of the magnet?

A short bar magnet of magnetic moment m = 0.32 JT7" is placed in a
uniform magnetic field of 0,15 T. I the bar is free to rotate in the
plane of the field, which orientation would correspond to its (a) stable,
and (b) unstable equilibrium? What is the potential energy ol the
magneli in each case?

A closely wound solenoid of 800 turns and area of cross section
2.5 x 107 m? carries a current of 3.0 A. Explain the sense in which
the solenoid acts like a bar magnet. What s its associated magnetic
moment?

Il the solenoid in Exercise 5.5 is [ree Lo turn aboul the vertical
direction and a uniform horizontal magnetic field of 0.25 T is applied,
what Is the magnitude of torque on the solenoid when its axis makes
an angle of 30° with the direction of applied lield ?

A bar magnet of magnetic moment 1.5 J T ' lies aligned with the
direction of a uniform magnetic field of 0.22 T.

() What is the amount of work required by an external torque to
turn the magnet so as to allgn its magnetic moment: (i) normal
to the lield direction, (i) opposite to the feld direction?

(b) What is the torgque on the magnel in cases (i) and [ii]?

A closely wound solenoid of 2000 turns and area of cross-section

1.6 ¥ 107*m?. carrving a current of 4.0 A, is suspended through its

centre allowing it to turn in a horizontal plane,

[a) What Is the magnetlc moment assoclated with the solenold?

[b) What is the [orce and torgue on Lhe solencid il a unilorm
horizontal magnetic field of 7.5 * 107 T is set up at an angle of
30° with the axis of the solenoid?

A short bar magnet has a magnetic moment of 0.48 J T™. Give the

direction and magnitude of the magnetic field produced by the magnet

at a distance of 10 cm from the centre of the magnet on (a) the axis,

b} the equatorial lines (normal bisector) of the magnet.
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A short bar magnet placed in a horizontal plane has its axis aligned
along the magnetic north-south direction, Mull points are found on
the axis of the magnel at 14 cm [rom the centre of the magnel. The
earlh’s magnetic leld al the place Is 0.36 G and the angle ol dip s
zero, What is the total magnetic field on the normal bisector of the
magnet at the same distance as the null-point (l.e., 14 cm) from the
centre of the magnet? (AL null points, field due to a magnet is equal
and opposile Lo the horizontal component of earth's magnetic field.)
If the bar magnel in exercise 5.13 is lurned around by 180°, where
will the new null points be located?
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Chapter Six

ELECTROMAGNETIC
INDUCTION

6.1 INTRODUCTION

Electricity and magnetism were considered separate and unrelated
phenomena for a long time. In the early decades of the nineteenth century,
experiments on electric current by Qersted, Ampere and a few others
established the fact that electricity and magnetism are inter-related. They
found that moving eleciric charges produce magnetic flields. For example,
an electric current deflects a magnetic compass needle placed in its vicinity.
This naturally raises the questions like; Is the converse effect possible?
Can moving magnets produce electric currents? Does the nature permit
such a relation between electricity and magnetism? The answer is
resounding yes! The experiments of Michael Faraday in England and
Joseph Henry in USA, conducted around 1830, demonstrated
conclusively that electric currents were induced in closed coils when
subjected to changing magnetic fields. In this chapter, we will study the
phenomena associated with changing magnetic fields and understand
the underlying principles, The phenomenaon in which electric eurrent is
generated by varying magnetic lields is appropriately called
electromagnetic induction.

When Faraday first made public his discovery that relative motion
between a bar magnel and a wire loop produced a small current in the
latter, he was asked, “What is the use of it?" His reply was: “What is the
use of a new born baby?” The phenomenon of electromagnelic induction
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is not merely of theoretical or academic interest but also
of practical utility. Imagine a world where there is no
electricity - no electric lights, no trains, no telephones and
no personal computers. The pioneering experiments of
Faraday and Henry have led directly to the development
of modern day generators and transformers. Today's
civilisation owes ils progress to a greal extent to the
discovery of electromagnetic induction.

6.2 THE EXPERIMENTS OF FARADAY AND
HENRY

The discovery and understanding of electromagnetic
induction are based on a long series of experiments carried
oul by Faraday and Henry, We shall now describe some
of these experiments.

Experiment O.1

Figure 6.1 shows a coil C,* connected to a galvanometer
G. When the North-pole of a bar magnet is pushed
towards the coil, the pointer in the galvanometer deflects,
indicating the presence of electric current in the coil. The
deflection lasts as long as the bar magnet is in motion.
The galvanometer does not show any deflection when the
magnet is held stationary. When the magnet is pulled
away from the coil, the galvanometer shows deflection in
the opposile direction, which indicates reversal ol the
current’s direction, Moreover, when the South-pole of
the bar magnet is moved towards or away [rom the
coil, the deflections in the galvanometer are opposite
to that observed with the North-pole for similar
movements, Further, the deflection (and hence current)
is found to be larger when the magnet is pushed
towards or pulled away from the coil faster. Instead,
when the bar magnet is held fixed and the coil C| is
moved towards or away lrom the magnet, the same
effects are observed. It shows that it is the relative
motion betwween the magnet and the coil that is
responsible for generation (induction) of eleciric
current in the coil.

:{.-':q ertment 0.2

In Fig. 6.2 the bar magnet is replaced by a second coil
C, connecled 1o a batlery. The steady current in the
coil C, produces a steady magnetic field. As coil C, is

FIGURE 6.1 When the bar mu

|:|i--|=- d towards the coil, the polnter n

Josheph Henry [1797 -
1878] American experimental
physicist, professor at
Princeton Uiniversity and first
director ol the Smithsonlan
Institution. He made important
Improvements in electro-
magnets by winding coils of
insulated wire around iron
pole pieces and Invented an
clectromagnetic motor and a
new, efficient telegraph. He
discoverd sell-induction and
investigated how currents in
one elreuit induce currents in
another.

the galvanoteter G deflects.,

* Wherever the term “coll” or ‘loop” 15 used, it is assumed that they are made up of
conducting material and are prepared using wires which are coated with insulating

material.

et is
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moved towards the coil C,, the galvanometer shows a

deflection. This Indicates that electric current is induced in
o coil C,. When C, is moved away, the galvanometer shows a
deﬂeetmn agaln but this time in the opposite direction. The
dellection lasts as long as coil C,, is in motion. When the coil
C,1s held fixed and C| 1s moved, 'Eht’: same effects are observed.
Again, it is the relative motion between the coils that induces
the electric current,

Caperviment .3

The above two experiments involved relative motion between
a magnet and a coil and between two coils, respectively.
Through another experiment, Faraday showed that this

FIGURE 6.2 Curreni is relative motion is not an absolute requirement. Figure 6.3
indueed in coil € due (o motion  Shows two coils C, and C,, held stationary. Coil C, is connected
of the current carryving cotl C,,. to galvanometer G while the second coil C, is connected to a
battery through a tapping key K.

E!

H—

G

f

FIGURE 6.3 Experimental sel-up lor Experiment 6.3,

It is observed that the galvanometer shows a momentary deflection
when the tapping key Kis pressed. The pointer in the galvanometer returns
to zero immediately. If the key is held pressed continuously, there is no
deflection in the galvanometer. When the key is released. a momentory
deflection is observed again, but in the opposite direction. It is also observed
that the deflection increases dramatically when an iron rod is inserted
into the coils along their axis.

6.3 MacneETICc FLUX

Faraday's great insight lay in discovering a simple mathematical relation
to explain the series of experiments he carried out on electromagnetic
induction. However. before we state and appreciate his laws, we must get
familiar with the notion of magnetic flux, @ ;. Magnetic [lux is defined in
156 the same way as electric flux is defined in Chapter 1. Magnetic flux through
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a plane of area A placed in a uniform magnetic ficld B (Fig. 6.4) can
be written as

@, =B-A=BAcos§ (6.1)
where 0 is angle between B and A. The notion of the area as a vector
has been discussed earlier in Chapter 1. Equation (6.1) can be
extended to curved surfaces and nonuniform fields.

If the magnetic lield has different magnitudes and directions at
various parts of a surface as shown in Fig, 6.5, then the magnetic
flux through the surface is given by

@, B.dA +B,.dA,=--= Y B..dA, (6.2)
|l

where ‘all’ stands for summation over all the area elements dA,
comprising the surface and B, is the magnetic field at the area element
dA,. The 51 unit ol magnetic [lux is weber (Wb) or tesla meter
squared (T m*). Magnetic flux is a scalar quantity.

ST

6.4 Farapay’'s Law or INDUCTION

From the experimental observations, Faraday arrived at a
conclusion that an emfis induced in a coil when magnetic flux
through the coil changes with time. Experimental observations
discussed in Section 6.2 can be explained using this concept.
The motion of a magnet towards or away from coil C| in
Experiment 6.1 and moving a current-carrying coil C, towards
or away from coil C, in Experiment 6.2, change the magnetic
flux associated with coil C,. The change in magnetic flux induces
eml in coil C,. It was this induced emf which caused electric

Y
s

14944441944
==

FIGURE 6.4 A plane of
face area A placed in a
unilorm magnetle lield B

current to flow in coil CI and through the galvanometer, A FIGURE 6.5 Magnetic lield B,

plausible explanation for the observations of Experiment 6.3 is al the

as follows: When the tapping key K is pressed, the current in  ""P'™
coil C‘: (and the resulting magnetic field) rises [rom zero to a
maximum value in a short time, Consequently, the magnetic

flux through the neighbouring coil C, also increases. It is the change in
magnetic flux through ceil C, that produces an induced emf in coil C .
When the key is held pressed, current in coil C, is constant. Therefore,
there is no change in the magnetic flux through coil C, and the current in
coil C, drops to zero. When the key is released, the current in C, and the
resulting magnetic field decreases from the maximum value to zero in a
short time. This results in a decrease in magnetic flux through coil C,
and hence again induces an electric current in coil C_*. The common
point in all these observations is that the time rate of change of magnetic
flux through a circuit induces emf in it. Faraday stated experimental
observations in the torm of a law called Faraday's law of eleciromagnetic
induction. The law is stated below.

* Note thal sensitive electrical Instruments In the vicinlty ol an electromagnet
can be damaged due to the induced emis {and the resulting currents} when the
clectromagnet is turned on or off.

i area element. dA

nis area vector of the
an

areq el eIt
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Michael Faraday [1791-
1867] TFaraday made
numerous contributions to

science, viz.. the discovery

of electromagnetic
induction, the laws of
clectrolysis. benzene, and
the fact that the plane of
polarisation is rotated in an
electric field, He Is also
credited with the invention
of the electric motor, the
electric gemerator and the
transtormer. He is widely
regarded as the greatest
experimental scientist of
the nineteenth cenlury,

The magnitude of the induced emf in a circuit is equal
to the time rate of change of magnetic jlux through the
circuit.

Mathematically, the induced emf is given by

dd,
dt
The negative sign indicates the direction of £ and hence
the direction of current in a closed loop, This will be
discussed in detail in the next section.
In the case of a closely wound coil of N turns, change
of flux associated with each turn, is the same. Therefore,
the expression lor the total induced emf is given by

£= (6.3)

(6.4)

The induced emi can be increased by increasing the
number of turns N of a closed coil.

From Egs. (6.1) and (6.2), we see that the flux can be
varied by changing any one or more of the terms B, A and
& In Experiments 6.1 and 6.2 in Section 6.2, the flux is
changed by varying B. The flux can also be altered by
changing the shape ol a coil (that Is, by shrinking it or
stretehing it) in a magnetic field, or rotating a coll in a
magnetic field such that the angle § between B and A
changes. In these casces too, an emf is induced in the
respective coils.

Example 6.1 Consider Experiment 6.2. (a) What would you do to obtain
a large deflection of the galvanometer? (b} How would you demonstirate
the presence of an induced current in the absence of a galvanometer?

Solution

(a) To obtain a large deflectlon, one or more of the following steps can
be taken: (i) Use a rod made of soft iron inside the coil C?l‘ (i} Connecl
the coil (o a powerful batiery, and (iii} Move the arrangement rapidly
towards the test ceil C,.

(b) Replace the galvanometer by a small bulb, the kind one finds in a
small torch Hght. The relative motion between the two coils will cause
the bulb to glow and thus demonstrate the presence of an Induced

current.

In experimenial physics one must leam to innovate. Michael Faraday
whao is ranked as one of the besi experimentalisis ever, was legendary
Jor his innovative shkills,

Example 6.2 A square loop of side 10 cm and resistance 0.5 1 is
placed vertically in the east-west plane. A uniform magnetic field of
0.10 T is set up across the plane in the north-east direction. The
magnetic field is decreased to zero in 0.70 s at a steady rate. Determine
the magnitudes of induced emfl and current during this time-interval.
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Solution The angle 8 made by the area vector of the coil with the
magnetic field is 45", From Eq. (6.1), the initial magnetic flux is

@= 084 cos @

_0.1x10%
J2
Final flux, ¢ =0

The change in flux is brought about in 0.70 s. From Eq. (6.3), the
magnitude ol the induced eml is glven by

o Aa| _[(2-0) = 10®
At AL JExo7
And the magnitude of the current is

Wb

=1.0mV

_& 10V

"R 050
Note that the earth's magnetic field also produces a flux through the
loop. But it is a steady field (which does not change within the time
span of the experiment) and hence does not induce any emf.

=2mh

Example 6.3
A circular coil of radius 10 cm, 500 turns and resistance 2 2 is placed

with its plane perpendicular to the horizontal component ol the earth’s
magnetic field. It is rotated aboul its vertical diameter through 180°
In 0.25 5, Estimate the magnitudes of the emf and current induced in
the coil. Horizontal component of the earth's magnetic lield at the
place is 3.0 % 107° T.

Solution
Initial flux through the coll,

Do i) — BA €05 8
=3.0 % 107° % [x X107} % cos O°
=3rx 107 Wb
Final flux after the rotation,
By gy = 30 % 107% % [ X107%) % cos 180°
=-3x % 107 Wb
Therelore, estimated value of the induced emf is.

Lt
g=N=2
At

= 500 x [Br x 107)/0.25
=38 x10°V
I=g/R=1.8x%10°A

Note that the magnitudes of ¢ and I are the estimated values. Their
instantaneous values are dillerent and depend upon the speed of

rotation at the particular instant.
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FIGURE G.6
[Huastration of

| I
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law.

6.5 LEeEnz's Law AND CONSERVATION OF ENERGY

In 1834, German physicist Heinrich Friedrich Lenz (1804- 1865) deduced
a rule, known as Lenz's lmwp which gives the polarity ol the induced eml
in a clear and concise [ashion. The statement of the law is:

The polarity of induced emf is such that it tends to produce a current
which opposes the change in magnetic flixe that produced it.

The negative sign shown in Eq. (6.3) represents this effect. We can
understand Lenz's law by examining Experiment 6.1 in Section 6.2.1. In
Fig. 6.1, we see that the North-pole of a bar magnet is being pushed
towards the closed coil. As the North-pole of the bar magnet moves towards
the coil, the magnetic flux through the coil increases. Hence current is
induced in the coil in such a direction that it opposes the increase in flux.
This is possible only it the current in the coil is in a counter-clockwise
direction with respect to an observer situated on the side of the magnet.
Note that magnetic moment associated with this current has North polarity
towards the North-pole of the approaching magnet. Similarly, if the North-
pole of the magnet is being withdrawn from the coil, the magnetic flux
through the coil will decrease. To counter this decrease in magnetic flux,
the induced current in the coil flows in clockwise direction and its South-
pole laces the receding North-pole of the bar magnet. This would result in
an attractive force which opposes the motion of the magnet and the
corresponding decrease in flux,

What will happen if an open circuit is used in place of the closed loop
in the above example? In this case too, an emf is induced across the open
ends of the circult. The direction of the induced emf can be found
using Lenz's law. Consider Figs. 6.6 (a) and (b). They provide an easier
way to understand the direction of induced currents. Note that the

direction shown by N and ﬂ indicate the directions of the induced

currents,

A little reflection on this matter should convince us on the
correctness of Lenz's law. Suppose that the induced current was in
the direction opposite to the one depicted in Fig. 6.6[a). In that case,
the South-pole due to the induced current will face the approaching
North-pole of the magnel. The bar magnet will then be atiracted
towards the coil at an ever increasing acceleration. A gentle push on
the magnet will initiate the process and its velocity and kinetic energy
will continuously increase without expending any energy. Il this can
happen, one could construcl a perpelual-molion machine by a
suitable arrangement. This violates the law of conservalion of energy
and hence can not happen.

