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NUMBER SYSTEMS
I
1.1 Introduction

In your earlier classes, you have leamnl about the number line and how to represent
various types of numbers on it (see Fig. 1.1).

1 2 3

L'

Fa i 1 i
= ) L] 1]

-3 = S

T
pi | —

10

Fiz, 1.1 : The number line

Just imagine you start from zero and go on walking along this number line in the
positive direction. As far as your eyes can zee, there are numbers, numbers and
numbers!

W

e

Fig. 1.2

Now suppose vou start walking along the number line, and collecting some of the
numbers. Get a bag ready to store them!
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You might begin with picking up only natural
nummbers like 1, 2. 3. and so on. You know that this list
goes on for ever. (Why is this true?) So, now your
bag contains infinitely many natural numbers! Recall
that we denote this collection by the symbol N,

Now turn and walk all the way back. pick up
zero and put it into the bag. You now have the
collection of whole numbers which is denoted by
the symbaol W,

Now, stretching in [ront of you are many, many negative integers. Put all the
negative integers into your bag, What is your new collection? Recall that it is the
collection of all inzegers, and it is denoted by the symbol Z,

Z comes from the
German word
“zahlen”, which means
o count”™,

Are there some numbers still left on the line? Of course! There sre numbers like

1 3 ~2005
=0 Or even 2006 [f'you put all such numbers also into the bag, it will now be the
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collection of rafional numbers. The collection of rational numbers is denoted by Q.
“Rational” comes from the word ‘ratio®, and Q comes from the word *quotient”.

You may recall the definition of rational numbers:
A number " is called a rational mumber, if it can be written in the form %
where p and ¢ are integers and ¢ = 0. (Why do we insist that ¢ = 07)

Notice that all the numbers now in the bag can be written in the form g , where p

25
and g are integers and g # 0. For example, 25 can be wrilten as TZ here p=-25

and g = |. Therefore, the rational numbers also include the natural numbers, whole
numbers and imtegers.

You also know that the rational npumbers do not have a unique representation in

1 2 10 25
“ : ae 1 T A AT Ap  =n
the form = where p and g are integers and g # 0. For example, 574 20 s0

47

= FEE and so on, These are eguivalent rational members (or fractions). However,

when we say that £ is a rational number, or when we represent £ on the number

line, we assume that ¢ # 0 and that p and g have no cominon factors other than 1
(that is, p and g are co-prime). So. on the number ling, among the infinitely many

1 1
fractions equivalent to PR will choose 7 to represent all of them.

Now, let us solve some examples about the different types of numbers, which you
have studied m earlier classes.

Example | : Are the following statements true or false? Give reasons for vour answers,
{i) Ewery whole number is a natural number.

(iiy Ewery integer is a rational number.

(i) Every rational number is an integer.

Solution : (1) False, because zero is a whole number but not a natural number.

m
(i) True, because every integer m can be expressed in the form T and so it is a

rational number,
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3
(iii) False, because — is not an integer.

5
Example 2 : Find five rational numbers between 1 and 2.
We can approach this problem in at least two ways,
Solution 1 : Recall that to find a rational number between r and s, vou can add  and

3
lies between » and 5. So, 5 15 a mumber

between | and 2, You can proceed in this manner to find four more rational numbers

5 11 13 7
between 1 and 2. These four numbers are —s —s —and —:

4 8 8 4

Solution 2 : The other option is to find all the five rational numbers in one step. Since
we want five numbers., we write | and 2 as rational numbers with denominator 5 + L.

7 8 9 10 11

w . F+s
§ mnd divide the sum by 2, that is

] 12
L&, 1=~ and 2= — . Then you can check that

p 6 E.E.—.?andgareallrauﬂml
bers bel 1 and 2. So, the i b E 2 '3—‘ EMl 1
numbers peiween [ an . a0, the 11ve numbers are 573, 2* 3 5"

Remark : Notice that in Example 2, you were asked to fmd five rational numbers
between | and 2. Bui, you must have realised that in fact there are infindtely many
rational numbers between 1 and 2. In general. there are infinitely many rational
numbers between any (wo given rational numbers.

Let us take a look at the number line again. Have you picked up all the numbers?
Not, yet, The fact is that there are infinitely many more numbers left on the number
line! There are gaps in between the places of the numbers you picked up, and not just
one or two but infinitely many. The amazing thing is that there are infinitely many
numbers lying between any two of these gaps too!
So we are left with the following questions:

1. What are the mumbers, that are left on the pumber
line, called?

2. How do we recognise them? That is, how do we
distinguish them from the rationals {rational
numbers)?

These questions will be answered in the next section,
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EXERCISE 1.1

1z zero a rational oumber? Can you wiile it m the form P where pand g are integers

and g=07
Find six rutional numbers between 3 and 4.

4

3
Find five rational oumbers belween 5 and 5

State whether the following slatemenis are true or false, Give ressons for your snswers.
(i} Every naturz] number 15 a whole number.
(it} Ewery integer is a whole number.

(i) BEvery rational numbes is 3 whole number,

1.2 Irrational Numbers

We =aw, in the previous section, that there mav be numbers on the number line that
are not rationals. In this section, we are going to investigate these numbers. So far. all

E

the mumbers you have come across, are of the form ==, where p and g are integers

and g # 0. So, you may ask: are there numbeis which are not of this form? There are
indeed such numbers.

The Pythagoreans in Greece, followers of the famous
mathematician and philosopher Pythagoras, were the first
to discover the numbers which were not rationals, around
400 BC., These numbers are called irrational numbers
(irrarionals), because they cannot be written in the form of
a ratio of integers, There are many myths surrounding the
discovery of irrational numbers by the Pythagorean,
Hippacus of Croton, In all the myths, Hippacus has an

unfortunate end, either for discovering that A2 isirrational

ot for disclosing the secret about V2 e people outside the Pythagoras
secret Pythagorean sect!

(569 BCE 479 BCE)

Fiz. 1.3

Let us formally define these numbers.

P

A number ‘s” is called irrational, if it cannot be wrilten in the form s where p

and g are mtegers and g = (.
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You already know that there are infinitely many rationals. It turns out that there
are infinitely many irrational numbers too. Some examples are:

V2, /3, J15.7,0.10110111011110...

Remark : Recall that when we uge the symbol .,j_ , We assume that it iz the
positive square root of the number. So .f4 = 2. though both 2 and -2 are square
roots of 4.

Some of the irrational numbers listed above are familiar to vou. For example, you
have already come across many of the square roots listed above and the number .,

The Pythagoreans proved that .fp is irrational. Later in approximately 425 BC.
Theodorus of Cyrene showed that «f3, J5. 6. /7. V10, V11,412,413, 14,15
and f17 are also irrationals. Proofs of irvationality of 2, 3. /5. etc., shall be

discussed in Clags X. As to m, if was known to varions cultures for thousands of
years, it was proved to be irrational by Lambert and Legendre only in the late 1700s.
In the next section, we will discuss why 0.101101110171110... and m are irrational.

Let us return to the questions raised al the end of
the previous section. Remember the bag of rational
numbers. If we now put all irrational numbers into
the bag, will there be any pumber left on the mumber
line? The answer is no! It turns out that the collection
ol all rational numbers and rrrational numbers together
make up what we call the collection of real numbers,
which is denoted by R, Therefore. 4 real number is either rational or irrational. So. we
can say that every real number is represented by a unigue point on the number
line. Also, every point on the number line represents a unigue real number.
This is why we call the number line, the real number line,

In the 18705 two German mathemalicians,
Cantor gnd Dedekind, showed that |
Cortesponding to every real numbes, thereisa
pointon the real number line, and corresponding
to every poinl on the number line, there exisis a
vmique real number.

K. Dedekind (1831-1916) G. Cantoer (1845-19145)
Fig, 1.4 Fig. 1.5
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Let us see how we can locate some of the urational numbers on the number line.

Example 3 : Locate \E on the pumber line.

Solution : It is easy to see how the Greeks might have discovered C__— B
2 . Consider a square OABC, with cach side 1 unit in length (see ""l 1
Fig. 1.6). Then you can see by the Pythagoras theorem that © A

OB = fI! + 1* =/2. How do we represent +/2 on the number line? e 10

This is easy. Transfer Fig. 1.6 onto the number line making sure that the vertex O
coincides with zero (see Fig, 1.7).

{1 B
LY
W ‘1 Ve
o€ + ] t f I 1 lgf, + + =
3 2 | 3' AP 2
ig. 1.7

We have just seen that OB = /7 . Using a compass with centre O and radius OB,

draw an arc intersecting the number line at the point P. Then P corresponds to /2 on
the number line.

Example 4 : Locate /3 on the number line.

Solution : Let us return to Fig. 1.7,

£
-

o
w

Fig. 1.8

Construct BD of unit length perpendicular to OB (as in Fig. 1.8), Then using the

Pythagoras theorem. we see that OD = (\E )2 +1* =+/3. Using a compass, with

centre O and radius OD, draw an arc which intersects the number line at the point ).
Then Q corresponds to f3 .
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In the same way, you can locate \fyy for any posilive integer n, after \fn — 1 has been

located.

EXERCISE 1.2
State whether the (ollowmg statements are true or falzse. Tustify your answers,

(i) Ewvery irrational number is & real number.

(ii} Every point on the number line is of the form «fm , where m is a natural number.

(i) Every real number is an irrational number,

Are the square roots of all positive integers irrational? [fnot. give an example of the
square root of a number that is a rational number,

Show how .f5 can be represented on the number line.