Now consider the correct case shown in Fig. 6.6(a). In this situation,
the bar magnetl experiences a repulsive force due to the induced
current. Therefore, a person has to do work in moving the magnet.
Where does the energy spent by the person go? This energy is
dissipated by Joule heating produced by the induced current.
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Example 6.4

Figure 6.7 shows planar loops of different shapes moving out of or
into a region of & magnetic field which is directed normal to the plane
of the loop away from the reader. Determine the direction of induced
current in each loop using Lenz's law.

d
5, ® *® ® * ®
o
M S ® ® E %
B a
»® X x x x X b—-’
C
b .
® » ¥ S ® Y
b
2]
® * x
c X b % ®
d
i)
FIGURE 8.7

Solution

(i} The magnetic lux through the rectangular loop abed increases,
due to the motion of the loop into the region of magnetic field, The
induced current must flow along the path bedab so that it opposes
the increasing [lax.

[iij] Due io the outward motion, magnetic lux through the triangular
loop abe decreases due (o which the induced current lows along
bach, so as to oppose the change in flux.

[iif) As the magnetic flux decreases due to motion of the irregular
shaped loop abed out of the reglon of magnetie field, the induced
current {lows along cdabe, so as to oppose change in flux.

Note that there are no Induced current as long as the loops are
completely inside or outside the region of the magnetic field.

Ezxample 6.5
[a) A closed loop is held stationary in the magnetic field between the

north and south poles of two permanent magnets held fixed. Can
we hope to generate current in the loop by using very strong
magnets?

b) A closed loop moves normal to the constant electric field between
the plates of a large capacltor. Is a current Induced in the loop
(i} when it is wholly inside the region between the capacilor plates
(i) when it is partially outside the plates of the capacitor? The
electric field is normal to the plane of the loop.

[c] A rectangular loop and a circular loop are moving out of a uniform
magnetic field reglon (Fig. 6.8) to a field-free reglon with a constant
veloclty w. In which loop do you expect the Induced emf to be
constant during the passage oul of the lield region? The field is
normal to the loops.
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(d) Predict the polarity of the capacitor in the situation described by

Fig. 6.9.

MNa

=

Solution

FIGURE 6.9

2] No. Howewver strong the magnet may be. current can be induced
only by changing the magnetic flux through the loop.

(b No current is induced in either case. Current can not be induced
by changing the electric flux.

[¢) The induced eml is expected Lo be constant only in the case of the
rectangular loop. In the case of circular loop, the rate of change of
arca of the loop during its passage oul of the field region is notl
constant, hence induced emf will vary accordingly.

[d) The polarity of plate ‘A’ will be positive with respect Lo plate 'B' in

the capacitor.

6.6 MoTioNaAL ELECTROMOTIVE FORCE

Let us consider a straight conductor moving in a uniform and time-
independent magnetic field. Figure 6.10 shows a rectangular conductor
PORS in which the conductor PQ is free to move, The rod PQ is moved

reclangular loop, This movement

induces g4 carrent [ as shown

towards the left with a constant velocity v as
shown in the figure., Assume that there is no
loss of energy due to friction. PQRS forms a
closed circuit enclosing an area that changes
as PO moves. It is placed in a uniform magnetic
field B which is perpendicular to the plane of
this system. Il the length RO =xand RS =1, the
magnetic flux @, enclosed by the loop PQRS
will be
&, = Blx

Since xis changing with time, the rate of change
of flux @_ will induce an emf given by:

—d#, d
dt __E':Hb:}

dx
=—RBl— = [l
di © (6.5)

£ =
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where we have used dx/dt = —uv which is the speed of the conductor PQ.
The induced emf Blu is called mational em). Thus, we are able to produce
induced emf by moving a conductor instead of varying the magnetic field,
that is, by changing the magnetic flux enclosed by the cireuit,

It is also possible to explain the motional emf expression in Eq. (6.5)
by invoking the Lorentz force acting on the free charge carriers of conductor
PGQ. Consider any arbilrary charge gin the conductor PQ. When the rod
moves with speed v, the charge will also be moving with speed v in the
magnetic lield B. The Lorentz force on this charge is qui3 in magnitude,
and its direction is towards Q. All charges experience the same force, in
magnitude and direction, irrespective of their position in the rod PQ.
The work done in moving the charge [rom P (o @ is,

W= qguBl

Since emlf is the work done per unit charge,

E=—
q

= Blv

This equation gives eml induced across the rod PQ and is identical
to Eq. (6.5). We stress thal our presentation is not wholly rigorous. But
it does help us to understand the basis of Faraday's law when
the conductor is moving in a uniform and time-independent
magnetic field.

On the other hand, it is not obvious how an emf is induced when a
conductor is stationary and the magnetic field is changing - a fact which
Faraday verified by numerous experiments. In the case of a stationary
conductor, the force on its charges is given by

F=gE+vxB)=gE (6.6)

since v = 0. Thus, any force on the charge must arise from the electric
field term E alone. Therefore, to explain the existence of induced emf or
induced current, we must assume that a time-varying magnetic ficld
generaies an electric field. However, we hasten to add that electric fields
produced by static electric charges have properties different from those
produced by time-varying magnetic fields. In Chapter 4, we learnt that
charges in molion [current) can exert force/torque on a stationary magnet.
Conversely, a bar magnet in motion (or more generally. a changing
magnetic field) can exert a force on the stationary charge. This is the
fundamental significance of the Faraday's discovery. Electricity and
magnetism are related.

Example 6.6 A metallle rod of 1 m length Is rotated with a frequency
of 50 rev/s, with one end hinged al the centre and the other end at the
circumference of a circular metallic ring of radius 1 m, about an axis
passing through the centre and perpendicular to the plane of the ring
[Fig: 6.11), A constant and uniform magnetic field of 1 T parallel to the
axis is present everywhere. What is the emf between the centre and
the metallic ring?
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Solution

Method I

As the rod is rotated, free electrons in the rod move towards the outer
end due to Lorenlz foree and get distributed over the ring. Thus, the
resulting separation of charges produces an emf across the ends of
the rod. At a certain value of emf, there is no more flow of electrons
and a steady state is reached. Using Eq. [6.5), the magnitude of the
eml generated across a length dr of the rod as it moves at right angles
to the magnetic field is given by

de = Budr . Hence,
BaR®

" =
= Id£= _[E:}dr = J:erd#
[} ]
Note that we have used = @ r. This gives
c =%x1_ﬂ x 2w 50 x [17)

=157V

Method 11

To calculate the emf, we can imagine a closed loop OPQ in which
point 0 and P are connected with a resistor R and 00 is the rotating
rod. The potential difference across the resistor is then equal to the
induced emf and equals B % [rate of change of area of loop), If #is the
angle between the rod and the radius of the circle at P at time t. the
area of the sector OPQ Is given by

g 1
R x—==R"%
T X:HI- 2

where R s the radius of the clirele. Hence, the induced emf is

a1 1 dg BoR®
= 1 o -—R‘*a] PR
£ dt[2 2 di 2

déa
[Mote: T w=2rv)

This expression is identical to the expression obtained by Method I
and we get the same value of &
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Example 6.7

A wheel with 10 metallic spokes each (0.5 m long is rotated with a
speed of 120 rev/min in a plane normal {o the horizontal component
of earth’s magnetic field H, at a place. If H, = 0.4 G at the place, what
is the induced emf between the axle and the rm of the wheel? Note
that 1 G = 107*T.

Solution _
Induced emf = (1/2) & B B?

=(1/2) x 4r x 0.4 x 107 x (0.5)
=628 % 10°V

The number of spokes |s immaterial because the eml's across the
spokes are in parallel

6.7 INDUCTANCE

An electric current can be induced in a coil by flux change produced by
another coil in its vicinity or [lux change produced by the same coil, These
two situations are described separately in the next two sub-sections.
However, in both the cases, the flux through a coil is proportional to the
current. That is, @, o L

Further, if the geometry of the coll does not vary with time then,

de, dl

ar = dr
For a closely wound coil of V turns, the same magnetic Mlux is linked
with all the turns, When the [lux @, through (he coil changes, each lurn
contributes to the induced emli. Therefore, a term called flux linkage is

used which is equal to N, for a closely wound ceil and in such a case

Ny I

The constant of proportionality, in this relation, is called inductance.
We shall see that inductance depends only on the geometry of the coil
and intrinsic material properties. This aspect is akin to capacitance which
for a parallel plate capacitor depends on the plate area and plate separation
(geometry) and the dielectric constant K of the intervening medium
(intrinsic material property).

Inductance is a scalar quantity. It has the dimensions of [ML*T2A]
given by the dimensions of flux divided by the dimensions of current. The
Sl unit of inductance is henry and is denoted by H. Tt is named in honour
ol Joseph Henry who discovered electromagnetic induction in USA,
independently ol Faraday in England.

6.7.1 Mutual inductance

Consider Fig, 6.12 which shows two long co-axial solenoids each of length
L We denote the radius of the inner solenoid S, by r, and the number of
turns per unit length by n,. The corresponding quantities lor the outer
solenoid S, are rand n,, respectively. Let N, and N, be the total number
of turns of coils S, and S,, respectively.
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When a current I, is set up through 5, it in turn sets
up a magnetic flux through S,. Let us denote it by @,.
The corresponding flux linkage with solenoid S, is

N @ =M,I, (6.9)

M,, is called the mutual inductance of solenoid S, with
respecl to solenoid 5,. It is also relerred to as the
coefficient of mutual induction.

For these simple co-axial solenoids it is possible Lo
calculate M. The magnetic field due to the current I in
S, is pgn, L. The resulting llux linkage with coil S, is,

N\g = {nl‘!} {mf)] {#u”zjz)
= ftonyn,mr Ll (6.10)

N, turns
¥ where nll is the total number of turns in solenoid 51' Thus,
FIGURE 6.12 Two long co-axial from Eq. (6.9) and Eq. (6.10),
saleniolds of same Mm - #unlnﬂﬂrlﬂl [ﬁll]

length I
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Note that we neglected the edge effects and considered
the magnetic field yyn L, to be uniform throughout the
length and width of the solenoid S,. This is a good approximation keeping
in mind that the solenoid is long, implying | >>r,.
We now consider the reverse case, A current | is passed through the
solenoid S, and the flux linkage with coil S, is,

NP, =M, I (6.12)

M, is called the mutual inductance of solenoid S, with respect to
solenoid S,.

The flux due to the current I, in 5, can be assumed to be confined
solely inside S, since the solenoids are very long. Thus, [lux linkage with
solenoid 5, is

sz‘rl = (ﬂ-zl} [:J“.Iz) E.I%IIT';lj
where n,lis the total number of turns of S,. From Eq. (6.12),

M, = pymyingnril (6.13)
Using Eq. (6.11) and Eq. (6.12), we get
M,,= M, = M (say) (6.14)

We have demonstrated this equality for long co-axial solenoids.
However, the relation is far more general. Note that if the inner solenoid
was much shorter than (and placed well inside) the outer solenoid, then
we could still have calculated the flux linkage N, @, because the inner
solenoid is effectively immersed in a uniform magnetic field due to the
outer solenoid. In this case, the caleulation of M, would be easy. However,
it would be extremely difficult to calculate the flux linkage with the outer
solenocid as the magnetic lield due to the inner solenoid would vary across
the length as well as cross section of the outer solenoid. Therefore, the
calculation of M,; would also be exiremely difficult in this case. The
equality M,,=M,, is very useful in such situations,
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We explained the above example with air as the medium within the
solenoids. Instead, il a medium of relative permeability g had been present,
the mmutual inductance would be

M =g,y gz 17 1
It is also important to know that the mutual inductance of a pair of

coils, solenoids, etc., depends on their separation as well as their relative
orientation,

Example 6.8 Two concentric circular coils, one of small radius r; and
the other of large radius r,, such that r; << r;, are placed co-axially
with centres coinciding. Obtain the mutual inductance of the
arrangement.

Solution Let a current I, flow through the outer circular coil. The
field at the centre of the coil is B2 = ngg ! Zrﬂ_ Since the other
co-axially placed coil has a very small radius. B, may be considered
constantl over its cross-sectional area. Henee,

@, = nriB,

=ML

s

From Eq. (6.14)

3
Ho T
M, =M, =
21

Note that we calculated M, from an approximate value of @, assuming
the magnetic field B, to be uniform over the area n rl. However, we
can accept this value because r, << r,.

Now, let us recollect Experiment 6.3 in Section 6.2, In that experiment,
emfis induced in coil C, wherever there was any change in current through
coil C,. Let @, be the flux through coil C| (say of N| turns) when current in
coil C,is L.

Then, [rom Eq. (6.9), we have

N,®, = MI,

For currents varrying wilh lime,

a(v,g) _a(M,)

dt di
Since induced emf in coil C, is given by
d(N.a)
- dt
We gel,

dl,

& =-M dt 167
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It shows that varying current in a coil can induce eml'in a neighbouring
coil. The magnitude of the induced emfl depends upon the rate of change
of current and mutual inductance of the two coils.

6.7.2 Self-inductance

In the previous sub-section, we considered the flux in one solenoid due
to the eurrent in the other. It is also possible that emf is induced in a
single isolated coil due to change of flux through the coil by means of
varying the current through the same coil. This phenomenon is called
self-induction. In this case, lux linkage through a coil of N turns is
proportional to the current through the coil and is expressed as

N, oc [

Nep, = LI (6.15)
where constant of proportionality L is called self~inductance of the coil. It
is also called the coeffictent of self-induction of the coil. When the current

is varied, the flux linked with the coil also changes and an emf is induced
in the coil. Using Eq. (6.15), the induced emt is given by

g %)
dt
drI
= ._L P—
£ at (6.16)

Thus, the self-induced emf always opposes any change (increase or
decrease) of current in the coil.

It is possible lo calculate the sell-inductance lor circuits with simple
geometries. Let us caleulate the seli-inductance of a long solenoid of cross-
sectional area A and length [, having nturns per unit length. The magnetic
field due to a current [flowing in the solenoid is B =y nl (neglecting edge
effects, as before). The total Tux linked with the solenoid is

N, = (1) (pn )(A)
=y ALl
where nlis the total number of turns. Thus, the self-inductance is.

_ N,
I

=yt Al (6.17)

L

[I'we fill the inside ol the solenoid with a material of relative permeability
u_(for example soft iron, which has a high value of relative permeability),

then,
L= j ji,n* Al (6.18)

The self-inductance of the coil depends on its geometry and on the
permeability of the medium.

The seli-induced emf is also called the back emf as it opposes any
change in the current in a circuit. Physically, the self-inductance plays
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the role of inertica. I is the eleciromagnetic analogue ol mass in mechanics,
So, work needs to be done against the back emf (&) in establishing the
current. This work done is stored as magnetic potential energy. For the
current I al an instant in a circuit, the rate of work done is

N 4

Il we ignore the resistive losses and consider only inductive elfect,
then using Eq. (6.16),

dW dl
——=L ]
dt dr

Toetal amount of work done in establishing the current s
I
We [awe [Lidl
]
Thus, the energy required to build up the current Jis.

1
2
This expression reminds us of mu*/2 for the (mechanical) kinetic energy
of a particle of mass m, and shows that L is analogous to m (i.e., Lis
electrical inertia and opposes growth and decay of current in the eircuit).
Consider the general case of currents lowing simultaneously in two
nearby coils. The flux linked with one coil will be the sum of two fluxes
which exist independently. Equation (6.9) would be modified into

Na& M 1,=M,I,
where M|, represents inductance due to the same coil.
Therelore, using Faraday's law,

W==LI" (6.19)

dr dr
=M. —X_ —
g g 127y
M, , is the self-inductance and is writlen as L,. Therefore,
dl. dl
=1 =1 _pM. =2
E'.I. 1 d.t 12 dt

Example 6.9 [a) Obtain the expression [or the magnetic energy stored
in a solenoid In terms of magnetic field B, area A and length | of the
solenoid. (b) How does thiz magnelic energy compare with the
electrostatic energy stored in a capacitor?