Classroom activity (Constructing the *square root
spiral”) : Take a large sheet of paper and construct
the *square root spiral” in the following fashion. Start
with a point O and draw a line segment OF | of unit
fength, Draw a line segment P P, perpendicular to
OF, of unit length (see Fig. 1.9), Now draw a line
segment PP, perpendicular to OF,, Then draw a line
segment PP, perpendicular to OF,, Confinuing in
this mannet, you can gef the line segment P P by
drawing a line segrent of unit length perpendicular to OP, . In this mannet, you will
have creafed the points P, P,...... P ... .. and joined them to create a beautiful spiral

depicting +/2, +f3, /4, ...

0}
Fig. 1.9 : Constructing
suare ront spiral

1.3 Real Numbers and their Decimal Expansions

In this section. we aie going to study rational and irrational numbers from a different
point of view, We will look at the decimal expansions of real numbers and see if we
can use the expansions to distinguish between rationals and trrationals. We will also
explain how to visualise the representation of real numbers on the number line using
their decimal expansions. Since rationals are more familiar to us, let vs start with

W71

them. Let us take three examples : —. 225

Elﬂ!?.

Pay special attention to the remaindets and see if you can find any pattern.
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Example 5 : Find the decimal expansions of - = and =
Solution :
3.333... 0.875 0.142857...
3[10 8[7.0 710
9 G4 7
10 60 30
Ex 56 28
10 40 20
| Bl 40 14
10 0 60
9 56
[ 1 40
a5
S0
40
l

Remainders: 1, 1, L, 1. L... Remainders: 6,4, 0 Remainders: 3.2, 6.4, 5, 1,
Divisor: 3 Divisor: 8 32645 L

Divisor:7

What have you noticed? You should have noticed at least three things:

(i)
(i)

(1if)

The remainders either become ( after a certain stage, or start repeating themselhves.

The number of entries in the repeating string of remainders is less than the divisor

10 1
{in — one number repeats itself and the divisor is 3, in 7 there are six entries

3
326451 in the repeating string of remainders and 7 is the divisor),

If the remainders repeat, then we get a repeating block of digits in the quotient

10 1
(for 3 3 repeats in the quotient and for 7 We gel the repeating block 142857

in the quotient).
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Although we have noticed this pattern using only the examples above. it is true for all
rationals of the form g {g+ 0). On division of p by ¢, two main things happen — either

the remainder becomes zero or never becames zero and we get a repeating siring of
remainders. Let us look at each case separately.

Case (i) : The remainder becomes zero

7
In the example of 5 e found that the remainder becomes zeio after some steps and

2 7 1 . 639
the decimal expansion of g 0.875. Other examples are . 0.5, == 2.556.Inall
thess cases, the decimal expansion terminates or ends after a finite number of steps.
We call the decimal expansion of such numbers terminating.

Clase (i) : The remainder never becomes Zero

10 1
In the examples of ~3— and 7 we notice that the remainders repeat after a certain

stage foreing the decimal expansion to go on for ever. In other words, we have a
repeating block of digits in the quotient. We say that this expansion is non-terminating

10 1
recurring. For example, —3:- =3.3333.. and }T =0 142837142857 142857...

10 -
The usual way of showing that 3 repeats in the quotient of 3 is to write it as 33.
1

1
Similarly, since the block of digits 142857 repeats in the quotient of 7 we write 5 s

0142857 . where the bar above the digits indicates the block of digits that repeats.

Also 3.57272... can be writien as 3.572 . So, all these examples give us non-terminating
recurring (repeating) decimal expansions.

Thus, we see that the decimal expansion of rational numbers have only two choices:
either they are terminating or non-terminating recorring.

Now suppose, on the other hand, on your walk oo the number ling, you come across
number like 3.142678 whose decimal expansion is terminafing or a number like
1.272727... that is, 1.27 . whose decimal expansion i3 non-terminating recurring, can
you conclude that it is a rational number? The answer is ves!
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We will not prove it but illustrate this fact with a few examples. The terminating cases
are easy.

Example 6 : Show that 3.142678 is a rational momber. In other words, express 3. 142678
in the form g where p and g are integers and g < 0.

3142678
1000000

Now. let us consider the case when the decimal expansion is non-terminating recurring,

Solution : We have 3142678 = » and hence is a rational number,

Example 7 : Show that 0.3333...= 03 can be expressed in the form -g . where p and

g are integers and g = 0,
Solution : Since we do not know what 03 is, let us call it *x" and so
x=10.3333...

Now here is where the trick comes in. Look at

10x=10 = (0.333...) = 3.333...
Now, 3.3323...= 3 + x.since x =10.3333..,
Therefore, I0x=3+x
Sobving for x. we get

1
3

9x =3, 1e.x=

Example 8 : Show that 1.272727...= 1.27 can be expressed in the form v‘g— where p

and g are integers and g = 0.
Solution : Letx=1,272727.,, Since two digits are repeating, we multiply x by 100 to
ael

100x= 1272727...

So, 100x=126+1272727.. =126+ 2%
Therefors. 100 x —x = 126, ie, 99 x=126
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: 126 14
ie. = ——=—

99 11

14 =
You can check the reverse thai 1—1- = 127

Example 9 : Show that 0.2353535... = 0.235 can be expressed in the form g

where p and g are integers and g # (.

Solution : Let x = 0,235, Over here, note that 2 does not repeat, but the block 35
repeats. Since two digits are repeating, we multiply x by 100 to get

100 x = 23.53535...

S0, 100x=233+023535..=233 +x
Therefore, 00 xy= 2313

i 99 x= E hich gi —E
iLe., x= 0 » which gives x = 990

233 oy
You can also check the reverse that -E-?E = 0.235,

So. every number with a non-terminating recurring decimal expansion can be expressed

in the form % (g # 0), where p and g are integers. Let us summarise our results in the

following form :

The decimal expansion of a rational number is either terminating or non-
terminating vecurring. Moveover, a number whose decimal expansion is
terminating or non-terminaiing recurring is rational.

So. now we know what the decimal expansion of a rational number can be. What
about the decimal expansion of irrational numbers? Because of the property above,
we can conclude that their decimal expansions are non-rerminating non-recurring.

So, the property for irrational numbers, similar to the property stated above for rational
numbers, is

The decimal expansion of an irrational number is non-terminating ron-recurring.
Moreover. a number whose decimal expansion is non-terminating non-recurring
is frvational.
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Recall s = 0.10110111011110... from the previous section. Notice that it is non-
terminating and non-recurting. Therefore, from the property above, it is wrational.
Moteover, notice that you can generate infinitely many irrationals similar to .

What about the famous irrationals \f7 and n? Here are their decimal expansions up
o & certain stage.
2 = 1.4142135623730950488016887242096...

n =3.14159265358979323846264338327950...

22
(MNote that, we often take ",—; as an approximate value for m, but = ‘? )

Owver the years, mathematicians have developed various techniques to produce more
and more digits m the decimal expamsions of irational numbers. For example, you
miight have leamnt to find digits in the decimal expansion of \f2 by the division method.
Interestingly, in the Sulbasutras (rules of chord), a mathematical treatise of the Vedic
period (800 BC - 500 BC), you find an approximation of \f3 as follows:

| I (T |
=l4+—+|=%=|-| —x—x—|=14142156
&=t eil-lairs)
Notice that it is the same as the one given above for the first five decimal places. The
history of the hunt for digits in the decimal expansion of m is very interesting.

The Gieek genius Archimedes was the first to compute
digits in the decimal expansion of w. He showed 3.140845
< n< 3142857, Aryabhatta (476 — 350 C.E.), the great
Indian mathematician and astronomer, found the value ;
of'n correct to four decimal places (3.1416), Using high 4 :
speed computers and advanced algorithms, = has been - 3.} o
computed (o over 1.24 trillion decimal places! il

Archimedes (287 BCE - 212 BCE)
Fig. 1.10

Now, let us zee how 1o obtain icrational numbers.

1 2
Example 10 : Find an irrational number between — and = .

7 7
1 —— PR
Solution : We saw that e (1142857 . So, you can easily calculate % ={.285714.

| 2
To Gnd an irrational number belween _7' and :II; we find a number which is
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non-terminating non-recurring lving between them. Of course, vou can find infinitely
many such numbers.

An example of such a number is 0.15015001 50001500040,

EXERCISE 1.3

1. Write the following in decimal form and say what kind of degimal expansion each

has :

36 1 1
” Do) . = A 4_
@ o0 @ 5 (i) 43
2 2 y 329
W) 13 ST ™D G00

| R 2 3
2. Youlknow that 7° 0142857 | Canyou prediet what the decimal expansions of g

4 5 @ ; ; G
?. E ; are, without actually doing the long division? If so. how?

1
[Himt = Study the remainders while finding the valus of 7 carefullv.]

3.  Express the following in the form g -where p and g are integers and g = (.

i 06 (i) 0.47 (i) 0.001

4. Express 099999  in the form .g. Are yon surprised by your answer? With your
teacher and classmates discuss why the answer makes sense,

5. What can the maximum number of digits be in the repeating block of digits in the

1
decimal expansion of 17 Perform the division to check vour answer.

6. Look st several examples of rational nombers in the form -:}: (g = 0), where p and g are

integers with no common factors other than | and having terminating decimal
representations (expansions). Can you guess what property ¢ must satisfy?

7. Wrile three nurabers whose decimal egpansions are non-terminatiing non-recurring.

9

5
8. Find theee diflersnt rrationsl numbears betwesn the rational nombes E and ﬁ .