Solution
[a) From Eq. (6.19). the magnetic energy Is
1 0
Up=—LI
g
=SphE 0 (sinee B = u,nl forasolenoid)
2\ pn
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(h) The magnetic energy per unit volume is,

Mg == {where Vis volume that contains flux)

= EE (&.20])
We have already oblained the relation lor the electrostatic energy
stored per unit volume in a parallel plate capacitor [refer to Chapter 2,

Eq. 2.77).

1
Ug =5 & E* (2.77)

In both the cases energy is proporiional to the square of Lthe field
strength. Equations (6.20) and (2,77) have been derlved for special
cases: a solenoid and a parallel plate capacitor, respectively. But they
are general and valld for any region of space in which a magnetic field

-
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FIGURE 6.13 AC Generator

orfand an electric field exist.

6.8 AC GENERATOR

The phenomenon of electromagnetic induction
has been technologically exploited in many ways.
An exceptionally important application is the
generation of alternating currents [ac). The
modern ac generator with a typical output
capacity of 100 MW is a highly evolved machine.
In this section, we shall describe the basic
principles behind this machine. The Yugoslav
inventor Nicola Tesla is credited with the
development of the machine. As was pointed out
in Section 6.3, one method to induce an eml or
current in a loop is through a change in the
loop's orientation or a change in its effective area.
As the coil rotates in a magnetic field B, the
effective area of the loop (the face perpendicular
to the field) is A cos @, where @is the angle
between A and B. This method of producing a
flux change is the principle of operation of a
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simple ac generator. An ac generator converts mechanical energy into
electrical energy.

The basic elements of an ac generator are shown in Fig. 6. 13. It consists
of a coil mounted on a rotor shaft, The axis of rotation of the coil is
perpendicular to the direction of the magnetic field, The coil [called
armature] is mechanieally rotated in the uniform magnetic field by some
external means. The rotation of the coil causes the magnetic {lux through
it to change, so an emf is induced in the coil. The ends of the
coil are connected to an external circuit by means of slip rings
and brushes,

When the coil is rotated with a constant angular speed w, the angle 8
between the magnetic field vector B and the area vector Aol the coil at any
instant ris # = wi (assuming #=0° at £=0). As a result, the effective area
of the coil exposed to the magnetic field lines changes with time, and from
Eq. (6.1), the flux at any time tis

D = EA cos 0 =BA cos af

From Faraday's law, the induced emf for the rotating coil of IV turns
is then,

e=—N ﬂ=—J!"I.ffi.-'-'ii[r:,i::!s..sa:-[}
dt dt

Thus, the instantaneous value of the emfis
£= NBAw sin ot (6.21)

where NBAw is the maximum value of the emf, which occurs when
sin wt=+1. Il'we denote NBAw as g, then

£ = g, Sin wt (6.22)
Since the value of the sine fuction varies between +1 and -1, the sign, or
polarity of the emf changes with time. Note [rom Fig. 6.14 that the emf
has its extrernum value when 0= 90° or = 2707, as the change of flux is
greatest at these points,

The direction of the current changes periodically and therefore the current
is called alternating current (ac). Since w= 2rv, Eq (6.22) can be written as

£=g5in 2n vi (6.23)
where vis the frequency of revolution of the generator’s cofl.

Naote that Eq. (6.22) and (6.23) give the instantaneous value of the emf
and g varies between +g, and —g, periodically. We shall learn how to
determine the time-averaged value for the alternating voltage and current
in the next chapter.

In commercial generalors, the mechanical energy required for
rotation of the armature is provided by water falling from a height, for
example, [rom dams. These are called hydro-electric generators.
Alternatively, water is heated to produce steam using coal or other
sources. The steam at high pressure produces the rotation of the
armature. These are called thermal generators. Instead of coal, if a
nuclear fuel is used, we get nuclear power generators. Modern day
generators produce electric power as high as 500 MW, i.e., one can light
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FIGURE 6.14 An alternating emf 15 generated by a loop of wire rotating in & magnetie feld,
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up 5 million 100 W bulbs! In most generators, the coils are held
stationary and it is the electromagnets which are rotated. The frequency
of rotation is 50 Hz in India. In certain countries such as USA, it is
60 Iz,

Example 6.10 Kamla peddles a stationary bicyele. The pedals ol the
bicyele are attached to a 100 turn cofl of area 0.10 w®. The coil rotates
al hall a revolution per second and it is placed in a uniform magnetic
field of 0.01 T perpendicular to the axis of rotation of the coil. What is
the maximum voltage generated in the coil?

Solution Here v=0.5Hz; N=100, A=0.1 m* and B=0.01 T. Employing
Eq. (6.21)
E=NBARrv
=100 x 0.01 x0.1 »x2x 314 %05
=0314V
The maximum voltage s 0.314 V.

We urge you to explore such alternative possibilities for power
generation.
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SUMMARY

The magnetic e through a surface of area A placed ina uniform magnetic
field B is delined as,

@, = B.A=BAcos ]
where @ is the angle between B and A
Faraday's laws of induction imply that the em{ induced in a coil of N
turns is directly related (o the rate of change of flux through i,
9%

cli
Here &y is the [ux linked with one turn of the coil. Il the cireait is
closed, a current 1= /R is set up in it, where R is the resistance of the
circudt.,
Len#'s law states that the polarity of the induced em{ is such that it
tends to produce a current which opposes the change In magnetic flux
that produces it, The negative sign in the expression for Faraday's Taw
indicates this lact.

When a metal rod of length Tis placed normal to a uniform magnetic
field B and moved with a velovity v perpendicular to the fleld, ihe
induced emf( (called motional em{) across its ends (2

e=Blp

Inductance is the ratio of the Tux-linkage to currend. T s equal to N&/T.
A changing current in a coll [eoll 2) can Induce an eml in a nearby coll
(coil 1), This relation is given by,

dil
& =-Mug

o —

The quantity M, is called mutual inductance of coil 1 with respect to
eoil 2, One can similarly define M,,. There exists a general equality,
My, =M,
When a current in a coil changes. it induces a back emf{ in the same
coil. The sell-induced emf is given by,

di
£=—-L—

dt
L s the self-lnductance of the coll, It is a measure of the Inertla of the
coil against the change of current through it.
The seli-inductance of a long solencid, the core of which consists of a
magnetic material of relative permeability g, Is given by
L=k _uun‘ Al
where A is the area of cross-section of the solenoid, 1its length and n
the number of furns per unit length.
In an ac generator, mechanical energy is converted Lo electrical energy
by virtue of electromagnetic Induction. If coil of N turn and area A s
rotated at v revolutions per second in a uniform magnetic field B, then
the motional emfl produced is
5= NBA (2rv) sin (2rv)

where we have assumed that at time =0 s, the coll is perpendicular to
the field.
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| Guntiy  Symbol  Usits  Dimemstons  Bavatioms

Magnetic Flux . Wb (weber] ML2T2 A% o, =B-A

EMF £ V {voll) MLAT?AY 5= —d{Nay) /dt
Mutual Inductance M H (henry) IMLET3A7 & =—M, (dl, /d1)
Self Inductance L H (henry) IML3T? A% g=-L(dI /dt)

POINTS TO PONDER

1. Electricity and magnetism are intimately related. In the early parl of the
nineteenth century, the experiments of Oersted, Ampere and others
established that moving charges [currenis) produce a magnetic fleld,
Somewhal Iater. around 1830, the experiments of Faraday and Henry
demonsirated that & moving magnet can induce electrie current,

2. In a eclosed circuil, eleciric currents are induced so as (o oppose the
changing magnetic ux. It is as per the law of conservation of energy.
However, in case of an open circuit, an emf 15 induced across its ends.
Howr s it related to the lux change?

3. The motional emf discussed in Section 6.5 can be argued independently
trom Faraday's law using the Lorentz force on moving charges. However,
even if the charges are stationary [and the g (v x B] term of the Lorentz
force is not operative], an emf is nevertheless induced in the presence of &
time-varving magnetic field. Thus, moving charges in static field and static
charges in a dime-varying field seem to be symmetric situation for Faraday's
law. This gives a tantalising hint on the relevance of the principle of
refativity lor Faraday's law,

EXERCISES

6.1 Predict the directlon of induced current in the sltuations described
by the lollowing Figs. 6.15(a) to ().
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(c) (d)

r

I PO ——

+ Current (J) decreasing ai
a steady rate

(Tapping key just released)
(e) (£)

FIGURE 6.15

6.2 Use Lenz's law to determine the direction of induced current in the
sltuations described by Fig, 6.16:
(a)l A wire of irregular shape turning into a circular shape:
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8.3

6.4

6.5

6.6

8.7

6.8

(b) A circular loop being deformed inlo a narrow siraighi wire.

Ll - L] - - - - -

FIGURE G.16

A long solenoid with 15 turns per cm has a small loop of area 2.0 cm®
placed inside the solenoid normal to its axis. If the current carried
by the solenoid changes steadily from 2.0 A to 4.0 A in 0.1 s, what Is
the induced emf in the loop while the curreni is changing?

A rectangular wire loop of sides 8 cm and 2 em with a small cut is
moving out of a region of uniform magnetic field of magnitude 0.3 T
directed normal Lo the loop. What is the eml developed across the
cut if the velocity of the loop is 1 em s ' in a direction normal to the
(a) longer side, [b) shorter side of the loop? For how long does the
induced voltage last in each case?

A 1.0 m long metallic rod is rotated with an angular frequency of
400 rad s'about an axis normal (o the rod passing through ils one
end. The other end of the rod Is in contact with a circular metallic
ring. A constant and uniform magnetic field of 0.5 T parallel to the
axls exists everywhere. Calculate the emf developed between the
cenlre and the ring.

A horizontal straight wire 10 m long extending from east Lo wesl is
falling with a speed of 5.0 m s, at right angles to the horizontal
component of the earth's magnetic field, 0.30 » 10* Wb m %

(a) What is the Instantaneous value of the emf induced in the wire?
(b} Whal is the direction ol the emf?

[¢) Which end of the wire |s at the higher electrical potential?
Current in a clreudt falls from 5.0 A to 0.0 A In 0.1 s, If an average emf
of 200 V induced, give an estimate of the self-inductance of the circuit.
A pair of adjacent coils has a mutual inductance of 1.5 H. If the
current in one coil changes from 0 to 20 A in 0.5 s, whal is the
change of flux linkage with the other ceoil?



Chapter Seven

ALTERNATING
CURRENT

7.1 INTRODUCTION

We have go [ar considered direct current {de) sources and cireuits with de
sources, These currents do not change direction with time, But voltages
and currents that vary with timme are very common. The electric mains
supply in our homes and offices is a voltage that varies like a sine function
with time. Such a voltage is called alternating voltage (ac voltage) and
the current driven by il in a circuit is called the alternating current (ac
current)®, Today, most of the electrical devices we use require ac voltage,
This is mainly because most of the electrical energy sold by power
companies is transmitted and distributed as altermating current. The main
reason for preferring use of ac voltage over de voltage is that ac voltages
can be easily and efficiently converted [rom one voltage to the other by
means of transformers. Further, electrical energy can also be transmitted
economically over long distances. AC circuits exhibit characteristics which
are exploited in many devices of daily use. For example, whenever we
tune our radio to a [avourite station, we are taking advantage of a special
property of ac circuits - one of many that you will study in this chapter.

* The phrases ac voltage and ac current are contradictory and redundant,
respectively, since they mean, lterally, alternating current voltage and alternating
current current, Still, the abbreviation ac to designate an electrical quantity
displaying simple harmonie time dependance has became so universally accepted
that we follow others in its use, Further, voltage - anather phrase commaonly
u=zed means potential difference between two points.
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7.2 AC VoLTAGE APPLIED TO A RESISTOR

Figure 7.1 shows a resistor connected to a source s of
ac voltage. The symbaol for an ac source in a circuit
diagram is @. We consider a source which produces
sinusoidally varying potential difference across its

i i\ -5 3 terminals. Let this potential difference, also called ac
, voltage, be given by
& & U =0, sinot (7.1)
T where v_ is the amplitude of the oscillating potential
A_ difference and w is its angular requency.
Nicola Tesla (1856 - [
1943) Serbian-American _
— scientist, inventor and 5
f#,':' genius. He conceived the i -;'*"\,_'; SR
o idea of the rotating ~— 2
= magnetic field, which is the 1
| basis of practically all
;_‘-g alternating current
o machinery, and which
= helped usher in the age of FIGURE 7.1 AC voliage applied o a resislor
eleclric power, He also
i invented among other To find the value of current through the resistor, we
o things the induction motor, :
E the polyphase system of ac apply Kirchhoff's loop rule Y, &) = 0 (refer to Section
power, and the high 3.13), to the circuit shown in Fig. 7.1 to get
'j frequency induction coil . .
@)  (the Tesla coil) used in radio UM at=_iR
o and television sets and v
E other eleetronic equipment. or I= Em sinai
The Sl unit of magnetic field
is named tn his honour. Since Ris a constant, we can write this equation as
i=1i_, sinet (7.2)
& where the current amplitude i is given by
t Al e 1 U
Gl i - R (7.3)
X Equation (7.3) is Ohm's law, which for resistors, works equally
0 o wellfor both ac and de voltages. The voltage across a pure resistor
and the current through it, given by Egs. (7.1) and (7.2] are
plotted as a function of time in Fig. 7.2, Note, in particular that
both vand ireach zero, minimum and maximum values at the
FIGURE 7.2 In a pure same time. Clearly, the voltage and current are in phase with
resistor, the voltage ancd each other.
current are in phase. The We see that, like the applied voltage, the current varies
minima. zerp and maxima sinusoidally and has corresponding positive and negative values

oceir al the sartie

respective times during each cycle. Thus, the sum of the instantaneous current

. values over one complete cycle is zero, and the average current
178 is zero, The fact that the average current is zero, however, does
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not mean that the average power consumed is zero and
that there is no dissipation of electrical energy. As you
know, Joule heating is given by iR and depends on i*
(which is always positive whether {is positive or negative)
and not on i, Thus, there is Joule healing and
dissipation of electrical energy when an
ac current passes through a resistor.

The instantaneous power dissipated in the resistor is

p=i*R=i%Rsin® ot (7.4)
The average value of p over a cycle is*
p=<i*R>=<i’Rsin® wt 17.5(a)]

where the bar over a letter (here, p) denotes its average
value and <......> denotes taking average ol the quantity
inside the bracket. Since, i and Rare constants,

p=i2R <sin® at > [7.5(b)]
Using the trigonometric identity, sin® wt =
1/2 (1- cos 2wt), we have < sin® wt >=(1/2) (1- < cos 2t )
and since < cos2wf>=0"", we have,

1
sin® wt > —

< = 5
Thus,

—_ ] 3

==i-R
P Elm

To express ac power in the same form as dc power
(P=PR), a special value of current is delined and used.
It is called, root mean sguare (rms) or effective current
(Fig. 7.3) and is denoted by .i’nw5 or L

[7.5(c)]

j'il.
2B f‘a\ /r"‘\\
0 X or @l

_-im =

FIGURE 7.3 The rms current I'is related to the
peak current L by I'= /2 =0707 L.

George Westinghouse
(1846 — 1914) A leading
proponent of the use of
allernating currenl over
direct ecurrent. Thus,
he came into cenflict

with Thomas Alva Edison,

an advocate of direct
current. Westinghouse

was convinced that the

technology of alternating
current was the key to
the electrical future.
He founded the famous
Company named alter him
and enlisted the services
of Nicola Tesla and
other inventors in the
development of alternating
current  motors  and
apparatus for ithe
transmission of high
tension current, ploneering
in large scale lighting.