9. Classify the following numbers as rational or irsational ;

0 V23 W 223 (iil) 0379
(iv) 7478478... (v} 1.101001000100001...
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1.4 Operations on Real Numbers

You have learnt, in earliar ¢lasses, that rational numbers satisfy the commuiative,
associative and distributive laws for addition and mmltiplication. Moreover, if we add,
subtract, multiply or divide (except by zero) two rational numbers, we still get a rational
number {that is, rational numbers are ‘closed’ with respect to addition, subtraction,
multiplication and division). It tums out that irrational numbers also satisfy the
commutative, associative and distributive laws for addition and multiplication. However.
the sum. difference, quotients and products of irrational numbers are not abways

irrational. For example, [JE] 3 (—JE] (JE] - (-.EJ (\E)(wﬁ] and % are
rationals.

Let us look al what happens when we add and multiply a rational number with an
irrational number, For example, /3 is irrational. What about 2 + /3 and 2+/3 7 Since

V3 has a non-terminating non-recurring decimal expansion, the same is true for

2 ++f3 and 244@ . Therefore, both 2 + /3 and 24’5 are also irraional numbers,

Example 11 : Check whether 7.5 . :}% VZ + 21, m -2 are irrational numbers or

not.

Solution : ..f— = 223005 -\E =1.4142..;, m=3.1415...

W5 75
Then 7.5 =15.652.... i Wg:? =3.1304..,

V2 +21=224142... -2 = 1.1415..
All these are non-terminating non-recurring decimals. Se, all these are irrational numbers.

Now, let us see what generally happens if we add, subtract. multiply, divide, take
square rools and even nth roots of these irrational numbers, where » 15 any natural
number. Lat us look at some examples.

Example 12 : Add 22 + 53 and 2 - 313
Solution : (2V2 +5V3) + (V2 - 34B) = (242 +42) + (53 - 343)
= C2+1)V2+(5-3)B =32+ 243
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Example 13 : Multiply 645 by 2./5 -

Fs'ﬂiul'inn:ﬂ.fg x zﬁ—'ﬁtzx J_ x.jg =12=5=§0

Example 14 : Divide 8./15 by 2./3 .

Solution : 815 + 243 ZM =45
3
These examples may lead you to expect the following facts, which are true:
(iy The sum or difference of a rational number and an irrational number is irrational,
(i) The product or quotient of a non-zero rational number with an irrational number is
irrational.
(iii) It we add, subtract, multiply or divide two frationals, the result may be rational or
irrational.

We now turn our attention to the operation ol taking square roots of real numbers.
Recall that, if @ is 4 natural mummber, then -.,l"_ = b means #* =a and b = 0. The same
definition can be extended for positive real numbers.

Let @ > 0 be a real number. Then .JE = h means »* =g and b >0,

In Section 1.2, we saw how to represent Jp_; for any positive integer » on the number
line. We now show how to find \[x for any given positive real number x geometrically,
For example, let us find it forx= 3.3, Le., we find ..,‘_3_ 5 geometrically,

Fig. 1.11

Mark the distance 3.5 units from a fixed point A on 4 given line to obtain a pomt B such
that AB = 3.5 units (see Fig. 1.11). From B. mark a distance of 1 unit and mark the
new point as C. Find the mid-point of AC and mark that point as Q. Draw a semicircle
with centre O and radius OC. Draw 4 line perpendicular to AC passing through B and
intersecting the semicircle at D, Then, BD = 3.5
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More generally. to find Jx | for any positive real
number x; we mark B so that AB =x units, and, as in
Fig. 1.12, mark C so that BC = | unit. Then, as we

have done for the case ¥ = 3.5. we find BD = vx

(see Fig, 1.12). We can prove this result using the A«

Pythagoras Theorem. Fig. 1.12

Notice that, in Fig. 1.12, A OBD is aright-angled triangle, Also. the radius of the circle
x+1

i3 5 units.
+1
Therefore, OC = OD = OA = J"T upits
i (x_H] _x-1
Now, OB = o 2

So. by the Pythagoras Theorem, we have

2 ¥
BTJ?=-0D“—0B1=[I;‘1} —(x_lj L

This shows that BD = fx .

This construction gives us a visual, and geometric way of showing that fx exists for

all real numbers x > 0. If you want to know the position of .UG:' on the number line,

then let us treat the line BC as the number line, with B as zero, C as 1, and so on.
Draw an arc with centre B and radius BD. which intersects the number line in E

(see Fig, 1.13). Then, E represents vx .
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We would like to now extend the idea of square roots to cube roots, fourth roots,
and in general nth roots, where 7 is a positive integer, Recall your understanding of
square roots and cube roots from earlier classes.

Whar is -ﬁ'ﬁ 7 Well, we know it has to be some positive number whose cube is 8, and

vou must have guessed {,I"E =2. Letustry .,5}'2_43 . Do vou know some number & such
that »* = 2437 The anawer is 3. Therefore, §f243 =13.

From these examples. can you define &g for a real number a = 0 and a positive
integer a7
Let @ > 0 be a real number and » be a positive integer. Then gfy = b, if " = a and

b= 0. Note that the symbol * \J~ * used in 24k . ofa . ete. is called the radical sign,

We now list some identities relating to square roots, which are useful in various
ways., You are already familiar with some of these from your earlier classes, The
remaining ones follow from the distributive law of multiplication over addition ol real
numbers, and from the identity (x + ¥) (x — y) = x* — 32, for any real numbers ¥ and y.

Let a and b be positive real numbers. Then

(i) ab =ab {EE\E=%

i) (Va+vB)(Ya—vB)=a-b (v) (a+B)(a—b)=a'~b
v) (Va +B) (Ve + Vi) = Vac + Jad +Jbe + Jbd

(v) [JE+JE]1=4+2~,’E+5

Let us look at some particular cases of these identifies.

Example 13 : Simplify the following expressions:

® (5+47)(2+5) @ (5+45)(s-+5)
i) (V3 ++7) (iv) (VI —~7) (VIT +47)

L]
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Solution : (i) (5+ﬁ] [2 +3/5) =10+ 515 + 247 + 35

(ii) (5+J§][5—J§]:5’~(J§]2:25-5:20

i) (V3 +37) =(V3) + 2347 + (V) =3+ 2421 + 7 =10+ 2421

(iv) (VIT =) (VT + 7) = (V1) = (V7) =11-7=4

Remark : Note that “simplify” in the example above hag been used to mean that the
expression should be written as the sum of a rational and an irrational number.

i
We end this section by considening the following problem. Look at E Can vou tell

where it shows up on the mumber line? You know that it is irrational. May be it is easier
to handle if the denominator is a rational pumber. Let us see, if we can “rationalise’ the
denominator, that is. to make the denominator into a rational number. To do so, we
need the identities mvolving square roots, Let us see how.

1
LExample 10 : Rationalise the denominator of :E

1
Solution : We want to write E as an equivalent expression in which the denominator

is a rational number. We know that /3 . /2 is rational. We also know that multiplying

1 2 2

N by E will give us an equivalent expression, since E = 1. So, we put these two

facts together to uet

1 1 2 f

V2 2 2 2

1
In this form. it is easy to locate E on the number line. It is half way between ()

and ﬁ
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1
Example 17 : Rationalise the denominator of 243

1
Selution : We use the Identity (iv) given earlier. Multiply and divide ZT:E by

i—wﬁmgﬁ*g:( 2- j: 5 J"_z 5

3
Example 18 : Rationalise the denominator of - JE

Solution : Here we use the Identity (iii) given earlier,

5 5 B (-‘E+J§)=[_?5](ﬁ+£)

0. -5 B 3-5

1
Example 19 : Rationalise the denominator of T+32

Solution :

S U ?—3@]_?—3&_?-3@
T+32 7+32 |7-3J2) 49-18 31
So, when the denominator of an expression contains a term with a square root {or

a number under a radical sign), the process of converting it to an equivalent expression
whose denominator is a rational number is called rationalising the denominator,

EXERCISE 14
L. Classify the following numbers as rational or irrational:

6 2-+5 i (3+423)-V23 @ T?

1
{v) E (V) 2x
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2. Simplify each of the following expressions:

0 ()] (s )
(i) (Jf_=+\-"5]1 (iv) [v'@ ~J§)(J5+-E)

3. Recall. mis defined as the ratio of the circumierence (say ¢} of a circle to its diameter

(say ). Thatis, n = ﬁ:' This seems to contradict the fact that x is irrational, How will
you resolve this contradietion?
Represeni 9.3 on the numbes ling,
Rutionalise the denominators of the followmg:
I 1
(i) ﬁ (i) m
|

l
@ 5472 0 J7_3

1.5 Laws of Exponents for Real Numbers

Do you remember how to simplify the following?

(i) 1717 = (i) (5%)" =
11
(iii) = (iv) 70 .9 =
Did vou get these answers? They are as {ollows:
(iy 1717 =17 (i) (5%)" = 3"
(iif) ii:;: = ¢ (iv) 7. 9% =63

To get these answers, you would have used the following laws of exponents,
which you have leamt in your earlier classes, (Here a, n and m are naiural nurmbers,
Remember. a 15 called the hase and m and » are the exponents.)