T
* The average value of a tunction F(f) over a perlod T iz glven by {:F{L}} = % f_F‘{[]di
]

=005 2ol < L}mwﬂmtdl et
: e T

b

sin 2ot

i 1 i
e [= o [sin 20T -0]=0

cl
)
o
8
=
s
&
o
=
E
®
3
[y}
v
B
s
o
|
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Examrre 7.1

It is defined by

A = Ly L
r_f_,/zim =

=0.707 i_ (7.6)
In terms of I, the average power, denoted by Pis
F=1_J=éiiR=IER (7.7)

Similarly, we define the rms voltage or effective voltage by

T“‘ =0.707 v, (7.8)
From Eq. [7.3), we have
U = Tl
Y _ o o
o BTl
o, V=IR (7.9)

Equation [7.9) gives the relation between ac current and ac voltage
and is similar to that in the dc case. This shows the advantage of
introducing the concept of rms values. In terms of rms values, the equation
for power [Eq. (7.7]] and relation between current and voltage in ac circuits
are essentially the same as those for the de case.

It is customary to measure and specily rms values [or ac quantities. For
example, the household line voltage of 220 V is an rms value with a peak
voltage of

v =3 V= (1.414)(220V)=311V
In fact, the I or rms current is the equivalent dec current that would
produce the same average power loss as the alternating current. Equation

(7.7) can also be writien as
P=V2/R=1V (since V=1R)

Example 7.1 A light bulb is rated at 100W for a 220 V supply. Find
la) the resistance of the bulb: [b) the peak voltage of the source; and
[c) the rms currenl through the bulb.

Solution
[a) We are given P = 100 W and V= 220 V, The resistance of the
bulb is
v (220V)
ST W

(b The peak voltage of the source is
p= 2= 311V
[c] Since, P=1V

I—EWM—GAE&A

Vo 220V
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7.3 REPRESENTATION OF AC CURRENT AND VOLTAGE
BY RoTATING VECTORS — PHASORS

lo the previous seclion, we learnt thal the currenl through a resislor is
in phase with the ac voltage. But this is not so inthe case of an inductor,
a capacitor or a combination of these circuit elements. In order to show
phase relationship between voltage and current
in an ac circuit, we use the notion of phasors.
The analysis of an ac circuit is facilitated by the
use of a phasor diagram. A phasor”® is a vector
which rotates about the origin with angular
speed @, as shown in Fig. 7.4. The vertical
components of phasors V and I represent the
sinusoidally varying quantities v and L The
magnitudes of phasors V and I represent the

amplitudes or the peak values v, and i, of these e &
oscillating quantities. Figure 7.4({a) shows the FIGURE 7.4 [a) A phasor diagram for the
voltage and current phasors and their circuit in Fig 7.1. (b) Graph of vand
relationship at time ¢, for the case of an ac source L versus ot

connected to a resistor i.e., corresponding to the

circuit shown in Fig. 7.1. The projection of

voltage and current phasors on vertical axis, i.e., v_sinewtand i sinwt,
respectively represent the value of voltage and current at that instant, As
they rotate with frequency @, curves in Fig, 7.4(b) are generated.

From Fig. 7.4(a) we see that phasors V and I for the case of a resistor are
in the same direction. This is so [or all times, This means that the phase
angle between the vollage and the current is zero.

7.4 AC VoLTAGE APPLIED TO AN INDUCTOR

Figure 7.5 shows an ac source connected to an inductor. Usually,
inductors have appreciable resistance in their windings, but we shall
assume that this inductor has negligible resistance .
Thus, the circuit is a purely inductive ac circuit. Let
the voltage across the source be v=u_sine t. Using

the Kirchhoif's loop rule, Efl:t] =0, and since there & '._."'\{J h:
is no resistor in the eircuit, 1 er
\
v-L—=0
dc (7.10)
where the second term is the self-induced Faraday FIGURE 7.5 An o sourc

connected (o an inductor

eml in the inductor; and L is the sell-inductance of

Though voltage and current in ac clreult are represented by phasors - rotating
vectors, they are not vectors themselves, They are scalar quantities. It so happens
that the amplitudes and phases of harmonically varying scalars combine
mathematically in the same way as do the prajections of rotating vectors of
correspondlng magnitudes and directions. The rotating vectors that represent
harmonically varying scalar guantities are introduced only Lo provide us with a
simple way of adding these quantities using a rule that we already know. 181
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the inductor. The negative sign follows from Lenz's law (Chapter 6).
Combining Eqs. (7.1) and (7.10), we have
di v wv,
—=—= L ginat
b L L (7.11)
Equation (7.11) implies that the equation for i{f), the current as a
function of time, must be such that its slope di/dt is a sinusocidally varying
gquantity, with the same phase as the source voltage and an amplitude
sivent by v /L. To obtain the current, we integrate di/dtwith respect to
time:
di v
— i =" sin(mi)di
di L '[

and get,
: U
i = =—"cos(wt) + constant
L

The integration constant has the dimension of current and is time-
independent. Since the source has an emf which oscillates symmetrically
about zero, the current it sustains also oscillates symmetrically about
zero, so that no constant or time-independent component of the current
exists. Therefore, the integration constant is zero.

Using

—cos(@f) = sin (mt = g) . we have

p T
=1, sin[mt—ﬁ) (7.12)
%)
where 1 = Tis the amplitude of the current. The quantity w L is

analogous to the resistance and is called inductive reactance, denoted
by X:

X =wl (7.13)
The amplitude of the current is, then

= B
Ly =% (7.14)

L

The dimension of inductive reactance is the same as that of resistance
and its SI unit is ohm (£2). The inductive reactance limits the current in a
purely inductive circuit in the same way as the resistance limits the
current in a purely resistive circuit. The inductive reaclance is directly
proportional to the inductance and to the frequency of the current,

A comparison of Egs. (7.1) and (7.12) for the source voltage and the
current in an inductor shows that the current lags the voltage by n/2 or
one-quarter (1/4) cycle. Figure 7.6 (a) shows the voltage and the current
phasors in the present case al instant f. The current phasor I is n/2
behind the voltage phasor V. When rotated with frequency w counter-
clockwise, they generate the voltage and current given by Eqgs. (7.1) and
(7.12), respectively and as shown in Fig. 7.6(h).
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3
{1 A N
s {wr.-sz} ’ b

(@) {b)

FIGURE 7.8 (a) A Phasor diagram for the clreult in Fig. 7.5
(B) Graph of vand { versus o,

We see that the current reaches its maximum value later than the

T n/2
voltage by one-fourth of a period £ S

inductor has reactance that limits current similar to resistance in a
de circuit. Does it also consume power like a resistance? Let us try to
lind out.

The instantaneous power supplied to the inductor is

. You have zseen that an

po=ftv=i, 3in[mt - g)“t’m sin (@t )
= —i,,U,, cos{et)sin(mt)

= —%s’mﬂw&}

So, the average power over a complete cycle is

B = {— i"‘:"‘ 3111{2:1:-1}}

= -'2% (sin (20¢))= 0,

since the average of sin (2w over a complete cycle is zero.
Thus, the average power supplied to an inductor over one complete
ciycle is zero.

Example 7.2 A pure inductor of 25.0 mH is connected to a source of
220V, Find the inductive reactance and rms current in the eirewit if
the frequency ol the source is 50 Hz.

Solution The inductive reactance,

X, =2rvL=2%3.14x50x25x10°0Q
= 7.850
The rms current in the circuait is
= L= 220V -2
X, 78b
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7.5 AC VoLtaGE APPLIED TO A CAPACITOR

Figure 7.8 shows an ac source ¢ generating ac voltage v = v_ sin at
connected to a capacitor only, a purely capacitive ac circuit.

When a capacitor is connected to a voltage source

B in a de eireuit, current will flow for the short time

‘Q

required to charge the capacitor. As charge
accumulates on the capacitor plates, the voltage
across them increases, opposing the current. That is,
~— ¢ a capacitor in a dc circuit will limit or oppose the
current as it charges. When the capacitor is fully
charged, the current in the circuit falls to zero.
When the capacitor is connected lo an ac source,

FIGURE 7.8

as in Fig. 7.8, it limits or regulates the current, but

ALl A€ SOUTCC does not completely prevent the flow of charge. The

connecied to a capacitor capacitor is alternately charged and discharged as

184

the current reverses each half cycle. Let g be the
charge on the capacitor at any time . The instantaneous voltage v across
the capacitor is

v=1 (7.15)

From the Kirchhoif's loop rule, the voltage across the source and the
capacitor are equal,

To find the current, we use the relation { = d_q
dit
. d P
t= E{ v, Ceinwt)= @Cuv,, cos{wl)
Using the relation, cos(wt) = sin [mt+ g] , we have

=, sm(mﬁ %] (7.186)

where the amplitude of the oscillating current is i = @Cu,_. We can rewrite
iLas
UJTI:

b (1/wC)
Comparing it to { = v /R for a purely resistive circuit, we find that
(1/wC) plays the role of resistance. It is called capacifive reactance and
is denoted by X,

X=1/0wC (7.17)
so that the amplitude of the current is

I'FF'I'-l
o= S (7.18)

"
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The dimension of capacitive reactance is the 4
same as that of resistance and its 5I unit is
ohm ([£1). The capacitive reactance litnits the
amplitude of the current in a purely capacitive

AR e,

./H

In\q___ "

8 %
¥ 1
:

circuit in the same way as Lhe resislance limits
the current in a purely resistive circuit, But it
is inversely proportional to the Irequency and
the capacitance.

A comparison of Eq. (7.16) with the
equation of source voltage, Ee. (7.1) shows that
the current is n/2 ahead of voltage.
Figure 7.9(a) shows the phasor diagram at an instant t,. Here the current
phasor I {8 n/2 ahecad of the voltage phasor "ET as they rotate
counterclockwise. Figure 7.9(b) shows the variation of voltage and current
with time. We see that the current reaches its maximum value earlier than
the voltage by one-fourth of a period.

The instantaneous power supplied to the capacilor is

.= in= imcns{mﬂum sin(wt)

e cos{mt) sinfamt)

Lsin( Wrn/2)

fa)
FIGURE
in Flg.

i
= mT”msmmm (7.19)

So, as in the case of an inductor, the average power
Pﬂ <£ﬂl [iE} 31“[2&.#]) Eﬁl:]?l {ElnEzm{})

since <sin (2ot)> = 0 over a complete cycle.
Thus, we see that in the case of an inductor, the current lags the voltage
by n/2 and in the case of a capacitor, the current leads the voltage by n/2.

Example 7.3 A lamp is connected in series with a capacitor. Predict
vour observations lor de and ac connections. What happens in sach
case if the capacitance of the capacitor is reduced?

Solution When a de source is connected to a capacitor, the capacitor
gels charged and after charging no current flows in the cireoit and
the lamp will not glow. There will be no change even il C is reduced,
With ac source, the capacitor offers capacitative reactance (1/wC)
and the current flows in the circuit. Consequently, the lamp will shine,
Reducing Cwill increase reactance and the lamp will shine less brightly
than belore.

Example 7.4 A 15.0 pF capacitor is connected o a 220V, 50 Hz souree,
Find the capaeitive reactance and the current (rms and peak) in the
clreuit. If the trequency is doubled, what happens to the capacitive
reactance and the current?

Solution The capacitive reactance is

- 1
2rvC  2r(50HZ)15.0x10°F)

The rms current s

X, = =2124

Of taf®

L

7.9 {a] A Phasor diagram

7.8, (b) Graph of v and f ve

£ TTdNVESE

¥ L ATANVEST

H\/ﬂﬂ b U‘i-
\
]

(1)
lor the cireatit

rEus GH.,
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Examrre 7.4

Examrie 7.5

The peak current is

i =~21=(1.41)(1.04.4)=1.47A

This current osclllates between +1.47A and <1.47 A, and 1s ahead of
the voltage by /2.

If the frequency is doubled, the capacitive reactance s halved and
consequently, the current is doubled.

Example 7.5 A light bulb and an open coil inductor are connected (o
an ac source through a key as shown in Fig. 7.11.

T:!!'."::!fT—L

(. e

FIGURE 7.11

The switch is closed and after sometime, an iron rod is inserted into
the interior of the inductor. The glow of the lght bulb (a) increases: (b)
decreases: (c) is unchanged. as the lron rod is Inserted. Give your
answer with reasons.

Solution As the iron rod is inseried, the magnetic field inside the coil
magnetizes the iron increasing the magnetic field inside it. Hence,
the inductance of the coil increases. Consequently, the inductive
reactance of the coil Increases. As a result, a larger fraction of the
applied ac voltage appears across the inductor. leaving less voltage
across Lhe bulb, Therefore, the glow ol Lhe light bulb decreases.

7.6 AC VoLtacgeE ArprLIED TO A SERIES LCR Circurr

Figure 7.12 shows a series LCR circuit connected to an ac source s As
usual, we take the voltage of the source to be v=u_ sin wt.

R
R

.® =

FIGURE 7.12 A scrics LCOR circoidl

connecled o an ac source,
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Il g is the charge on the capacitor and i the
current, at time {, we have, from Kirchhoff's loop
rule:

d . g
- Ldt+1R+C v (7.200

We want to determine the instantaneous
current iand ils phase relationship o the applied
alternating voltage v. We shall solve this problem
by two methods. First, we use the technique of
phasors and in the second method, we solve
Eq. (7.20) analytically to obtain the time-
dependence of 1.
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7.6.1 Phasor-diagram solution

From the circuit shown in Fig, 7,12, we see that the resistor, inductor
and capacitor are in series. Therelore, the ac current in each element is
the same at any time, having the same amplitude and phase. Let it be

t=i_ sin{wi+gd) (7.21)

where ¢ is the phase diflerence between the voltage across the source and
the current in the circuit. On the basis of whal we have leant in the previous
sections, we shall construct a phasor diagram for the present case.

Let I be the phasor representing the current in the circuit as given by
Eq. (7.21). Further, letV, V., V., and Vrepresent the voltage across the
inductor, resistor, capacitor and the source, respectively. From previous
section, we know that VR is parallel to I, "i"’c isx/2
behind Tand V, is n/2 ahead of LV, V_, V_and1
are shown in Fig. 7.13(a) with apppropriate phase-
relations,

The length of these phasors or the amplitude
of Vg, Vo and V, are:

Bo =1 R UG = 1, X0, =1 X, 722 T\

The voltage Equation (7.20) for the circuit can
be written as

¥,
C
vy tuptu,=u (7.23) ol )
The phasor relation whose vertical component
gives the above equation is FIGURE 7.13 (a) Relation between the
phasors V.. ¥V, V_. and I. () Relation
VL"'vn +VG=V (7.24) hq-iww-u I]l"lf]"l'll sors V., V. and (V, + V)
e phasors W, V, and (V, ol
This relation is represented in Fig. 7. 13(b). Since for the cirouit in Fig. 7.12

V. and V, are always along the same line and in

opposite directions, they can be combined into a single phasor (V_+V,)
which has a magnitude |”.:.~m - ”m'- Since V is represented as the
hypotenuse of a right-triangle whose sides are V, and (V, + V), the
pyvthagorean theorem gives:

2 2 2
Urll = uH’rrl +(u1’.int T Uhu}

Substituting the values of v, v . and v, _{rom Eq. (7.22) into the above
equaltion, we have
Uﬁ‘l = [I-'!rl H}E + [l-'mxr:' — by XL)Z
=2 [R* +(X. - X, P]

U-Tl
or, m= 7.25(a
JRE+(Xe - X, P 22l
By analogy to the resistance in a circuit, we introduce the impedance £
in an ac circuit:

[ = Um
= [7.25(b)]

where Z = \[R? + (X, - X, (7.26)
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Since phasor Iis always parallel to phasor Vp, the phase angle ¢
is the angle between Vg and V and can be determined from
Fig. 7.14:

tﬂl'llp — Zum —Vim

Lgey

f_,” Using Eq. (7.22), we have
/)¢ | tang=ZeXe (7.27)
|" 1 Equations (7.26) and (7.27) are graphically shown in Fig. (7. 14).
FIGURE 7.14 Impedance This is called Impedance diagram which is a right-triangle with
diagram Z as its hypotenuse.
Equation 7.25[a) gives the amplitude of the current and Eq. (7.27)
gives the phase angle, With these, Eq. (7.21) is completely specified.
If X, > X, ¢ is positive and the circuit is predominantly capacitive.
Consequently, the current in the circuit leads the source voltage. If
X. < X, ¢ is negative and the circuit is predominantly inductive.
Consequently, the current in the circuit lags the source voltage.
Figure 7.15 shows the phasor diagram and variation of v and i with e f
for the case X.> X .
Thus, we have obtained the amplitude
= v and phase ol current for an LCR series circuit
v using the technique of phasors. But this
g-itia ,_h LT Al method of analysing ac circuits sulfers [rom
IR ¢ iy certain disadvantages. First, the phasor
\R e b diagram say nothing aboutl the initial
0 wt ° condition. One can take any arbitrary value
of t(say, t,, as done throughout this chapter)
b and draw dillereni phasors which show the
relative angle between different phasors.
(a) ®) The solution so obtained is called the
steady-state solution. This is notl a general
FIGURE 7.15 (a) Phasor diagram of V and I solution. Additionally, we do have a
[b) Graplis of v and 1 versus o I for a series LCR transient solution which exists even for
circuit where X > X, v =0, The general solution is the sum of the
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transient solution and the steady-state
solution. After a sufficiently long time, the effects of the transient solution
die out and the behaviour of the circuit is described by the steady-state
solution.
Thus. the analytical solution for the amplitude and phase of the current
in the circuit agrees with that obtained by the technigue of phasors,

7.6.2 Resonance

An interesting characteristic of the series RLC circuit is the phenomenon
of resonance. The phenomenon of resonance is common among systems
that have a tendency to oscillate at a particular frequency. This frequency
is called the system’'s natural frequency. If such a system is driven by an
energy source at a frequency that is near the natural frequency. the
amplitude of oscillation is found to be large. A familiar example of this
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phenomenon is a child on a swing. The swing has a natural frequency
for swinging back and forth like a pendulum. If the child pulls on the
rope at regular intervals and the frequency of the pulls is almost the
same as the frequency of swinging, the amplitude of the swinging will be
large [Chapler 14, Class XI).

For an RLC circuit driven with voltage of amplitude v_ and frequency
w, we [ound that the current amplitude is given by

Uy L,

™= = VB + (X — X, )

with X =1/@Cand X =wL. Soif wis varied, then at a particular frequency

w,. X, = X, and the Impedance is minimum [Z= YR+ 0% = R). This

frequency is called the resonant frequency:

1.0
X=X or

—.an

1
a, ©

1
or @ == (7.35)

L o —
=2
[
|
By

Al resonant [requency, the current amplitude
is maximum; {_=uv_/R.

Figure 7.16 shows the variation of {_ with @ 4

in a RLC serles circuit with L= 1.00 mH, C = [~

—

1.00 nF lor two values of R: (i) R = 100 & 0.0 ';r;
and (ii) R = 200 . For the source applied v_= ’

1 FIGURE 7.16 Variation of i with
& & _ L it e 5 - & | I ] BN |_II L® 1 £iF
100 V. a, for this case is Jic 1.00x%10 ases: (i) R = 100 €, (i) R =

rad/s, L=1.00

We see that the current amplitude is
maximum at the resonant frequency. Since { = v, / Ral resonance, the
current amplitude for case (i) is twice to that for case (ii).

Resonant circuits have a variety ol applications, [or example, in the
tuning mechanism of a radio or a TV set. The antenna of a radio accepts
signals from many broadeasting stations. The signals picked up in the
antenna acls as a source in the luning circuit of the radio, so the circuit
can be driven at many frequencies, But to hear one particular radio
station, we tune the radio. In tuning, we vary the capacitance ol a
capacitor in the tuning circuit such that the resonant frequency of the
circuit becomes nearly equal to the frequency of the radio signal received.
When this happens, the amplitude of the current with the frequency of
the signal ol the particular radio station in the circuil is maximum.

It is important o note that resonance phenomenon is exhibited by a
circuit only if both L and C are present in the circuit. Only then do the
voltages across L and C cancel each other (both being oul of phasel
and the current amplitude is v_/R, the fotal source voltage appearing
across R. This means that we cannot have resonance in a RL or
RC circuit.

1.0

mH.

1.5

w, Mrad/s —»

200 0,

2.0

for two
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7.6

Example 7.6 A resistor of 200 £ and a capacitor of 150 uF are
connecied in series o a 220 V, 50 Hz ac =source. [a) Calculate the
current in the circuit; (b} Caleulate the voltage (rms) across the
resistor and the capacitor. Is the algebraic sum of these voltages
more than the source voltage? If ves, resolve the paradex.
Solution

Given

R=2000, C=15.0yF=150x10°F

V' 220V.e 50H=z

[a) In order to calculate the ecurrent. we need the impedance of

the circult, It |s

Z =qI|rR= +Xé =-JR2 +{2R’FC]_=

= JI2000F + (2% 3.14 x50 x15.0 < 10°F) 2

= (20000 +(212.30)°

= 291671}
Therelore, the current in the clreuil 1s
-—'E = v =0.7o5 A
Z 28154

(b Since the current is the same throughout the circuit, we have
Vg = IR=(0,755A)(2000) =151V
Ve=TX,=(0.755A)212.30)=160.3V

The algebraic sum of the two voltages, Vi and Vi is 311.3 V which is

maore than the source voltage of 220 V. How to resolve this paradox?

As you have learnt In the text, the two voltages are not in the same

phase. Therefore, they cannot be added like ordinary numbers. The

iwo vollages are out ol phase by ninety degrees. Therefore, the Lotal
of these voltages must be obtained using the Pythagorean theorem:

Vae = Ve + V2
=220V
Thus, if the phase difference between two voltages is properly taken

inlo account, the total voltage across the resistor and the capacitor
is equal to the voliage of the source.

7.7 PoweRr IN AC Circuit: THE PoweEr FACTOR

We have seen that a voltage v=u_ sinwt applied to a series RLC circuit
drives a current in the circuit given by i=1_ sin(wt + ¢} where
v X.-X
=-" and ¢=tan | =L L
o =2 and o= tan(Fo Xe ]

Therelore, the instanianeous power p supplied by the source is
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p=vi=(v, sinwt)x[i, sinlwt + )]

= %]cnsq& —cos(2wt + 9)] (7.37)

The average power over a cycle is given by the average of the two terms in
R.H.S. of Eq. (7.37). It is only the second term which s time-dependent.
Its average is zero (the positive hall of the cosine cancels the negative
half). Therefore,

P= ﬁ~i'—‘5‘—t:-~:}s|;§' fj“_msﬁ
=Vicosg [7.38(al]

This can also be written as,

P=I*Zcosg [7.38(b)]

So, the average power dissipated depends not only on the voltage and
current but also on the cosine of the phase angle ¢ between them. The
quantity cosg is called the power factor. Let us discuss the following
Cases:

Case (i) Resistive circuit: If the circuit contains only pure R, it is called
resistive. In that case p= 0, cos ¢= 1. Thereis maximum power dissipation.

Case (ii) Purely inductive or capacitive circuit: If the circuil contains
only an inductor or capacitor, we know that the phase difference between
voltage and current is n/2. Therefore, cos ¢= 0, and no power is dissipated
even though a current is flowing in the circuit. This current is sometimes
referred to as wattless current.

Case (iii) LCR series circuit: In an LCR series circuit, power dissipated is
given by Eq. (7.38) where ¢ = tan™ LXG— XLLF R. 50, ¢ may be non-zero in
a RL or RC or RCL circuit. Even in such cases. power is dissipated only in
the resistor.

Case (iv) Power dissipated at resonance in LCR circuit: At resonance
X, - X=0, and ¢ = 0. Therefore, cos¢ = 1 and P = [?°Z=I* R That is,
maximum power is dissipated in a circuit (through R) at resonance.

Example 7.7 [a) For circuils used for transporting electric power, a
low power factor implles large power loss in transmission. Explain.

(b} Power factor can pften be improved by the use of a capacitor of
appropriate capacitance in the circuit. Explain,

Solution (a) We know thal P=1 V cosg where cosd is the power [actor,
To supply a given power at a given vollage, il cosg is small, we have Lo
increase current ‘accordingly. But this will lead to large power loss
(FR) in transmission.

(BFSuppose in a circuil, current I lags the voltage by an angle ¢ Then
power faclor cosd =R/Z.

We can improve the power factor (tending to 1) by making Z tend to
R. Let us understand. with the help of a phasor diagram (Fig. 7.17)

L0 L AIANVES
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Exavere 7.7

ExamrLr 7.8

i 0 i 1
FIGURE 7.17

how this can be achieved. Let us resolve I Into two components. 1
along the applied voltage V and I, perpendicular to the appueg
voltage. I as you have learnt In Section 7.7, Is called the wattless
component since corresponding lo this component ol current, there
is no power loss, I, is known as Lhe power componentl because il is
in phase with the voltage and corresponds to power loss in the circuit.

It's clear from this analysis that if we want fo Improve power factor,
we must completely neutralize the lagging wattless current I by an
equal leading wattless current I'. This can be done by connecting
a capacitor of appropriate value in parallel so that I, and T, cancel
cach other and P is effectively I, V.

Example 7.8 A sinuscidal voltage of peak value 283 V and [requency
50 Hgz is applied to a series LCR circuil in which
R=310, L=2548 mH, and C = 796 uF. Find (a} the impedance of the
circuit; (b} the phase difference between the voltage across the source
and the current; (c) the power dissipated in the eircuit; and (d) the
power factor.

Solution
(a) To find the impedance of the circuit, we first calculate X] and X
X =2mvL
=2 x314xB0x2548x 103Nn=80
1
K=
€ anvl
= 1 ==
2x3.14x50x796 %10
Therefore,
Z= R +(X, X PP =43 +(8-4P
=50

Ko -'X!.

(b) Phase difference; ¢ = tan ! =

~ tan! [—4:] - -53.1°
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Since ¢ is negative, the current in the circuit lags the voltage
across the source.
[¢) The power dissipated in the circuit is

P=IR

Nowr, 1 =% =%[$)=4m

Therefore, P=(40A) %30 =4800W
() Power factor =cosg¢=cos(-53.1%)=0.6

Example 7.9 Suppose the frequency of the source In the previous
example can be varied, [a) What is the frequency of the source at
which resonance occurs? (b) Caleulate the impedance, the current,
and the power dissipated al the resonant condition.

Solution
[a) The frequency at which the resonance occurs is

1 1
“ =JIC ~ J2548x10° x796<10°®
=222 lrad/s
@, 221.1
= rewr = s re——— -_-35-.
= e ARa T 2

(b) The impedance Z at resonant condition is equal to the resistance:
Z=R=30
The rms current al resonance is

1 = B6.TA

V. _V (283
3

The power dissipated al resonance is
P=I*xR=(66.7 x3=13.35 kW

You can see that in the present case, power dissipated
at resonance s more than the power dissipated in Example 7.8,

Example 7.10 At an airport, a person is made to walk through the
doorway of a metal detector, for securlty reasons. If she/he is carrying
anything made of metal, the metal deleclor emits a sound. On what
principle does this detector work?

Solution The metal detector works on the principle of resonance in
ac circuits. When you walk through a metal detector, you are,
in fact, walking through a coll of many lurns. The coll is connecled Lo
a capacitor tuned so that the circoit is in resonance, When
vou walk through with metal in your pocket. the impedance of the
circuil changes — resulting in significant change in current in the
circuit. This change in current is detected and the electronic circuitry
causes a sound to be emitted as an alarm.

5]
g
5
B
e
o
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7.8 TRANSFORMERS

For many purposes, it is necessary to change (or transform) an alternating
voltage [rom one to another ol greater or smaller value. This is done with
a device called transformer using the principle of mutual induction.

A translormer consists ol two sets ol coils, insulated from each other.
They are wound on a soft-iron core, either one on top of the other as in
Fig. 7.18(a) or on separate limbs of the core as in Fig. 7.18(b). One of the
coils called the primary coil has N, turns, The other coil is called the
secondary coil; it has N, turns, Often the primary coil is the input coil
and the secondary coil is the output coil of the transformer.

Sofl iron-core

AmwmiL] g

& ATEPUOISS &

(al (b)

FIGURE 7.18 Two arrangements tor winding of primary and secondary coll in a transiormer:
(al two coils on top of cach other., (b) two colls on separate imbs of the core,

When an alternating voltage is applied to the primary, the resulting
current produces an alternating magnetic flux which links the secondary
and induces an emf in it. The value of this emf depends on the number of
turns in the secondary. We consider an ideal transformer in which the
primary has negligible resistance and all the fluxin the core links both
primary and secondary windings. Let ¢ be the flux in each turn in the core
at time tdue to current in the primary when a voltage v, is applied to it.

Then the induced emfor voltage g, in the secondary with N_ turns is

=y 3¢

%o~ et

The alternating Mux ¢ also induces an eml, called back emfl in the

primary. This is

5, =-N, ¢ (7.46)

» P dt 2

Bute,=u,. If this were not so, the primary current would be infinite

since the primary has zero resistance (as assumed). If the secondary is

an open circuit or the current taken from it is small, then to a good
approximation

E. U

(7.45)
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where u,_is the voltage across the secondary. Therefore, Eqs. (7.45) and
(7.46) can be written as

dg
v, ==N, E [7.45(a)]
de¢
U, =-N, E [7.46(a)]
FFrom Eqgs. [7.45 (a]] and [7.46 (a]], we have
L _N,
v, N, (7.47)

Nole thal the above relation has been oblained using three
assumptions: (i) the primary resistance and current are small; (ii) the
same flux links both the primary and the secondary as very little flux
escapes from the core, and (iii) the secondary current is small.

If the transformer is assumed to be 100% efficient (no energy losses),
the power input is equal to the power output, and since p=iu,

Ly, = Lo, (7.48)

Although some energy is always lost, this is a good approximation,
since a well designed transformer may have an efliciency of more than
95%. Combining Eqs. (7.47) and (7.48], we have

i v N

d D fo
L5 W (7.49)

e ] B

Since iand v both oscillate with the same frequency as the ac source,
Eq. (7.49) also gives the ratio of the amplitudes or rms values ol
corresponding quantities,

Now, we can see how a transformer affects the volta ge and current.
We have:

N, N
V.= [?]Vp and I, = [Ff'}fp (7.50)

N, 5

That is, if the secondary coil has a greater number of turns than the
primary (N, > N,), the voltage is stepped up (V, > V7). This type of
arrangement is called a step-up transformer. However, in this arrangement,
there is less current in the secondary than in the primary [NPHNE{ land I,
<I). For example, if the primary coil of a transformer has 100 tums and
the secondary has 200 turns, NJNE =2and N /N=1/2. Thus, a 220V
input at 10A will step-up to 440 V output at 5.0 A,

If the secondary coil has less turns than the primary (N, < NPL
we have a step-down transformer. In this case, V_<V_and I_> I . That
is, the voltage is stepped down, or reduced, and the current
is iIncreased.

The equations obtained above apply to ideal transformers (without
any energy losses), But in actual transformers, small energy losses do
occur due to the following reasons:

(i) Flux Leakage: There is always some flux leakage: that is. not all of
the flux due to primary passes through the secondary due to poor
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design of the core or the air gaps in the core. It can be reduced by

winding the primary and secondary coils one over the other.

{ii) Resistance of the windings: The wire used for the windings has some
resistance and so, energy is lost due to heat produced in the wire
(I*R). In high current, low voltage windings. these are minimised by
using thick wire.

(iii) Eddy currents: The alternating magnetic flux induces eddy currents
in the iron core and causes heating. The effect is reduced by using a
laminated core.

(iv) Hysferesis: The magnetisation of the core is repeatedly reversed by
the alternating magnetic field. The resulting expenditure of energy in
the core appears as heat and is kept to a minimum by using a magnetic
malerial which has a low hysteresis loss.

The large scale transmission and distribution of electrical energy over
long distances is done with the use of transformers. The voltage output
of the generator is stepped-up (so that current is reduced and
consequently, the I’R loss is cut down). It is then transmitted over long
dislances lo an area sub-slation near the consumers. There the vollage
is stepped down. It is further stepped down at distributing sub-stations
and utility poles before a power supply of 240 V reaches our homes,

SUMMARY

1. An alternating voltage U= 0_£in @f applied o a resistor R drives a

Yo

current i = i sinwt in the resistor, b= R The current is in phase with

the applied voltage.