@ = @ (amy = a™

(1ii) ﬂ—, =q" ".m>=n (iv) a*b™ = (ab)"
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What is {a)*? Yes, itis 1! So you have learnt that (2)" = 1. So, using (iii). we can

1
get — =@ . We can now extend the laws to negative exponents too,

So, for example :

(i) 1?’-1?"‘=1?'3=# @) (5%)7=5"
10

(i) g =23" ) () (9)* = (63)°
Suppose we want to do the following computations:

: | 1yt
(i) 2*.2 (if) [31

1

T . 1 1
(iif) (V) 13¥ -17¢

WA=

7

How would we go about it? It turns out that we can extend the laws of exponents
that we have studied earlier, even when the base is a positive real number and the
exponents are rational numbers. (Later you will study that it can further to be extended

when the exponents are real numbers.) But before we state these laws, and to even
i

make sense of these laws, we need to first understand what, for example 42 is. So.
we have some work to do!
We define 2fy for a real number a >0 as follows:
Let a > 0 be & real number and n a positive integer. Then &g = b. if #* = a and
b=10.
L |
In the language of exponents, we define :5!'5 = a", So, in particular. 32 = 27,

E]
There are now two wayvs to look at 42,
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Theretore, we have the following definition:

Let a = () be a real number, Let s and # be integers such that s and » have no

comumnon factors other than 1, and » = 0, Then,

a - (4a)" = "

We now have the following extended laws of exponents:

Let @ = 0 be a real number and g and 4 be rational numbers.

(i) av. a7 = ar (i) (a®)y = a®
(i) —=a*"" (iv) a*b® = (ab)y

Then, we have

You can now use these Iaws to answer the questions asked earlier.

2 5
Example 20 : Simplify (i) 2° .2} (ii) [3?]
i
73 11
(iii) — (iv) 135 .17
Solution : i
2 1 [é-l] 3 s 4
@ 2%.22=2% ¥Y=2'=2'=2 (i) [35] =3*
7oy s 2 Lo :
(i) — =7 ¥=78 =75 (iv) 132 -173 =(13=17)*
73
EXERCISE 1.5
! ! 1
1. Find: (i) 642 (i) 32° (i) 125
3 2 3
2. Find: (i) 92 (iiy 32% (i) 16%
4 [
. . 1
3. Simplify: @ 272 (i) {;—] iy 22

114

I
= 2215

I
{iv) 1257

i

{iv) 73.82



24

baTHEMATICE

L.6 Summanry

In this chapter, you have studied the following points:

L.

Anumber ris called a rational numbes, 10l cen be writlen in the form -‘;; , Where pand g are

integers and g = 0.

Anumbes 58 called a irrational numbes, if il canmol be written in the form ag- , wheie p and
¢ are integersand g = {0,

The decimal expansion of a rational muraber is gither terminating or non-terrninating recuming,
boreover, anumber whose decial expansion is terminating or non-terminating recurting
iz rational,

The decimal expansion of an irrational number is non-terminating non-recurring. Moreover,
a nuriber whose decimal expansion 15 non-terminating non-recurring is inretional.

All the rational and irrational numbers malke up the collection of real numbers.

If pis rational and s is irrational, then #+ & and ¥ — £ are ireational numbess, and #s and ; are

ircational numbers, r= .

For positive real numbers ¢ and b, the following identities hold:

_ 7 _a

O e -adh @ fo-32

i) (Va+vB)(Va-vB)=a-b (v (a+b)(a-vb)=a’-b
(v) (JE-q—JE}J =a+ 2Jab + b

Ja -5
Ja - b

1
To rationalize the denominator of o + we multiply this by « where g and b are
a+

inregers,

Let g = 0 ba a real number snd p and g be rationsl numbers. Then
i) o at=a"*7 (m) (@) =a™

‘TF
(i} = a** (iv) a™hr = (ghy"
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2.1 Introduction

You have studied algebraic expressions. their addition. subtraction. multiplication and
division in earlier classes. You also have smdied how to factorise some algebraic
expressions. You may recall the algebraic identities

(r+pP=x+2yp+34

(xr—3) =2 - 2xp + 12
and ¥—v=+yix—yp
and their use in factorisation. In this chapter, we shall start our study with a particular
type of algebraic expression. called polyromial, and the terminology related to it. We
shall also study the Remainder Theorem and Factor Theorem and their use in the

factorisation of polynomials, In addition to the above, we shall study some more algebraic
identities and their use in [actorisation and in evalualing some given expressions,

2.2 Polynomials in One Variable
Let us begin by recalling that a variable is denoted by a symbol that can take any real

: : 1
value, We use the letters x. v, z, etc. to denote variables, Notice that 2x, 3x, — x, 5%

are algebraic expressions. All these expressions are of the form (a constant) = x. Now
suppose we want to write an expression which is (a constant) * (a variable) and we do
not kmow what the constant is. In such cases, we write the constant as a, b, ¢, etc. So
the expression will be azx, say.

However, there is & difference between a letter denoting a constant and a letier
denoting a variable, The values of the constants remain the same throughout a particular
situation, that is, the values of the constants do not change in a given problem. but the
value of a variable can keep changing.
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Now, consider a square of side 3 units (see Fig. 2.1). 3
What 1s its perimeter? You know that the perimeter of a square
is the sum of the lengths of its four sides. Here, each side is I
3 units, So, its perimeter is 4 = 3, i.e,, 12 units, What willbethe - ¥
perimeter il each side of the square is 10 units? The perimeler
is 4 = 10, i.e., 40 units. In case the length of each side is x — —
units (see Fig. 2.2}, the perimeter is given by 4x units. So, as Fi, 2.1
the length of the side varies, the perimeter varies. g

Can you find the area of the square POQRS? Tt is
¥ ¥ ¥ =x* square units. ¥? is an algebraic expression. Yonare 3 - R
also familiar with other algebraic expressions like
2x, 22+ 2z, — 2! + 4x + 7. Noie that, all the algebraic
cxpressions we have considered so far have only whole
numbers as the exponents of the variable. Expressions of this
form are called polynomiais in one variable. In the examples F = Q
abave, the variable is x. For mstance, ¥ —x*+4x+ 715 a o
polynomial in . Similarly, 33 + 5y iz a polynomial in the i
variable ¥ and # + 4 is a polynomial in the variable 7.

In the polynomial # + 2x, the expressions x* and 2x are called the terms of the
polynomial, Similarly, the polynomial 33* + 5):+ 7 has three terms, namely, 3?4, 5y and
7. Can vou write the terms of the polynomial -2 + 4x? + Tx — 2 7 This polynomial has
4 terms, namely, —*, 4!, Tx and -2.

Each term of a polynomial has a coefficient. So, in —* + 4x + 7x — 2, the
coetficient of 37 is —1, the coefficient of ¥ is 4, the coefficient of x is 7 and -2 is the
coefficient of x* (Remember, x* = 1). Do you know the coefficient of x in x* — x + 77
Itis—1.

2 is also a polynomial. In fact, 2, -5, 7, ete. are examples of constant polynomials.
The constant polynomial O is called the zero polynomial. This plays a very important
role in the collection of all polynomials, as vou will see in the higher classes.

1 .
Now. consider algebraic expressions suchasx + — *-I'r; +3and ify + 5% Do you
X
) 1 )
kniow that you can wrile x + =5 x + 2717 Here, the exponent of the second term, ie.,

x ' i5—1, which is not a whole number. S0, this algebraic expression is nota polynomial,

1

1 l
Again, Jx +3 can be written as x? = 3. Here the exponent of x s 5 which is

not -a whole number. S0, is J; + 3 a polynomial? No. it is not. What about
iy +3#2 Itis also not & polynomial (Why?).
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If the variable in a polynomial is x, we may denote the polynomial by p(x). or g(x).
ar 7{x), etc. So, for example, we may write :
plxy=2+5x-3
glx)=x3 -1
Hy) =y +p+1
su) =2 — y— w+ 6u°
A polynomial can have any (finite) number of terms. For instance, x'% + x4+
+x?+x+ | is a polynomial with 151 terms.

Consider the polynomials 2x, 2, 5%, —5x%, y and &*. Do you see that each of these
polynomials bas only one term? Polynomials having only one term are called monomials
(‘mono’ means “ong’).

Now observe each of the following polynomials:

pla)=x+ 1, glx) = x* - x, ) =3 + 1, Hu) = ut — u®

How many terms are there in each of these? Each of these polynomials has only
two terms. Polynomials having only two terms are called binomials (*bi* means “two’).

Similarly, polynomials having only three terms are called (rinomials
(*tri* means ‘three’). Some examples of trinomials are

plxy=x+x"+m, glx) =2 +x-x,

Ay)= ut+u*-2, =y +y+5.

Now, look at the polynomial p(x) = 37 - 4x* + x + 9, What is the term with the
highest power of x ? It is 3x7. The exponent of x in this term is 7. Similarly, in the
polynomial g(y) = 53 — 49* — 6, the term with the highest power of y is 5)* and the
exponent of y in this term is 6. We call the highest power of the variable in a polynomial
as the degree of the polynomial. So, the degree of the polynomial 3x7 - 4x* + x + 9
15 7 and the degree of the polynomial 5% — 4y — 6 18 6. The degree of a non-zero
constant polynomial is zero.

Example 1 : Find the degree of each of the polynomials given below:

(i) 2—x*+3 {ii) 2 — 32— 37 + 28 (1ii) 2
Solution : (i) The highest power of the variable is 5. So, the degree of the polynomial
i5 3.
(i) The highest power of the variable is 8. So. the degree of the polynomial is &,

(iii) The only term here is 2 which can be written as 2x% So the exponent of x is 0.
Therefore, the degree of the polynomial 15 0.
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Now observe the polynomials plx} = 4x + 3, gly) =2y, Hr) =1 + V2 and
(1) =3 —w. Do you see anything common among all of them? The degree of 2ach of
these polynomials is one. A polynomial of degree one is called a linear polynomial.
Some more linear polynomials in one variable are 2x — 1, V2 v+ 1,2 - w Now, try and
find a linear polynomial in x with 3 terms? You would not be able to find it because a
linear polynomial in x can have at most two terms. So, any linear polynomial inx will
be of the form ax + b, where a4 and b are constantz and a < 0 (why?7). Similarly,
ay+ b is a linear polynomial in y.

Now consider the polynomials ;
2
26+ 5 527+ 3w+ m. fmdf+-5-x

Do you agree that they are all of degree two? A polynomial of degree two is called
a quadratic polynomial. Some examples of a quadratic polynomial are 5 — 34,
4y + 5v and 6 — y — % Can you write a quadratic polynomial in one variable with tour
differen! terms? You will find that a quadratic polynomial in one variable will have at
most 3 terms. If vou list a few more quadratic polynomials, vou will find that any
quadratic polynomial in x is of the form ax® + bx + ¢, where @ # 0 and a. b, ¢ are
constants, Similarly, quadratic polynomial in y will be of the form ay? + by + ¢, provided
a =0 and @, b, ¢ are constants.

We call a polynomial of degree three a cubic polynomial. Some examples of a
cubic polynomial inxare 402, 207 + 1, 58+, 6 —x, 6 - . 27 + 42 + 6x + 7. How
many terms-do you think a ¢ubic polynomial in one variable can have? Tt can have at
most 4 terms. These may be written in the form ax® + bx? + ex + d. where a = 0 and
a, b, ¢ and d are conslants.

Now, that you have seen what a polynomial of degree 1, degree 2, or degree 3
looks like, can you write down a polynomial in one variable of degree » for any natural
number n? A polynomial m one variable x of degree n is an expression of the form

1
ax+a .. Haxta

where a,. a,. a,, . . ., a, are constants and a, = 0,

In particular, if a,=a, =a,=a,=...=a, = 0 (all the constants are zero). we get
the zero polynomial, which is denoted by 0, What is the degree of the zero polynomial?
The degree of the zero polynomial is no? defined.

So far we have dealt with polyvnomials in one variable only. We can also have
pobynomials in more than one vanable. For example, ¥ + 3 + xyz (where variables
are x, y and z) is a polynomial in three variables. Similarly p* + ¢'* + » (where the
variables are p, g and »), &* +1* (where the variables are » and v) are polynomials in
three and two variables, respectively, You will be studying such polynomials in detail
later.
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EXERCISE 2.1

1. Which of the following expressions are polyoomials in one variable and which are
noi? State reasons for your answer

s
M 42-3x+7  (@¥F+.3 i} 347 <2 ongt=
(v) 20+yP 42
2. Write the coefficients of ¥ in each of the following;
@) 2+7+x (i) 2-F+2 (i) Ex‘ +x (i¥) VZx-1

3. Give pne example each of a binomial of degree 35, and of o mionomial of degree 100,
Write the degree ol each of the [vllowing pulynomials:

i) 3+d4zt+7x (Hh 4 —9?
(i) 51— 7 (v) 3
5. Classily the following as Hnsar, quadratic and cubic polynomizls;
i) x+x (i) x — ! (iii) ¥+ +4 (iv) | +x
) ¥ {(vi) 12 (vii} T

2.3 Zeroes of a Polynomial

Consider the polynomial  p{x) = 5x° - 26 + 3x - 2.
Il we replace x by 1 everywhere in pix), we get
p)=5x(1F-2x (1P+3x(1)-2
=5-2+3-2
=4
So. we say that the value of p(x) at x = | 15 4.
Similarly, p(0) = S(09 — 2000 + 3(0) -2
=-2
Can you find p(-1)?
Example 2 : Find the value of each of the [ollowing polynomials at the indicated value
of variables:
(i) px)=5x2—-3x+Tatx= L
(i) g0)=3"—4dp+ V11 aty=2.
() pir)=4*+5¢ -+ 6atr=a.
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Solution : (i) px) =5 -3x+7
The value of the polynomial p(x) atx =1 iz given by
p(l)=5(1¢-3(1) +7
=5-3+T=19
() g(y) =33 —dv+ fi1
The valve of the polynomial g(y7) at y = 2 is given by

¢(2) = 3(2P - 4(2)+ 11 =24 -8+ 11 =16+ fi1
(iil) p(fil =4+ 5F - £+ 6
The value of the polynomial p(f) at ¢ = a is given by

play=4a'+5a -+ 6

Now, consider the polynomial p(x)=x— 1.
What 15 p(1)? Note that : p(1}=1-1=10.
As p{1)= 10, we say that 11s a zero of the polynomial p(x),
Similarly, you can check that 2 1s a zero of g(x). where g(x}) =x - 2.
In general, we say that a zere of a polynomial p{x) is a number ¢ such that p{e) = 0.

You must have observed that the zero of the polynomial x — 1 is obtained by
equating it to 0, i.e., x — 1 = 0. which gives x = 1. We say p(x) = 0 is a polynomial
equation and 1 is the roof of the palynomial equalion p(x) = 0, So we say 1 is the zero
of the polynomial x — 1, or a reot of the polynomial equation x— 1 = (.

Now, consider the constant polynomial 5. Can you tell what its zero is7 It has no
zero because replacing x by any number in 5x" still gives us 5. In fact. a non-zero
constant polynomial has no zero. What about the zeroes of the zero polynomial? By
convention. every real nuniber is a zevo of the zero polynomial.

Example 3 : Check whether -2 and 2 are zeroes of the polynomial x + 2.
Solution : Let p(x) =x+ 2.
Thenp(2)=2+2=4, p(-2)=-2+2=0
Therefore, -2 is a zero of the polvnomial x + 2, buf 2 is not.
Example 4 : Find a zero of the polynomial p(x) =2x + 1.
Solution : Finding a zero of p(x). is the same a5 solving the equalion
plx) =0
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1
Now, ll.:+l-—'{rgivesusx——5

l
So. 3 is a zero of the polynomial 2x + |,

Now, if p(x) =ax + b, a # 0, is a linear polynomial, how can we find a zero of
p(x)? Example 4 may have given you some idea. Finding a zero of the polynomial p(x).
amounts to solving the pelynomial equation plx) = (.

Now, pix) = 0 means ax+h=0,a%0
SO. ax =—h
) h
L&, T =

a

b
So.x=- = is the only zero of pix). i.e.. a finear pohmomial has one and only one zero,

Now we can say that 1 is the zero of x — |, and -2 is the zero of x + 2.

Esample 5 : Venify whether 2 and 0 are zeroes of the polynomial x* — 2x.

Solution : Let pix) =xi—2x
Then pR)=2-4=4-4=0
and pM=0-0=0

Hence, 2 and ) are both zeroes of the polynomial x* — 2x,
Let us now list our observations:
(i} A zero of a polynomial need not be 0,
(i} O may be azero of a polynomial.
(iii) Every linear polynomial has one and only one zero.

{iv) A polynomial can have more than one zero.

EXERCISE 2.2
1. Find the value of the polynomial x4+ 3 at
@ x=0 (i) x=-1 {iif) x=2
2. Findp(0), pi1)and p(2) for each of the following polynomials;
@ pl)=y-ytl (D p{)=2+r+27-F
(i) plx)=x" (i) pix)=(x—1){x+1)
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3. Verify whether the following aie zeroes of the polvnomial, indicated against them,

1 4

@ px)=3x+1, x= 3 (i) plx)=3x-m, x=7
(W) pix}=x"-1, x=1,-1 i) p()=(x+ 1) (x-2), x=-1,2
) px)=x x=0 (vi) O = b+, x= ?
iy plx)=3x- 1, x= —L! -8 {wiil} p{x)=2x+1 J:=i

1 Jg .HE E 2

4. Find the zero of the polynomial in each of the following cazes:

@ plx)=x+5 (@) plx)=x-5 (i) o) =2x+5
(i) plx)=3x-2 v) p{x)=3x ivi} plx)=ax,a=0

(Vi) pix) =cx + d, 0 £ 0, ¢, d are real aumbers,

2.4 Factorisation of Polynomials

Letus now look at the situation of Example 10 above more closely, It tells us that since

2
for some polynomial g(¢). This is a paiticular ¢ase of the following theorem.

]
the remainder, I&{"‘J =1{), (2t = 1) is a factor of g}, Le, g() = (2t + 1) g(i)

Factor Theorem : If p(x) is a polynomial of degree n = 1 and a4 is any real number,
then (i) x—a is a factor of p(x), if p{a) = 0, and (ii) p(a) = 0. if x — 2 is a factor of p(x).

P'rool: By the Remainder Theorem, p(x}=(x —a) g{x) + p(a).
(i} If p{a)= 0, then p(x) = (x —a) g(x), which shows that x — a is a factor of p(x).
(i) Since x —a is a factor of p(x), p(x) = (x — g} glx) for same polynomial g(x).
In this case, p(a) = (a — a) gla) = 0.

Example 6 : Examine whetherx+ 2 is a factorof x* + 32 + 5y + 6 and of 2x + 4,
Solution : The zero of x + 2 is -2, Let p(x) =x* + 3x* + 5x+ 6 and 5(x) = 2r + 4
Then, P2 = (2P +3(-2F+5-2)+6

=-8+12-10+6

=1
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So, by the Factor Theorem, x + 2 is a factor of £ + 322 + 5x + 6.

Again, §=2)=2-2) +4=0

So, x + 2 is a factor of 2x + 4, In fact, you can check this without applying the Factor
Theorem, since 2x + 4 = 2(x + 2).

Example 7 : Find the value of %, if x— 1 is a factor of 4o + 322 —dx + k.