2. For an alternating current (=1 _sin ot passing through a resisior R, the
average power loss P [averaged over a cycle] due to joule heating is
(172 ]tfﬂ}?_ To express It In the same form as the do power [P = R, a
special value of current §s used, It ls called root mean sguare (rms)
current and is donoted by &

1= ™ _ o.707%,

2

Similarly, the rms volfage is defined by

S
v NG 0.707 vy,

We have P =1V = PR

3. An ac vollage v = v sin af applied (o a pure inductor L, drives a current
in the Inductor i=i_sin [of - n/2), where { = v /X . X, = wl ls called
inductive reactance, The current in the inductor lags the voltage by
n/d. The average power supplied to an inductor over one complete cycle
s zero.
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An ac veltage v = v sinet applied to a capacitor drives a current in the
capacilor: i = i, Bin fol + n/2). Here,

1
= E’" Xe = wC s called capacitive reactance.

The current through the capacitor is n/2 ahead of the applied valtage,
As In the case of inductor, the average power supplied to a capacitor
over one complete cyele is zero.

For a series RLC circuit driven by voltage v = v_ sin of, the current is
glven by (=1 sin (et + ¢

UM
JR (. ~%,)
X =X

and¢=tan'1-u~E-E-J~

R? +(Xo-X_.)? 1s called the impedance of the clreuit.

The average power loss over a complete cycle is given by
F=VIcoss
The lerm ecosg is called the power facior.

In a purely inductive or capacitive clreult, cosg = 0 and no power is
dissipated even though a current is flowing in the circuit, In such cases,
current g referred to as a wattless current.

The phase relationship between current and veltage in an ac circuit
can be shown conveniently by representing voliage and current by
rotating vectors called phasors. A phasor is a vector which rotates:
aboul the origin with angular speed o The magnitude of a phasor
represents the amplitude or peak value ol the quantity (voltage or
current) represented by the phasor

The analysis of an ac circult Is lacilitated by the use of a phasor
diagram.

A transformer consists of an iron core on which are bound a primary
coil of N, turns and a secondary coil of N, turns, If the primary coil is
mnnmted lo an ac source, the primary a.nd secondary vollages are

related by
N,
V,=|==|v
) [NP] £

and the currents are related by

N
o2

If the secondary coil has a greater number of turms than the primary, the
voltage Is stepped-up (¥, > V). This type of arrangement Is called a step-
up transformer. [ the secondary coil has turns less than the primary, we
have a siep-down lransformer.
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1. When a:wlue:iuai‘m farmmttageﬂrmmt n!mnrdmrﬂyth:rm&
wvalue, The voltage across the terminals of an outlet in your room is
normally 240 V. This refers to the s value ﬂ&ewmmm
‘of this voltage is

= VEV= J3(240)= 310V
2. The power ﬂﬂmﬁ of an element used in ae circuits refers to its average
_ _.mef rattng. _
3. The power consumed in an ac cireuil is never negative,
4. Both altemﬁﬂ:tgmn-rmtmtd direct current are measured In amperes.

But how is the ampere defined for an alternating current? It cannot be
derived from the mutual attraction of two parallel wires carrying ac
“ currents, wa‘thﬁ-ﬂmamm 1s derived. Mmetmmt*a}mgm ﬂremﬁan-
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with the source frequency and the attractive force would average to
#ero, Thus, the ac ampere must be deflined in terms of some property
that is independent of the dircction of the current, Joule heating
is such a property., and there is one ampere of rms value of
alternating current in a eircuit il the current produces the same
average heating effect as one ampere of de current would produce
under the same conditions.

In an ac eircuit, while adding voltages across different elements, one
should take care of their phases properly, For example, i Ve and Ve
are voltages across R and C, respectively in an BC circuil, then the

total voltage across RC combination is V.= ..||V§+‘ng and not
Vo + V. since ¥V, 18 n/2 oul of phase of V.

Though in a phasor diagram, vollage and current are represented by
vectors, these quantitles are nol really vectors themselves. They are
scalar quantities, It so happens that the amplitudes and phases of
harmonically varying scalars eombine mathematically in the same
way as do the projections of rotating vectors ol corresponding
magnitudes and directions. The ‘rotatling vectors' thal represent
harmonically varying scalar quantities are Introduced only to provide
us with a simple way of adding these quantities using a rule that
we already know as the law of vector addition.

There are no power losses associated with pure capacitances and pure
inductances In an ac circult. The only element that dissipates energy
in an ac circail is the resistive element.

In & RLC circult, resonance phenomenon occur when A ar

iy = . For resonance to oceur, the presence of both L and C

8-

elements in the cirenit is a must, With only one of these (Lot C)
elements, there Is no possibility of voltage cancellation and hence,
no resonance is possible,

The power factor in a RLC clreuit s a measure of how close the
circuit is to expending the maximum power.

. In generators and motors, the roles of input and output are

reversed. In a motor, electric energy is the input and mechanical
energy is the output, In a generator, mechanical energy Is the
input and electric energy is the output, Both devices simply
transform energy [rom one form to another.

. A transformer (step-up) changes a low-voltage into a high-voltage,

This does not violate the law ol conservation ol energy. The
current is reduced by the same proportion.
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7.1

7.2

7.3

T.4

7.5

7.6

T.7

7.8

EXERCISES

A 100 0 resistor is connected to a 220 V, 50 Hz ac supply.

(2] What is the rms value ol current in the circuoit?

(b) What is the net power consumed over a full cycle?

{a) The peak voltage of an ac supply is 300 V. What is the rms voltage?

(b The rms value of current in an ac circuit is 10 A What is the
peak current?

A 44 mH inductor is connected to 220 V, 50 Hz ac supply. Determine

the rms value of the current in the circult.

A B0 pF capacitor is connected toa 110V, 60 Hz ac supply. Delermine

the rms value of the current in the circuil.

In Exercises 7.3 and 7.4, what is the net power absorbed by each

circuit over a complete cyele, Explain vour answer.

A charged 30 pF capacitor is connected to a 27 mH inductor. What is

the angular requency ol free oscillations of the circuil?

A series LCR circudt with R=20 0, L= 1.5l and C= 35 pF is connected

to a variable-frequency 200 V ac supply. When the frequency of the

supply equals the natural frequency of the cirenit, what is the average

power transferred to the circuit in one complete cycle?

Figure 7.19 shows a series LCH circuit connected to a variable

frequency 230 V source. L=5.0H, C=80pF, R=40 0.

R

W

£ Pt

21113
L
FIGURE 7.19

[a) Determine the source frequency which drives the circuit in
resonance,

(b} Obtain the impedance of the circuil and the amplitude of current
atl the resonating [requency,

(o) Determine the rms potentlal drops across the three elements of
the circuit. Show that the potential drop across the LC
combination is zero al the resonating [requency,



Chapter Eight

ELECTROMAGNETIC
WAVES

8.1 INTRODUCTION

In Chapter 4, we learnt that an electric current produces magnetic field
and that two current-carrving wires exert a magnetic force on each other,
Further, in Chapter 6, we have seen that a magnetic field changing with
time gives rise to an electric field. Is the converse also true? Does an
electric field changing with time give rise (o a magnetic lield? James Clerk
Maxwell (1831-1879), argued that this was indeed the case - not only
an electric current but also a time-varying electric field generates magnetic
field. While applying the Ampere's circuital law tofind magnetic feld ata
point outside a capacitor connected to a time-varying current, Maxwell
noticed an inconsistency in the Ampere's circuital law. He suggested the
existence of an additional current, called by him, the displacement
current to remove this inconsistency.

Maxwell formulated a set of equations involving electric and magnetic
fields, and their sources, the charge and current densities. These
equations are known as Maxwell's equations. Together with the Loreniz
[orce formula (Chapter 4), they mathematically express all the basic laws
ol electromagnetism.

The most important prediction to emerge from Maxwell's equations
is the existence ol electromagnetic waves, which are (coupled) time-
varying electric and magnetic fields that propagate in space. The speed
ol the waves, according to these equations, turned out Lo be very close (o
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James Clerk Maxwell
(1831 - 1879) Born in
Edinburgh. Scotland,
was among the greatest
physicists  of  the
nineteenth century, He
derived the thermal
velocily distribution of
molecules in a gas and
was among the first to

obtaln reliabile
estimates of molecular
DArameiers [rom

measurable guantities
like wviscosity. ete.
Maxwell's greatest
acheivement was the
unification of the laws of
electricity an
magnetism (discovered
by Coulomb, Oersled,
Ampere and Faraday)
into a consistent set of
equations now called
Maxwell's egualions,
From these he arrived at
the most important
conclusion that light is
an  electromagnetic
wave. Inlerestingly,
Maxwell did not agree
with the idea (strongly
suggested by the
Faraday's laws of
electrolysis) thal
electricity was
particulate in nature.

the speed of light( 3 x10°% m/s), obtained from optical
measurements, This led to the remarkable conelusion
that light is an electromagnetic wave. Maxwell's work
thus unified the domain of electricity, magnetism and
light. Hertz, in 1885, experimentally demonstrated the
exislence ol electromagnelic waves. [ts lechnological use
by Marconi and others led in due course to the
revolution in communication that we are witnessing
today,

In this chapter, we [irst discuss the need for
displacemeni current and its consequences. Then we
present a descriptive account of electromagnetic waves.
The broad spectrum of electromagnetic waves,
stretching from y rays (wavelength ~107'% m) o long
radio waves [(wavelength ~10°% m) is described.

8.2 DispLACEMENT CURRENT

We have seen in Chapter 4 that an electrical current
produces a magnetic field around it. Maxwell showed
that for logical consistency, a changing clectric fiecld must
also produce a magnetic field. This effect is of great
importance because it explains the exisience of radio
waves, gamma rays and visible light, as well as all other
forms of eleciromagnetic waves.

To see how a changing electric field gives rise to
a magnetic field. let us consider the process of
charging of a capacitor and apply Ampere's circuital
law given by (Chapter 4)

FBedl = 4, £ (1) (8.1)

to find magnetic field at a point outside the capacitor.
Figure 8.1(a) shows a parallel plale capacitor Cwhich
is a part of circuit through which a time-dependent
current i(f) flows . Let us find the magnetic field at a
point such as P. in a region outside the parallel plate
capacitor, For this, we consider a plane circularloop of
radius rwhose plane is perpendicular to the direction
of the current-carrying wire, and which is centred
symmetrically with respect (o the wire [Fig. 8.1(a)]. From
symmetry, the magnetic field is directed along the
cireumference of the circular loop and is the same in
magnitude at all points on the loop so that if B is the
magnitude ol the field, the lelt side of Eq. (8.1) is B (2x71).
So we have

B (2nr) = ot (1) (8.2)
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Now, consider a different surface, which has the same boundary, This

is a pot like surface [Fig. 8.1(b)] which nowhere touches the current, but
has its bottom between the capacitor plates; its mouth is the circular
loop mentioned above, Another such surface is shaped like a tiffin box
(without the lid) [Fig. 5. 1{c]]. On applving Ampere's circuital law to such
surfaces with the same perimeter, we find that the left hand side of
Eq. {8.1) has not changed bul the right hand side is zero and not p,i,
since no current passes through the surface of Fig. 8.1(b) and (c). So we
have a contradiction; calculated one way, there is a magnetic field al a
point P; calculated another way, the magnetic field at P is zero.
Since the contradiction arises from our use of Ampere's circuital law,
this law musi be missing something, The missing term must be such
that one gets the same magnetic field at point P, no matter what surface
is used.

We can actually guess the missing term by looking carefully at
Fig. 8.1(c). Is there anything passing through the surface S betiveen the
plates of the capacitor? Yes, of course, the electric field! If the plates of the
capacitor have an area A. and a total charge Q, the magnitude of the
electric field E between the plates is [Qfﬂ}fsu [see Eq. 2.41). The field is
perpendicular to the surface S of Fig. 8.1(c). It has the same magnitude
over the area A of the capacitor plates, and vanishes outside it. So what
is the electric flux @, through the surface S? Using Gauss's law, it is

T e |
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MNow if the charge ) on the capacitor plates changes with time, thereisa
current i= (dQ/df, so that using Eq. (8.3), we have

as, _d (E}L@

(8.3)

dt  dtle, ) s dt
This implies that for consistency,
deby )
&l | = :
o[ ar i (8.4)

This is the missing lerm in Ampere's circuital law. If we generalise
this law by adding to the tolal current carried by conductors through
the surface, another term which is g, times the rate of change of electric
flux through the same surface, the total has the same value of current f
for all surfaces. If this is done, there is no contradiction in the value of B
obtained anywhere using the generalised Ampere's law. B at the point P
is non-zero no matter which surface is used for calculating il. Bat a
point P outside the plates [Fig. 8.1(a)] is the same as at a point M just
inside, as it should be. The current carried by conductors due to flow of
charges is called conduction current. The current, given by Eq. (8.4),1s a
new term, and is due to changing electric field {or electric displacement,
an old term still used sometimes). It is, therefore, called displacement
current or Maxwell's displacement current. Figure 8.2 shows the electric
and magnetic lields inside the parallel plate capacitor discussed above.

The generalisation made by Maxwell then is the following. The source
of a magnetic field is not justthe conduction electric cuurent due to flowing
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FIGURE B.1 A
parallel plate
capacitor C, as part of
a eireait through
which a time
dependent current
L [ Nows, (a) a loop of
radius r, to determine
magnelic field at a
paint F' on the loop;
(b a !'u;l---'r'l:-||:='-f]

surface passing
through the interior
between the capacitor
plates with the loop
sSOWwWn 1In (8l as 1is
rim: () a titfin
shaperd surface with
the circular loop as
s rim and a (lal
circular botton S
between the capaciton
plates, The arrows
show uniform eleciric
ficld between the
Capraciiog }-I.il_:':—c
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charges, but also the time rate of change of electric field. More
precisely, the total current iis the sum of the conduction current
denoted by i, and the displacement current denoted by i, (= e, (dd_/
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df). So we have

K d
=1, +1; =lc+£ﬂd;? (8.5)

In explicit terms, this means that outside the capacitor plates,
we have only conduction current i =1 and no displacement
current, i.e., i,=0. On the other hand, inside the capacitor, there is
no conduction eurrent, i.e., i, =0, and there is only displacement
current, so that {;=¢

The generalised (and correct) Ampere’s circuital law has the same
form as Eq. (8.1), with one difference; “the total current passing
through any surface of which the closed loop is the perimeter” is
the sum of the conduction current and the displacement current.

The generalised law is
. d
;L [ Ball=p, 1, 44 E&d;? (8.6)
g and is known as Ampere-Maxwell law.
% =B In all respects, the displacement current has the same physical
Vi effects as the conduction current. In some cases, for example, steady
bl electric lields in a conducting wire, Lhe displacement current may
be zero since the electric field E does not change with time, In other
FIGURE 8.2 {a] The cases, for example, the charging capacitor above, both conduction
electric and magnetic and displacement currents may be present in different regions of
flelds E and B between space. In most of the cases, they both may be present in the same
s ‘:""L':‘fl _;'_’“_';’ scadbies region of space, as there exist no perfectly conducting or perfecily
:.;-:I-u I]:: ..J::II.. :_'_“_'!_'1'[ IF:ilﬂmlT': insulating medium. Most interestingly, there may be large regions

of space where there is no conduction current, but there is only a
displacement current due to time-varying electric fields. In such a
region, we expect a magnetic field, though there is no (conduction)
current source nearby! The prediction of such a displacement current
can be verilied experimentally. For example, a magnetic lield (say al point
M) between the plates of the capacitor in Fig. 8.2(a) can be measured and
is seen to be the same as that just outside (at P).

The displacement current has (literally) far reaching consequences.
One thing we immediately notice is that the laws of electricity and
magneiism are now more symmetrical®, Faraday's law of induection states
that there is an induced eml equal to the rate of change of magnetic {lux.
Now, since the eml between two points 1 and 2 is the work done per unit
charge in taking it from 1 to 2, the existence of an emf implies the existence
of an electric field. So, we can rephrase Faraday's law of electromagnetic
induction by saying that a magnetic field. changing with time, gives rise
to an electric field. Then, the fact that an electric field changing with
time gives rise to a magnetic fleld, is the symmetrical counterpart, and is

* They are still not perlectly symmeirical: there are no known sources of magnetic
field {magnetic monopoles) analogous to electric charges which are sources of
electric feld.
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a consequence of the displacement current being a source of a magnetic
field. Thus, time- dependent electric and magnetic felds give rise to each
other! Faraday's law of electromagnetic induction and Ampere-Maxwell
law give a quantitative expression of this statement, with the current
being the total current, as in Eq. (5.5). One very important consequence
of this symmetry is the existence of electromagnetic waves, which we
discuss qualitatlively in the nexi section.

MAXWELL's EQUATIONS IN VACUUM

1. §E~dﬂ. =0/&; (Gauss’s Law lor electricity)
9. §B-dA =) (Gauss's Law for magnetism)
_ —ddy, A
3, PE-dl=—— (Faraday’s Law)
d
4. §'B-dl =pHa i+ Eﬂ% (Ampere - Maxwell Law)

8.3 ELEcTROMAGNETIC WAVES

8.3.1 Sources of electromagnetic waves

How are electromagnetic waves produced? Neither stationary charges
nor charges in uniforrmn motion [(steady currents) can be sources of
electromagnetic waves. The former produces only electrostatic fields, while
the latter produces magnetic fields that, however, do not vary with time.
It is an important resull of Maxwell's theory thal acceleraled charges
radiate electromagnetic waves. The proof of this basic result is beyond
the scope of this book, but we can accept it on the basis of rough,
qualitative reasoning. Consider a charge oscillating with some [requency.
(An oscillating charge is an example of accelerating charge.) This
produces an oscillating electric fleld in space, which produces an
oscillating magnetic field, which in turn, is a source of oscillating electric
field, and so on. The escillating electric and magnetic fields thus
regenerate each other, so to speak, as the wave propagates through the
space. The frequency of the electromagnetic wave naturally equals the
frequency of oscillation of the charge. The energy associated with the
propagaling wave comes at the expense ol the energy of the source — the
accelerated charge.

From the preceding discussion, it might appear easy to test the
prediction that light is an electromagnetic wave. We might think that all
we needed to do was to set up an ac cireuit in which the current oscillate
at the frequency of visible light, say, vellow light. But, alas, that is not
possible, The frequency of yellow light is about 6 % 10'* Hz, while the
[requency that we get even with modern electronic eireaits is hardly abouat
10'! Hz. This is why the experimental demonstration of electromagnetic



wave had to come in the low frequency region (the radio
wave region). as in the Hertz's experiment (1887).

Hertz's successtul experimental test of Maxwell's
theory created a sensation and sparked off other
important works in this field. Two important
achievements in this connection deserve mention, Seven
yvears alter Hertz, Jagdish Chandra Bose, working at
Caleutta (now Kolkata), succeeded in producing and
observing electromagnetic waves of much shorter
wavelength (25 mm to 5 mm). His experiment, like that
of Hertz's, was confined (o the laboratory.

At around the same time, Guglielmo Marconi in Ttaly
followed Hertz's work and succeeded in transmitting
electromagnetic waves over distances of many kilometres.

Heinrich Rudolf Hertz Marconi's experiment marks the beginning of the field of
(1857 - 1894) German communication using electromagnetic waves.

physicist who was the

first to broadcast and 8.3.2 Nature of electromagnetic waves
recelve radio waves. He

It can be shown from Maxwell's equations that electric

ﬂlr;éi;ﬁg wavﬂifc?:;; and magm:ti{-. fields in an electromagnetic wave are
them through space, and perpendicular to each other, and to the direction of
measured their wave- propagation. It appears reasonable, say from our
length and speed. He discussion of the displacement current. Consider
showed that the nature Fig. 8.2. The electric field inside the plates of the capacitor
of their vibration, is directed perpendicular to the plates, The magnetic

refllection and relraction
was the same as that of
light and heat waves,

field this gives rise to via the displacement current is
along the perimeter of a circle parallel to the capacitor

establishing their plates. So B and E are perpendicular in this case. This
identity for the first time. is a general feature.

He also ploneered In Fig. 8.4, we show a typical example of a plane
research on discharge of electromagnetic wave propagating along the zdirection
electricity through gases, (the fields are shown as a lunction of the zcoordinate, at

and discovered the
photoeleciric elfect.

(F681-LS81) ZLYAH 4100 HORINIAH

a given time ). The electric field E_is along the x-axis,
and varies sinusoidally with =z, at a given time. The
magnetic field B, is along the y-axis. and again varies
sinusoldally with z. The electric and magnetie fields E_
and B are perpendicular to each
other, and to the direction z of
propagation. We can write £ _and
B, as [ollows:

E=E,sin(kz-ot]  [8.7(a)]

B = B, sin (kz-wt) I8.7(b)]
Here kis related to the wave lenglh

FIGURE 8.4 A linsarly polarised slectromagnetic wave, 1 of the wave bj? the usual
propagating JELJ. the z-direction ml].u rl.]n._- II!-LII'I.]E:H]]]L.:_ E.l.l..";'f.]'i.l' field E equation
along the o-direction and the oscillating magnetic ficld B along
the y-tirection, 2n
' k== (8.8)
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and @ is the angular frequency. kis the magnitude of the wave vector (or
propagation vector] k and its direction describes the direction of
propagation of the wave. The speed of propagation of the wave is (w/ ).
Using Eqs. [8.7(a) and (b)] for E, and B, and Maxwell's equations, one
finds that

w=ck, where,c=1/ .||',uﬂ.e;, [8.9(a)]

The relation w = ck is the standard one for waves (see for example,
Section 15.4 of class X1 Physics textbool). This relation is often written
in terms of frequency, v (So/2r) and wavelength, A (=2x /K as

2
2y =c| —
T C[ﬂ.] or

vl = [8.9(b)]

It is also seen from Maxwell's equations that the magnitude of the
clectric and the magnetic ficlds in an electromagnetic wave are related as

B, = (E,/q) (8.10)

We here make remarks on some features of electromagnetic waves.
They are sell-sustaining oscillations of electric and magnetic fields in
free space, or vacuum. They differ from all the other waves we have
studied so lar, in respect that no material medium is involved in the
vibrations of the electric and magnetic fields.

Bul what if a malerial medium is actually there? We know that light,
an electromagnetic wave, does propagate through glass, for example. We
have seen earlier that the total electric and magnetic fields inside a
medium are described in terms of a permittivity ¢ and a magnetic
permeability ¢ (these describe the factors by which the total fields differ
from the external fields). These replace g, and y, in the description to
electric and magnetic fields In Maxwell's equations with the result that in
a material medium of permittivity s and magnetic permeability u, the
velocity of light becomes,

a Jie (8.11)
Thus, the velocity of light depends on electric and magnetic properties of
the medium. We shall see in the next chapter that the refractive index of
one medium with respect to the other is equal to the ratio ol velocities of
light in the two media.

The velocity of electromagnetic waves in free space or vacuum is an
important fundamental constani. It has been shown by experiments on
electromagnetic waves of different wavelengths that this velocity is the
same (independent of wavelength) to within a few metres per second, out
of a value of 3x10°% m/s. The constancy of the velocity of em waves in
vacuum is so strongly supported by experiments and the actual value is
s0 well known now that this is used to define a standard of length.

The great technological importance of electromagnet ic waves stems
from their capability to carry energy from one place to another. The
radio and TV signals from broadcasting stations carry energy. Light
carries energy from the sun to the earth, thus making life possible on
the earth.
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ExamrLe 8.1

Examrie 8.2

ExamprLe B.3

Example 8.1 A plane clectromagnetic wave of [requency
25 MHz travels in free space along the x-direction. At a particular
point in space and time, E = 6.3 § V/m. What is B at this poini?

Solution Using Eq. (8.10), the magnitude of B is

Eut
c
6.3V/m

= =2 1x10°T
3x10% m/s =

To find the direction, we note that E is along y-direction and the
wave propagates along x-axds, Therefore, B should be in a direction
perpendicular to both x- and y-axes. Using vector algebra, E ¥ B should
be along s-direction, Since, (+]) ¥ (+k) = i, B is along the z-direction.
Thus, B=21x%10%kT

Example 8.2 The magnetic field (o a plane electromagnetic wave s
given by B, = (2 X 107) T sin (0.5x10%+1.5x10"1).

[a) What is the wavelengih and {requency of the wave?

(b} Write an expression lor the electric field.

Solution
[a) Comparing the given equation with

e (52

We get, 4= 1.26 cm,

By g =
0.5x10° ™
and %=u={1.5xlﬂ“}f2ﬂ=23.9 GHz

(b) E,=B,e=2x10"Tx3x 10°m/s=6x 10" V/m
The electric field component is perpendicular to the direction of
propagation and the direction of magnetic field. Therefore, the
electric field component along the z-axis is obtained as

E, =60 sin (0.5 x 10°%x + 1.5 x 10" ) V/m

Example 8.3 Light with an energy flux of 18 W/em? falls on a non-
reflecting surface at normal incidence. If the surface has an area of
20 em?, find the average force exerted on the surface during a 30
minute lIme span.

Solution
The total energy falling on the surface is
U= (18 W/em?} % (20 em?) x (30 x 60 s)
= 6.48 x 10°J

Therefore, the total momentum delivered [for complete absorption)
is
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- 5
p= %;—;%: .16 % 102 kg m/s

The average force exerted on the surface is

p 2.16%x10° &
=2 0 195 10%N
t 0.18x10*

How will your result be modified if the surface is a perfect reflector?

Example 8.4 Calculate the electric and magnetic fields produced by
the radiation coming from a 100 W bulb at a distance of 3 m. Assume
that the efficiency of the bulb is 2.5% and it is a point source.

Solution The bulb, as a point source, radiates light in all directions
uniformly, Al a distance of 3 m, the surface area of the surrounding
sphere Is

A=dnr® =4n(3F =113m*
The intensity [ at this distance is
_ Power 100W x2.5%

Area 113m?

=0.022 W/m"

Half of this intensity is provided by the electric field and half by the
magnetic field.

I

R 77 B
EI=E{%EWC]

= %(0.022 w,rmz}

a0 =] 0.022
™ (B.85x10%) (3x10°)

=29V/m
The value of E found above |s the root mean square value of the
electric field. Since the electric field in a light beam is sinusoidal, the
peak electric field. E, is

E,=2E, =¥2x29V/m
=4.07 V/m
Thus, you see thal the elecirie field strength of the light that you use
for reading is fairly large. Compare it with electric field strength of
TV or FM waves, which is of the order of a few microvolts per metre.
Now, let us caleulate the strength of the magnetic field. It is

29 Vm'!
B, =—m=29 YO _ g4y g0
™ ¢  3x10°ms?!
Again, since the field in the light beam is sinusoidal, the peak
magnetic lield is By= fg B, _=14% 10°% T. Note that although the
energy In the magnetic field is equal to the energy in the electric
field; the magnetic field strength is evidently very weal.

V/m

£'8 TTdNVIH

'8 TLANVEY
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8.4 ELECTROMAGNETIC SPECTRUM

At the time Maxwell predicted the existence of electromagnetic waves, the
only familiar electromagnetic waves were the visible light waves. The existence
of ultraviolet and infrared waves was barely established, By the end of the
nineteenth century, X-rays and gammea rays had also been discovered. We
now know that, electromagnetic waves include visible light waves, X-rays.
gammasa rays, radio waves, microwaves, ultraviolet and infrared waves, The
classification of em waves according to frequency is the electromagnetic
spectrum (Fig. 8.5). There is no sharp division befiween one kind of wave
and the next. The classification is based roughly on how the waves are
produced and/or detected.

We briefly describe these dilferent types of electromagnetic waves, in
order of decreasing wavelengths,

8.4.1 Radio waves

Radio waves are produced by the accelerated motion of charges in conducting
wiress. They are used in radio and television communication systems. They
are generally in the requency range from 500 kHz to about 1000 MHz.
The AM (amplitude modulated) band is from 530 kHz to 1710 kHz. Higher

Frequency, He Weouelengif, m
107
10 =M : 400 num |
d ) ~10% B
107 — Gamma ravs g ,’J Violet
107 ;
* Ll g 450
10" - p X-rays 1% S |=— 1]
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0= - T— Uliﬁm'n]et—.? fod B 500
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FIGURE 8.8 The clectromagnetic spectmum, with common names for various
part of it. The various regions do not have sharply defined boundaries.
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Irequencies upto 54 MHz are used lor short wave bands. TV waves range
from 54 MHz to 890 MHz. The FM (frequency modulated) radio band
extends from 88 MHz to 108 MHz, Cellular phones use radio waves Lo
transmit voice communication in the ultrahigh frequency (UHF) band, How
these waves are transmitted and received is described in Chapter 15.

8.4.2 Microwaves

Microwaves (short-wavelength radio waves). with frequencies in the
gigahertz (GHz) range, are produced by special vacuum tubes (called
klystrons, magnetrons and Gunn diodes). Due to their short wavelengths,
they are suitable for the radar systems used in aireraft navigation. Radar
also provides the basis for the speed guns used lotime [ast balls, tennis-
serves, and automobiles. Microwave ovens are an interesting domestic
application of these waves, In such ovens, the frequency of the microwaves
is selected to match the resonant frequency of water molecules so that
energy from the waves is transferred efficiently to the kinetic energy of
the molecules. This raises the temperature of any fbod containing water.

B.4.3 Infrared waves

Infrared waves are produced by hot bodies and molecules. This band
lies adjacent to the low-frequency or long-wave length end of the visible
spectrum. Infrared waves are sometimes referred to as heatl waves. This
is because water molecules present in most materials readily absorb
infrared waves (many other molecules, for example, CO,, NH,. also absorb
infrared waves). Alter absorption, their thermal motion increases, that is,
they heat up and heat their surroundings. Infrared lamps are used in
physical therapy. Infrared radiation also plays an important role in
maintaining the earth’s warmth or average lemperature through the
greenhouse effect. Incoming visible light {which passes relatively easily
through the almosphere) is absorbed by the earlth's surface and re-
radiated as infrared (longer wavelength) radiations. This radiation is
trapped by greenhouse gases such as carbon dioxide and water vapour.
Infrared detectors are used in Earth satellites, both for military purposes
and to observe growth of crops. Electronic devices (for example
semiconductor light emitting diodes) also emit infrared and are widely
used in the remote switches of houschold electronic systems such as TV
sets, video recorders and hi-fi systems.

8.4.4 Visible rays

It is the most familiar form of electromagnetic waves. It is the part of the
spectrum that is detected by the human eyve. It runs from about
4 % 10" Hz to about 7 x 10** Hz or a wavelength range of about 700 —
400 nm, Visible light emitted or reflected from objects around us provides
us information about the world. Our eves are sensitive to this range ol
wavelengths, Different animals are sensitive to different range of
wavelengths, For example, snakes can detect infrared waves, and the
visible’ range ol many insects exiends well into the utraviolet.,
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8.4.5 Ultraviolet rays

It covers wavelengths ranging from about 4 X 107 m (400 nm) down to
6 % 107°m (0.6 nm). Uliraviolet (UV) radiation is produced by special
laanps and very hot bodies. The sun is an important source ol ultraviolet
light. But [ortunately, most of it is absorbed in the ozone layer in the
atmosphere at an altitude of about 40 - 50 km. UV light in large quantities
has harmful effects on humans, Exposure to UV radiation induces the
production of more melanin, causing tanning of the skin. UV radiation is
absorbed by ordinary glass. Hence, one cannot get tanned or sunburn
through glass windows.

Welders wear special glass goggles or face masks with glass windows
to protect their eyes from large amount of UV produced by welding ares.
Due to its shorter wavelengths, UV radiations canbe focussed into very
narrow beams lor high precision applications such as LASIK (Laser-
assisted in situ keratomileusis) eye surgery. UV lamps are used to kill
germs in waler purifiers.

Ozone layer in the aimosphere plays a protective role, and hence its
depletion by chlorofluorocarbons (CFCs) gas (such as freon) is a matter
of international concern.