Solution : Asx— lisafactorofp(x) =42 + 32 —4x+ k. p(l1) = 0

Now, LY = 4008 + 3(1) - 4(1) + k
So, 4 +3-4+k=10
Le., k=3

We will now use the Factor Theorem to factorise some polynomials of degree 2 and 3.
You are already familiar with the lactorisation of a quadratic polynomial like
£ + Ix + m. You had factorised it by splitting the middle term Ix as ax + bx so that
ab =m. Then 22 + Ix + m = (x + @) (x + b). We shall now try to factorise quadratic
polynomials of the type ax! + bx + ¢, where a # 0 and a, b, ¢ are constants.

Factorisation of the polynomial gx* + bx + ¢ by splitting the middle term is as
follows: R

Let its factors be (px + ¢) and (rx + 5). Then = = 3x = first term of quotient
ac*+bx+c=(px+q) (ix + s}:prf+u§¥+ qr) ¥ + gs

Comparing the coelficients of 2%, we get a = pr.

Similarly, comparing the coelficients of x, we gel b= ps + gr.

And, on comparing the constant terms, we get ¢ = ga.

This shows us that b is the sum of two numbers ps and gr, whose produet is
(ps)(gr) = (pri(gs) = g

Therefore, to faclorise ax® + bx + ¢, we have to write b as the sum of two
numbers whose produoct is ac. This will be clear from Example 13,

Example 8§ : Factorise 6x° + [7x + 5 by splitting the middle term, and by using the
Factor Theorem.

Solution 1 : (By splitting method) ¢ If we can find two numbers p and g such that
p+g=17 and pg=06x3=730, then we can get the factors.

S0, let us look for the pairs of factors of 30. Some are | and 30, 2 and 15, 3 and 10, 5
and 6. Of these pairs, 2 and 15 will give usp +g = 17.
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So, 622+ 1Tx +5 = 6x2+ (2+ 150 + 5
=6x+2x+15x+5
=2x(3x+ 1)+ 503+ 1)
={(3x+ 1) (2xr+5)

Solution 2 : (Using the Factor Theorem}

; 17 3
62+ 1Tx+5= ﬁ[rl + Ex - E] =0 plx), say. Il @ and b are the zeroes of p(x), then

5
grf+ 17+ 5=0{x—a){x—5b) S0, ab= E Let us look at some possibilities for o and

k. They could be +~I—.+—l~+i-+§~+1.an. p[£)=l+£[l]+£ 0. But
23 3 2 2 4 a6\ 2 (4]

-1 |
F[?} =0, So. [I +5J is a factor of p(x). Similarly, by trial, you ean find that

[::: -+ ;J is a factor of p(x).

Therefore, Gx+ 1Tx+5= 5{x+é] (;H. g]

: 5 |

_ 6(31+1J(2x+5]
1 2

= (3x+ 1) (2x + 5)

For the example above, the use of the splitting method appears more efficient. Towever,
let us consider another example,

Example 9 : Factorise y* — 5y + 6 by using the Factor Theorem.

Solution : Let p(y) = 3* — 5y + 6. Now, if p(3) = (y — a) (v — ). you know that the
constant term will be ab. So, ab = 6. So, to look for the [actors of p(y), we look at the
factors of 6.

The [actors of € are 1, 2 and 3.
Now, p(2)=2'-(5=2)+6=0
So. ¥ 2 1s a factor of p(y).
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Also, p(3)=%_(5x3)+6=0

8o, »—3isalsoafactor of )7 — 5y + 6.

Therefore, ¥ —5¢+6=(y—2){y—3)

Note that 32 — 5y + 6 can also be factorised by splitting the middle term —5y.

Now, let us consider factorising cubic polynomials. Here, the splitting method will not

be appropriate to start with. We need to find at least one factor first, as you will see in

the following example.

Example 19 : Factorise ¥* — 23x* + 142x — 120.

Solution : Let p{x) = ¥ —23x*+ 142x — 120

Ve shall now look for all the factors of -120. Some of these are +1, £2, £3.

4, £5,£6, £8, £10,£12. 15,20, £24, £30, £60.

By trial, we find that p(1) = 0. So x — 1 is a factor of p(x).

Now we see that ¥ — 232 + 142x — 120 =" — ¥ — 2222 + 22+ 120x — 120
=xx-1)=22x(x - 1)+ 120(x - 1) (Why?)
=(x~1)(x?-22x +120) [Taking (x - 1) common)]

We could have also got this by dividing p{x) by x — L.

Now x? —22x + 120 can be factorised either by splitting the middle term or by using
the Factor theorem. By splitting the middle term, we have:

¥ 22x+ 120 = ¥ — 12x — 10x + 120
= x(x - 12) = 10(x — 12)
= (x—12) (x - 10)
So, ¥ 23— 142x — 120 = (x — 1){x — 10)(x - 12)

EXERCISE 2.3
1. Determine which of the following polvonomials has (x +1) a factor ;
) FEdex¥l ) = Fart]
(i) 24+ 3+ 3 bt 1 () ¥~ (2+42)x+42

2. Use the Factor Theorem to determine whether p{x) is a factor of p(x) in each of the
following caszes:

M p)=20+2-2¢—lglr)=x+1
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i} pix)=r 43743+ 1 glx)=x+2
(i)} plx)=x"-dxl+x+06, glx)=x-3

3. Find the value of k. if x — 1 i3 a factor of plx) in each of the following caszes;

i plx)=x+x+k {ii) plx)=2"+kx+ .2
(iil) ple)=Joet— Fx+1 (iv) plx) =l 3x+k
4. Factorise
{0 12x*-Tx+1 (i) 257+ Tx+3
(i) Gxl+3x-6 v) 3a%-x -4
5. Factorizse:
i ®2-2-x+2 fii} x*— 37— 9x—35
(iii) »+13%+32c+ 20 ) 2@+ -2p-1

2.5 Algebraic Identities

From your earlier classes, vou may recall that an algebraic identity is an algebraic
equation that is true for all values of the variables ocourring in it. You have studied the
following algebraic identities in earlier classes:

Tdeatity I = (x+3P=x+ 2y +
Tdentity T :(x—yR=x'—2xp+
Identity I : 2 — 2 =(x+) (x—»)
Identity IV :(x+a)(x+b)=x"+(a+bx+ab

You must have also used some of these algebraic identilies to factorise the algebraic
expressions. You can also see their utility in computations.

Example 11 : Find the following produets using appropiiate identities:
(1) (x +3) (x +3) (il) (x—3) (x +5)

Solution : (i) Here we can use Identity I : (x +3F =2+ 2xy + 32 Putting y =3 in i,
we get

(e +3) (x+3)= (x+ 3P =0+ 2(x)(3) + 3
=31+ 6+ 9
(ii) Using Identity IV above, ie., (x + a) (x + B} = 22 + (a + b)x + ab, we have
- 3) [ +5) =2+ (-3 + 5+ (=345
=5+ 2x—15
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Example 12 : Evaluate 105 x 106 without multiplying directly.

Solution : 105 x 106 = (100 +5) x (100 + 6)
= (1002 + (5 + 6) (100) + (5 x 6), using Identity IV
= 10000+ 1100+ 30
= 11130

You have seen some uses of the identities listed above in finding the product of some
given expressions. These identities are useful in factorisation of algebraic expressions
also, as vou can see in the following examples.

Example 13 : Factorise:

i
(i) 49a + T0ab + 25K o e e

Solutien : (i) Here vou can see that
494 = (7Ta)?, 25b% = (5b)?, T0ab = 2(7a) (5b)
Comparing the given expression with x* + 2Zxy + 2. we observe that x = 7a and y = 5b.
Using Idennty I, we get
49a® + T0ab + 255 = (Ta + 5b)° = (Ta + 5b) (Ta + 5b)

5
[ii) We have 2—5-::: - -'v——_-(lﬁ-xj ik [J’J‘
4 o 2 3

Now comparing it with Identity ITT, we get

So far, all our identities involved products of binomials. Let us now extend the Tdentity
1w atrinomial x + y + z. We shall compute (x + ¥ + 7)* by using Identity I,

Letx + y=1. Then,
(x+y+z=(r+z}
=P +2z+F (Using Identity I)
=x+yP+2x+yiz+ 2 {Substituting the value of 1)
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=X+ 2y +P+ 2+ e+ {Using Identity I)
=+ + 2+ 20+ Yz + 2x {Rearranging the terms)
So, we get the following identity:

Identity Vi (x+p+ 2P =X+ + 2 + Doy + 2pz + 22x
Remark : We call the right hand side expreszion the expanded form of the left hand
side expression. Note that the expansion of {x +y + z)? consists of three square terms
and three product terms.
Example 14 : Write (32 + 4b + 5¢)* in expanded form.
Solution : Comparing the given expression with (x + y + 2, we find that
y=3g,yv=4dband z = 5c.
Therefore, using Identity V, we have
(3a+ 4B + 3¢y = (3a) + (4b) + (5P + 2(3a)(4h) + 2(4b)(5¢) + 2(5c)(3a)
= 9a* + 16b* + 252 + 24ab + 40be + 30ac
Example 15 : Expand (4a — 2b — 3¢
Solution : Using Tdentity V. we have
(4a — 25 — 3 = [4a + (-2b) + (30)P
= (4a) + (251 + (3P + 24a)(-2B) + 2(-2h)0—3e) + 2(-3c)(4u)
= 16a? + 45 + 9¢? — 16ab + 12be — 24uc
Example 16 ; Factorise 4x® + 2 + 22 — 4xy — 2yz + 4az,
Solution : We have 4x? + 32 + 22 —dxyp — Dyz + dxz = (2x P + (P + (2 + 2(2x0)—)
+ 2(-p)z) + 2(20)z)
= [2x + (=) + 2] (Using Identity V)
=(2x-y+ar=(2x-y+2)(2x—-y+2)

So tar. we have dealt with identities involving second degree terms, Now let us
extend Identity I to compute (x + v}, We have:

(Fty)y = (et} (x+yrF
= {x + 3 + 20 +57)
= x(xt+ 2oy + %) e + 2oy £
=+ 28+t + iy + 208+
=x+ 3xy + I+ 72

X+ + dxgpix +y)
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So. we get the following identity:
Identity VI: (x+)yf=x"+3y +3x (x+y)
Also, by replacing y by -y in the 1dentity VI, we get
Identity VIT: (x —pF =2 —» - 3xp(x — )
= 2 — 3xy + 3xp?— )
Example 17 : Write the following cubes in the expanded form:
(i) (3a + 4b)° (ii) (5p - 3¢)°
Solution : (i) Comparing the given expression with (x + ¥, we find that
x= 3aandy = 4b,
So, using Identity VT, we have:
(3a+ 45y = (3a) + (4b)* + 3(3a)(4b)(3a + 4b)
= 27a% + 6456 + 1084k + 144ak?
(ii) Comparing the given expression with (x — y), we find that
x=3p,y=13g.
So, using Identity VIL we have:
(5p —3q)* = (5p) — (3¢)*- 3(3p)39)(5p — 34)
= 125p" — 27¢" — 225p"q + 135p4"
Example 18 : Evaluate each of the following using suitable identities:
(i) (104)? (ii) (999)?
Solution : (i) We have
{104y = {100 + 4}
= (100) + (4)* + 3{100)(4)( 100 + 4)
(Using Identity VT)
= 1000000+ 64 + 124800
= 124864
(ii) We have
{999y = {1000 - 1)
= (1000F — (17 —3(1000){ 1)(1000 — 1)
(Using Identity VII)
= 1000000000 — 1 — 2997000
= 997002399



40 bfaTeEsamics

Example 19 : Factorise 8x* + 277 + 3ax?y + 54x)”
Solution : The given expression can be written as
(2x)* + (3p) + 3(427)(3p) + 3(LNDH7)
= (20° + (Y + 3(2eP(Ey) + 320P
= (2x + 3y)? (Using Identity VI)
= (2x + 3p)(2x + Jy)(2x + 3y)
Now consider (x + y + 22 + P+ 2 —xp -z — =)
On expanding. we get the product as
M+ P +2 —xy—yr-my P+ xy - yz - )
+z(+ P+ Sy —m-n) =X+t + xR - -nz -+l
+P+v - Yr-xr+z+ye+ P -2
=x*+3y+2F -3xyz (On simplification)
So. we obtain the following identity:
Identity VI : X* + 3’ + -3z =(x+ y + " + '+ 2 —xy —pr— ™)
Example 20 : Factorise ; 8x* + 37 + 272 - 18xz
Solution : Here. we have
8v' +12 + 278 - 180z
= (2x)* +»* + (32)* - 3(20)(¥)(32)
= (2x+y +3)[(2xF +)7 + (B32) — (200} - (#)(32) — (2x)(32)]
=(2x+y+3z) (42 + ' + 927 - 2xy - 3x - 6x2)

EXERCISE24

1. Use suitable identities to find the following products:

@ G4+ 10) (i) (x +8)(x - 10) (i) (3x+4) (3x - 3)
3 3
@™ 0+ 367 3) ) G-206+21)
2. Evaluate the fnllowing produets withoot multiplyng directly:
(i) 103=107 (i) 93 % 9§ (iin) 104= 90

3. Factoriss the following using appropriate identities:

() 9= bay+y (i) 42— dy+1 (i) =2 'i%
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4.

?I

10.

11.

12.

13

14.

15.

Expand each of the following, using suitable identities:

(@) (e+2p+dzy (ii) (2~ y+zp (iii) (-2x+3y+ 2z

i
{iv) (3a—Th—c) (v) (—2x+ 5y -3z [vi) [%ﬂ - %b - 1i|
Factonse:

) 4a2+92+ 1600 + 120y — 2y — 16z

(i) 2+ +82 - W20+ a2z 8z
Writz the following cubes in expanded form:

- =1 - H
(i) (Zx+1P (i) (2a—3b% {iii) ‘g_r +1| (vy |x = %y]

Evaluate the following using suitable identities:

@ o9 (ii) (102} (iii) (998)

Factorise each of the following:

(i) Ba*+d+ 122%h+Gak? (ii) 8a*— B~ 12220 + Gab?

(i) 27-1254° - 1354+ 2254 (iv) Gda® 278 — 1444°D -+ 108k

= 1 9 5 1
Tt — - = -
(v} 27p 316 EP +4P

Verify 1 ()2 + 3" =(x+y) (' -2y +37) (it} X' =(x—y) (@ +xp+37)
Factorise each of the following:
()27 + 1258 (i) B - 3430
[Hint : See (Question 9.]
Factorise : 270 +1° + 22 - Oxyz

Verify thatx® + 37 + 2~ dryzr = % {r+y+1) [fx - 3P +{y—-zF +{z - xr’]

Hx+y+z=0,showthat s’ + ' + 22 =2xpz.

‘Without sctually caleulating the cubes, find the value of esch of the fallowing:

@ 127+ (TP +(5F

(i} (287 +(-15P+(-13p

Give possible expressions for the length and breadth of each of the following
rectangles, in which their arcas are given:

Area: 2547 35a+12 Ares 1350+ 13y 12

(i) (i)
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16. What are the possible expressions for the dimensions of the cuboids whose volumes
are given below?

Volume : 32— 12x Volume - 125y* + 8y — 20k

(i) {ii)

2.6 Summary

In this chapter, you have studied the following points:

1.

oA m R W

10.

Il.
12,
13
14.

A poalynomial p(x) in one vanahble x is an algebraic expression in x of the form
plxj=axt+a x* L taxirax+ta,

where Ay @, 8y, - 8, 8TC constants and a_+ i

a5,4,8,...,a arerespectively the coefficients of &, x, 2%, . ., x*, and n i5 called the degree
af the polynamial Bachofa x*,a  x"', . &, witha #0,is called a term of the polynomial
pix).

A polynomial of one teom is called a monomial,

A polynomial of two térms is called a binomial,

A polynomial of three terms 1s called a trinomial.

A polynomial of degree one is called a linear polynomial,

A polynomial of degree two 15 called a quadratic polynomial.

A polynomial of degree three is called a cubic palynomial.

A peal nomber "o’ is 8 zero of a polyoomial pix) ifpla) = 0. In this case, g is also called a
root of the equation pix) = 0.

Every linear polynomial in one variable has a umque zero, a non-zero constant polynomial
has no zero, and every real number 15 a zero of the zero polynomial,

Factor Theorem ! x — a is a factor of the polynomial pix). if pla) =0. Also, ifx — aisa factor
of p{x), then p{a) =0,

(x+y+zf =xt+y w2+ 2ey+ Dy + 2ax
(x+yf=x+3+3ndx+3)

(x—yP=x*—y—3apix )

eyt - Jom=x+p+z)(d+ P+ 2 —xy—yz—zx)
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CHAPTER 3

COORDINATE GEOMETRY
I

What's the good of Meicator’s Worth Poles and Equaters. Tropics. Zones and
Mendian Lings?" So the Bellman would cry; and crew would reply © They arc
merely conveniional signs!
LEWIS CARROLL, The Hunting of the Snark
3.1 Introduction

You have already studied how to locate a point on a number line. You also know how
to describe the pogition of a point on the line. There are many other situations, in which
to find a point we are required to describe its position with reference to more than one
line. For exaraple, consider the following situations:

L In Fig, 3 1. there is a main road nmning
in the East-West direction and streets with
numbering from West to East. Also, on each

street, house numbers are marked. To look for 5 5 3 3
afriend’s house here, i3 it enough to know only 3 4 4 P
one reference pomt? For mstance. if we only —13 =13 vl =13
know that she lives on Street 2, will we be able E» 2 B2 E 2 B2
to find her house casily? Not as easily as when mil St A @

we know two pieces of information about it, We > |
namely, the number of the street on which it is

[

situated, and the house number. If we want to i -2 wf2 =il
reach the house which is situated in the 2 RE 8 g12 B3
sireet and has the number 5. first of all we wid w4 Rle w4l
would identify the 2" street and then the house (51 ] 5 3 3

numbered 5 on it. In Fig. 3.1, TT shows the
location of the house. Similarly. P shows the
location of the house corresponding to Streel
number 7 and Hounse number 4.
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II. Suppase you put & dot on a sheet of paper [Fig.3.2 {a}]. If we ask you to tell us
the position of the dot on the paper. how will you do this? Perhaps vou will try in some
such manner: *The dot is in the upper half of the paper”. or Tt is near the lef edge of
the paper”, or It is very near the left hand upper corer of the sheet”. Do any of
these statemenis fix the position of the dot precisely? No! But, if you say ™ The dot is
nearly 5 cm away from the left edge of the paper™, it helps to give some idea but still
does not fix the position of the dot. A hittle thought might enable vou to say that the dot
is-also at a distance of 9 em above the bottom line. We now know exactly where the dot is!

Bem

(&) ()
Fig. 3.2

For this purpose, we fixed the position of the dot by specifying its distances from two
fixed lines, the left edge of the paper and the bottom line of the paper [Fig.3.2 (b)]. In
other words. we need two independent informations for finding the position of the dot.