8.4.6 X-rays

Beyond the UV region of the eleciromagnetic specirum lies the X-ray
region. We are familiar with X-rays because of its medical applications. It
covers wavelengths from about 10% m (10 nm) down to 107 m
(107 nm). One common way to generate X-rays is to bombard a metal
target by high energy electrons. X-rays are used as a diagnostic tool in
medicine and as a treatment for certain forms of cancer. Because X-rays
damage or destroy living tissues and organisms, care must be taken to
avoid unnecessary or OVer exposure.

B.4.7 Gamma rays

They lie in the upper frequency range of the electromagnetic spectrum
and have wavelengths of from about 107%m to less than 107*m. This
high frequency radiation is produced in nuclear reactions and
also emitted by radicactive nuclei. They are used in medicine to destroy
cancer cells,

Table 8.1 summarises diflerent types of electromagnetic waves, their
production and detections. As mentioned earlier, the demarcation between
different regions is not sharp and there are overlaps.
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TapLE 8.1 DIFFERENT TYPES OF ELECTROMAGNETIC WAVES

Wavelength range

>0.1m

Production

Rapid acceleration and
decelerations of electrons
in aerials

Klystron valve or
magnetron valve

0. 1m to 1 mm

Imm to 700 nm Vibration of atoms

and molecules

Electrons in atoms emit
light when they move from
one energy level toa

lower energy level

700 nm to 400 nm

Inner shell electrons in
aloms moving from one
energy level to a lower level

400 nm to 1lnm

Ilnm to 10-* nm X-ray tubes or inner shell

electrons

<10® nm Radioactive decay of the

nucleus

SUMMARY

Maxowell found an inconsistency in the Ampere's law and suggested the
existence of an additional current, called displacement current, (o
remove this nconsistency. This displacement current Is due to dme-
varying electric field and is given by

dd

di

and aects as a source of magnetic field in exactly the same way as
conduction current.

g =&

An accelerating charge produces electromagnetie waves. An electrie
charge oscillating harmonically with [requency v, produces
eleciromagnetic waves of the same [requency w An electric dipole is a
basic source of electromagnetic waves,

Eleciromagnetic waves with wavelength of the order of a few metres
were irst produced and detected in the laboratory by Herle in 1887, He
thus verified a basie prediction of Maxwell's equations.

Detection
Receiver's aerials

Point contact diodes

Thermopiles
Bolometer, Infrared
photographic film

The eye
Photocells
Photographic film

FPhotocells
Photographic film

Photographic film
Geiger tubes
lonisation chamber

-do-
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Electric and magnetic fields oscillate sinusoidally In space and thme in an
electromagnetic wave. The oselllating electric and magnetic flelds, E and
B are perpendicular to each other, and to the direction of propagation of
the electromagnetic wave. For a wave of frequency v, wavelength 4,
propagating along z-direction, we have

E = E_( = E, sin (kz- @t)

mn [4(-]]-menlai7)

B=B[f =B, sn (kz- w4

- sin[an(2 -] - (2

They are related by E, /B, = ¢.
The speed c of electromagnetic wave in vacuum is related to p, and g, (the
free space permeability and permittivity constanits) as follows:

o= '1,.-"..,|||l,i:.|'.,'-F £y - The value of ¢ equals the speed of light obtained [rom

optical measurements.

Lighit is an electromagnetic wave: ¢ is, therefore, also the speed of light.
Electromagnetic waves other than light also have the same velocity ¢ in
free space.

The speed of light, or of electromagnetic waves in a material medium is
gven by v=1/ 1,,ll',r.f.»z*

where y is the permeability of the medium and & ils permittivity.

The spectrum of electromagnetic waves streiches, in principle, over an
infinite range of wavelengths. Different regions are known by different
names: y-rays, X-rays, ultraviolel rays, visible rays, infrared rays,
microwaves and radio waves In order of Increasing wavelength from 102 A
or 107% m to 10%m.

They interact with matter via their electric and magnetic fields which set
In oseillation charges present in all matter. The detailed interaction and
=0 the mechanism of absorption, scattering, ete., depend on the wavelength

of the electromagnetic wave, and the nature of the atoms and molecules
in the medium.

POINTS TO PONDER

1. The basic difference between various types-of electromagnetic waves
lie= In their wavelengths or frequencles since all of them travel through
vacuum with the same speed, Conseguently, the waves differ
considerably in their mode of Interaction with matter,

2. Accelerated charged particles radiate electromagnetic waves: The
wavelength of the electromagnetic wave is often correlated with the
characteristic size of the s%«'slt:m that radiates. Thus, gamma radiation,
having wavelength of 107 m to 1079 m, typleally originate from an
atomic nucleus. X-rays are emitted from heavy atoms. Radio waves
are produced by accelerating clectrons in a circuit, A transmitting
antenna can most efficiently radiate waves having a wavelength of
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about the same slze as the antenna, Visible radiation emitted by atoms
is, however. much longer in wavelength than atomic size.

Infrared waves, with reguencies lower than these of visible light, vibrate
not only the electrons, but entire atoms or molecules of a substance,
This vibratlon Increases the Internal energy and consequently. the
temperature of the substance, This is why infrared waves are often
called heat waves.

The centre of sensitivity of our eves coincides with the centre of the
wavelength distribution of the sun. It is because humans have evolved
with visions most sensitive to the strongest wavelengths from
the sun.

EXERCISES

Figure 5.6 shows a capacitor made of two circular plates each of
radius 12 em, and separated by 5.0 cm. The capacitor 1s being
charged by an external source (not shown in the figure). The

charging current Is consiant and equal {o 0.15A.

[a) Calculate the capacitance and the rate of change of potential

difference between the plates.
(b} Obtain the displacement current across the plates.

[c] Is Kirchhofl's first rule (junction rule) valid al each plate of the

capacitor? Explain.

-6

FIGURE 8.6

A parallel plate capacitor (Fig. 8.7) made of circular plates each of radius
R=6.0 cm has a capacitance C = 100 pF. The capacitor is connected to

a 230 V ac supply with a {angular) frequency of 300 rad s,
(a) What is the rms value of the conduction current?

(b) Is the conduction current equal to the displacement current?
[c) Determine the amplitude of B at a point 3.0 em {rom the axis

between the plates.

06

@

FIGURE 8.7
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8.3

8.4

8.5

8.9

8.10

What physical quantity Is the same for X-rays of wavelength
10 % m, red light of wavelength 6800 A and radiowaves of wavelength
500m?

A plane electromagnetic wave travels in vacuum along z-direction.
What can you say about the directions of its electric and magnetic
field vectors? If the frequency of the wave is 30 Mz, what s lis
wavelength?

A radio can tune in to any station in the 7.5 MHz to 12 MHz band.
What is the corresponding wavelength band?

A charged particle oscillates aboul its mean equilibrium position
with a frequency of 10? Hz. What is the frequency of the
electromagnetic waves produced by the oscillator?

The amplitude of the magnetic [leld part of a harmonic
electromagnetic wave in vacuum is By, = 510 nT. Whal is the
amplitude of the electric field part of the wave?

Suppose that the electrie field amplitude of an electromagnetic wave
is E, = 120 N/C and that ils frequency is v= 50.0 MHz. (a] Determine,
B,.uw, It and A. (b) Find expressions for E and B.

The terminology of different parts of the electromagnetic spectrum
is given in the text, Use the lormula E = hv (lor energy ol a quantum
of radiation: photon) and obtain the photon energy in units of eV for
different paris of the electromagnetic specirum. In what way are
the ditferent scales of photon energies that you obtain related to the
sources ol eleciromagnelic radiation?

In a plane electromagnetic wave, the electric field oscillates
sinusoidally at a frequency of 2.0 x 10!° Hz and amplitude 48 V m L.

[a) What Is the wavelength of the wave?
(b) What is the amplitude of the oscillating magnetic field?
[e] Show that the average energy density of the E field equals the

average energy density of the B field. [c= 3 x 10° m ¢71]



ANSWERS

CHapTER 1
1.1 6% 10" N (repulsive)
1.2 (al 12 cm
(b) 0.2 N [attraclive)
1.3 2.4 x 10™. This is the ratio of electric foree to the gravitational force
(at the same distance) between an electron and a proton,
1.5 Charge Is nol created or desiroved. It is merely transferred from one
body to another.
1.8 Zero N
1.8 (a) 5.4 x 10" N C'along OB
(b} 8.1 x 107 N along OA
1.9  Total charge is zero. Dipole moment = 7.5 % 107 € m along z-axis.
1.10 10" Nm
1.11 {a) 2= 10", from wool lo polythene,
(b) Yes, but of a negligible amount [ =2 x 107" kg in the example).
1.12 (a) 1.5 x 10°N
(b) 0.24 N
1.13 Charges | and 2 are negative, charge 3 is positive. Particle 3 has
the highest charge to mass ratio.
1.14 (a) 30Nm*/C. (b) 15 Nm*/C
1.156 Zero. The number of lines entering the cube is the same as the
number of lines leaving the cube,
1.16 (&) 0.07 wC
(b} Mo, only that the net charge inside is zero.
1.17 2.2% 10°N m’/C
1.18 1.9x 10° N m*/C
1.19 (3] -10" N m*/C: because the charge enclosed is the same in the
Lwo cases,
(b} 8.8 nC
1.20 -6.67 nC
1.21 (a) 1.46% 107° ¢
(b) 1.6 x 10° Nm?*/C
1.22 10 uC/m
1.23 (a) Zero, (b) Zero. (c) 1.9 N/C
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CHaPTER 2
2.1 10 cm, 40 cm away from the positive charge on the side of the
negative charge.
22 27x10°V
2.3 {a] The plane normal to AB and passing through its mid-point has
zero potential everywhere.
(b) Normal to the plane in the direction AB.
2.4 (a] Zero
b 10°NCt
(c) 44x10*NC!
2.8 96 pF
2.6 (a] 3pF
(b] 40V
2.7 (a) 9 pF
(b} 2x107%¢, 3x10"C 4ax10"C
28 1BpF 18x10°%C
29 [(a) V=100V, C=108pF, Q=108x 10°%¢C
(b) @=1.8x107C, C=108 pF, V=166V
210 15x10%J
2.11 6x10°%J
CHAPTER 3
3.1 30 A
3.2 170,856V
3.3 1027 =C
3.4 2.0x10" Qm
35 0.0039 °C™!
3.6 867 °C
3.7 Current in branch AR = (4/17) Al
in BC=(6/17) A, in CD = [-4/17) A,
in AD = [6/17) A, in BD. = (-2/17) A, total current = (10/17) A
3.8 11.5V; the series resistor limits the current drawn from the external
source. In its absence, the current will be dangerously high.
2.9 27x10's(7.5h)
CHAPTER 4
41 wx10%T=31x%10"T
4.2 35%x10°T
4.3 4% 10°T. vertical up
4.4 1.2x 107 T, towards south
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45 06Nm'
4.6 8.1 ¥ 10 N; direction of force given by Fleming's left-hand rule

4.7 2% 107 N; atiractive force normal to A lowards B
4.8 SBrxl07T=25x%x10°T

4.9 .96 N m

4,10 (a)1.4.(b)1

4.11 42cm

4.12 13 MHz

4.13 (a] 3.1 Nm, (b} No, the answer is unchanged because the formula
t=NITA XBis true for a planar loop ol any shape,

CHAPTER D

8.1 038JT
5.2 fa) m parallel lo B; U= —mB = —4.8 % 10* J: stable.
(b) m anti-parallel to B; U= +mB = +4.8 x 107 J; unstable.

5.3 0.60 JT™ along the axis of the solenoid determined by the sense of
flow of the current.

5.4 7.5 ®x102J
B.8  (a) () 0.33J () 066

(B} (i} Torgue of magnitude 0.33 .J in a direction that tends to align
the magnitude moment vector along B,  {ii) Zero.

5.6 (2] 1.28 A m? along the axis in the direction related to the sense of
current via the right-handed screw rule.

(b) Force is zero in uniform lield; torque = 0.048 Nm in a direction
thal lends to align the axis of the solenoid (i.e.. ils magnetic
moment vector] along B.

5.7 [a) 0.96 g along 5-N direction,
(b 048 G along N-5 direction.

CHAPTER 6

6.1 la] Along grpq
(b) Along prg. along yax

] Along vex
(d) Along =zyx
fe] Along xry

(F] Mo induced current since field lines lie in the plane of the loop.
6.2 a) Along aded [(lux through the surface increases during shape
change, so induced current produces opposing flux).
(b) Along a'd'eD’ ([lux decreases during the process)
6.3 T7.5x10°%V _
6.4 (1) 2.4x10*V, lasting 2 s 219
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(2) 0.6 x 10V, lasting 8 =

6.8 100 W

6.6 (a] 1.5 = 102V, (b} West to East, (¢) Eastern end.
6.7 4H

6.8 30 Wh

CHAPTER 7

7.1 fal 2.20 4

b 484 W
300
7.2 — = PRV
(a) 7
(b) 1042 =141A
7.3 169A
7.4 240 A

7.8 Zero in each case.

7.6 125s';25

7.7 1ll1x10°s"

7.8 0.6 J, same at later times.
7.9 2,000 W

K= s fle, C= e
2 VLCT T T 4ntL
For L= 200 pyH, v = 1200 kHz, C= 87.9 pF.
For L= 200 pH, v = 800 kHgz, C= 1978 pF.
The variable capacitor should have a range of about 88 pF to 198 pF.
7.11 (a) 50 rad s
(k) 400, 8.1 A

(Q) Vi = 14375V, Vo = 14375V, V. =230V

7.10

CuAPTER 8

81 (a) C=gA/d =80.1pF

d@ _ dv
dt & di
dv_ 015

dt B0.1x10® - 187 X107V
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. d
(b Ly =£‘.:.E°55_. Mow across the capacitor II=E = EA, ignoring end

corrections,
d
Therelore, Iy = %Aﬁ
dt
Now,E = -2, Therefore, 52 = L which implies i, = i= 0.15 A.
£ A dt g A

] Yes, provided by ‘current’ we mean the sum of conduction and
displacement currents.

(@) [, =V, oC=69pA

i = g
(b) Yes. The derivation in Exercize 8. 1(b) iz true even if {is oscillating
in tme.

ic] The formula B_%%id

goes through even if {, (and therefore B) oscillates in time, The
formula shows they oscillate in phase. Since {, = {, we have
_#a T :
= Eﬁflﬂ ., where B, and i are the amplitudes of the oscillating

magnetic field and current, respectively. i,=+/2]_ = 9.76 pA. For
r=3cm, R=6cm, B,=1.63% 10"T.

The speed in vacuum is the same for all; ¢=3 %« 108 ms .

E and B in x-y plane and are mutually perpendicular, 10 m.
Wavelength band: 40 m - 25 m.

10° Hz

153 N/C

[a) 400 nT. 3.14 = 10° rad/s. 1.05 rad/m. 6.00 m.
(b) E = { (120 N/C) sin[(1.05 rad/m)lx - (3.14 x 10® rad/s)} j
B = { (400 nT) sin[(1.05 rad/m)lx -~ {3.14 % 10® rad/s}t]l k

Photon energy (for 4 = 1 m)

_ 6.63x10* x3x10*

- 1.6x10 ™
Photon energy for other wavelengths in the figure for electromagnetic
spectrum can be obtained by multiplying approximate powers of
ter. Energy of a photon that a source produces indicates the spacings
of the relevant energy levels of the source. For example, A= 10" m
corresponds to photon energy = 1.24 »« 10° eV = 1.24 MeV. This
indicates that nuclear energy levels (Iransition between which causes
-ray emission) are (ypically spaced by 1 MeV or so, Similarly, a
visible wavelength 4 = 5 = 107 m. corresponds to photon ENergy
= 2.5 eV. This implies that energy levels (transition between which
gives visible radiation) are ypically spaced by a few eV

eV =1.24%x10°% eV
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8.10 [a) A={c/v]=15=10"m
(b) B,=I[E/d=16x=10"T
(¢ Energy density in E field: = (1/2)g, E*®
Energy density in B field: uy = IIFE;J_D]B“

1
Using E=¢B, and ¢ = m.ug-:uﬂ