Now, perform the tollowing classroom activity known as *Seating Plan”,

Activity 1 (Seating Plan) : Draw a plan of the seating in vour classroom. pushing all
the desks together, Represent each desk by a square. In each square, write the name
of the student occupying the desk. which the square represents. Position of each
student in the classroom is described precisely by using two independent informations:

{1} the column in which she or he sits,
(i} the row in which she or he sits,

If you are sitting on the desk lying in the 5% column and 3% row (represented by
the shaded square in Fig. 3.3). your position could be written as {5, 3). first writing the
column number, and then the row number. Is this the same as (3, 5)? Write down the
names and positions of other students in your class. For example, if Sonia is sitting in
the 4 column and 1% row, write 8(4.1). The teacher’s desk is not part of your seating
plan. We are treating the teacher just as an obgerver.
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7 - [ T shows {zacher’s desk
t t 8 shows Sonia’s desk

5

| !
1 2 3 4 35 6 7 & 09 10

Columng e

Fig. 3.3

In the discussion above. you observe that position of any object lying in a plane
can be represented with the help of two perpendicular lings. In case of *dot’, we
require distance of the dot from bottom line as well as from left edge of the paper. In
case of seating plan, we require the number of the column and that of the row, This
simple idea has far reaching consequences, and has given rise to a very important
branch of Mathematics known as Coordinate Geometry. In this chapter, we aim to
introduce some basic concepts of coordmate geometry. You will study more about
these in your higher classes, This study was initially developed by the French philosopher
and mathematician René Déscaries.

Reneé Descartes, the great French mathematician of the
seventeenth century, liked to lie in bed and think! One
dav, when resting in bed, he solved the problem of
describing the position of a point in & plane. His method
was & development of the older idea of latitude and
lengitude. In honour of Descartes, the system used for
describing the position of a point in a plane is also
known as the Cartesian ypstenr.

René Déscartes {1596 -1650)
Fig, 3.4

EXERCISE 3.1
1. How will you describe the position of a table lamp on your study table to another
petson?

2. (Street Plan) : A city has two main roads which cross each other at the centre of the
city. These two roads are along the Worth-South divection and Easi-Weet direction,
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All the other streets of the city fun parallel to these roads and are 200 m apart, There
are 5 streets in each direction. Using lom =200 m, draw a tnodel of the city on your
nolebook. Bepresent the roads/streels by single lines.

There are many crogs- streels in vour model. A particular cross-street is made by
two streets, one running in the North - South diregtion and another in the East - West
direction. Each cross street is referred to in the following manner : If the 2 sirest
running in the Morth - South diregtion and 3% in the East - West direction meet at some
crossing, then we will gall this crosg-street (2, 3). Using this convention, find:

(i) how many cross - streets can be referred 1o as (4, 3).
(i} how many cross - streets can be referred to as (3. 4).

3.2 Cartesian System

You have studied the number line in the chapler op *Number System’. On the number
ling, distances from a fixed point are marked in equal units positively in one direction
and negatively in the other. The point from which the distances are marked is called
the erigin. We use the number line to represent the numbers by marking points on a
line at equal distances. If one unit distance represents the number *1°, then 3 units
distance represents the number ‘37, *0° being at the origin. The point in the positive
direction at a distance » from the origin represents the number ». The point in the
negative direction at a distance » from the origin represents the number —r. Locations
of different numbers on the number line are shown in Fig. 3.3.

Omne unit Cine umit
distance distance
o Crigin o
5 4 5 =3 1 0 1 2 3 q 5
Fig. 3.5

Descartes invented the idea of placing two such lines perpendicular to each other
on a plane; and locating points on the plane by referring them to these lines. The
perpendicular lines may be in any direction such as in Fig.3.6. But, when we choose

{a) (b) (=)
Fig. 3.0
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these two lines to locate a point in a plane in this chaprer, one line : 4
will be horizontal and the other will be vertical. as in Fig. 3.6(c). 1
These hnes are actually obtained as [ollows ; Take two number
lines, calling them XX and Y'Y, Place XX horizontal [as in Fig. 3.7(a)] re
and write the mumbers on it just as written on the number line. We do i
the same thing with Y'Y except that Y'Y is vertical, not horizontal "
[Fig. 3.7{b})]. 2.1
'+ Origin
13
2 3
Crrnn
X% - : : - - - : 4 - - ‘ — W
5 —4 -3 -2 ] 8 4 & B o 5 N
(a) th)
Fig, 3.7
Combine hoth the lines in such v
away that the two lines cross each e W
other at their zeroes, or origing RO A
(Fig. 3.8). The horizontal line X'X 3
is called the x - axis and the vertical 4
line YY" is called the y - axis. The 3
point where X'X and Y'Y cross is i
ﬂﬂﬂﬂ*d thﬂ {Il"|g[ll, ﬂnd iE dﬂnﬂiﬂd - .HI:E,ET"L'I: T -ANS 1 Pesitive x -axis
: e K 3
by 0. Since the positive numbers G- 5-@-3-2-091 L 2 34 5 6 -
lie on the directons OX and OY, :
OX and OY are called the positive y
directions of the x - axis and the 4
¥ - axis, respectively. Similarly, OX' 4
and OY" are called the negative _
directions of the x - axis and the Negitive y -#iia v
y - axis, respectively. ¥

Fig. 3.8
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You observe that the axes (plural of the word
*axis") divide the plane into four parts. These four
parts are called the guadrants (one fourth part),
numbered L II, Il and IV anticloclowise trom OX
{see Fig.3.9). So. the plane consists of the axes and
these quadrants, We call the plane, the Cartesion
plane, or the coordinate plane, or the xy-plane.
The axes arc called the coordinate axes.

N%
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v
A
Crpadzant 11 Cuadrant |
- > X
0
Duadraar I Quadranr TV
W
Fig.3.9

Now, let us see why this system is s0 basic to mathematics. and how 1t is useful.
Congider the following diagram where the axes are drawn on graph paper, Let us see
the distances of the points P and () from the axes. For this, we draw perpendiculars
PM on the x - axis and PN on the y - axis. Similarly, we draw perpendiculars QR and

QS as shown in Fig. 3.10.

e - o

o
s

b

e

Fic.3.10
You find that

s T TR T R T [ T T
; 1 M

(i} The perpendicular distance of the point P from the y - axis measured along the
positive direction of the x - axis is PN = OM = 4 upits.

(i) The perpendicular distance of the point P [rom the x - axis measured along the
positive dirgction of the y - axis is PM = ON = 3 units.
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(1if} The perpendicular distance of the point () from the ¥ - axis measured along
the negative direction of the x - axis is OR =S80 = 6 units.

{iv) The perpendicular distance of the point Q from the x - axis measured along
the negative direction of the y - axis is OS = RQ = 2 units.

Now, using these distances, how can we describe the points so that there is no

confusion?

We write the coordinates of a point. using the following conventions:

(i} The x - coordinate of a point is its perpendicular distance from the y - axis
measured along the x -axis (positive along the positive direction of the x - axis
and negative along the negative direction of the x - axis). For the point P, it is
+ 4 and for Q, it 18 — 6, The x - coordinate 1s also called the abscissa,

(ii) The y - covrdinate of a point is its perpendicular distance from the x - axis
measured along the y - axis (positive along the positive direction of the y - axis
and negalive along the negative direction of the y - axis). For the point I, it is
+ 3 and for (J, it is —2, The v - coordinate is also called the ordinaie.

(iif) In stating the coordinates of a point in the coordinate plane, the x - coordinate
comes first, and then the ¥ - coordinate. We place the coordinates in brackets,

Hence, the coordinates of P are (4, 3) and the coordinates of Q are (- 6, — 2).
Note that the coordinates describe 4 point in the plane smiguely. (3, 4) is not the

same as (4, 3).

Example | : See Fig. 3.11 and complete the following statements:

(i}
(i)
(1)

(iv)

The abscissa and the ordinate of the point B are _ __and _ ., respeciively.
Hence, the coordinates of Bare {  , ).

The x-coordinate and the y-coordinate of the point M are  and
respectively. Hence, the coordinates ol Mare (. ).

The x-coordinate and the y-coordinate of the point L are = and |
respectively. Hence, the coordinates of Lare { , ).

The s-coordinate and the y-coordinate of the point Sare = and

respectively, Hence, the coordinates of S are (. )
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Fig. 3,11

Solution: (i) Since the distance of the peint B from the y - axis is 4 units. the
x - coordinate or abscissa of the point B is 4. The distance of the point B from the
x - axis is 3 units; therefore, the y - coordinate, i.e.. the ordinate, of the point B is 3.
Hence, the coordinates of the point B are (4. 3).

Asin (i) above :

(i) Thex-coordinate and the y - coordinate of the point M are 3 and 4. respectively.
Hence, the coordinates of the point M are (-3, 4),

(i) The z-coordinate and the y - coordinate of the point Lare -5 and —4, respectively.
Hence, the coordinates of the point L are (5. — 4).

(iv) Thex-coordinate and the y- coordinate of the point § are 3 and — 4, respectively.
Hence, the coordinates of the point S are (3, — 4).
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Example 1 : Write the coordinates of the
points marked on the axes in Fig. 3.12.

Solution : You can see that ;

{1} The poinl A 1s al a distance of +4 unils
from the v - axis and at a distance zero
from the x - axis. Therefore. the C E A
x - coordinate of A iz 4 and the *~ 4§ 5 4 3 2
¥V - coordinate is 0. Hence, the
coordinates of A are (4, Q).

(it} The coordimates of B are (0, 3). Why?

{if) The coordinates of C are (- 5, 0).
Why? v
(iv) The coordinates ot D are (0, — 4). Why?

— R e e

=]

L2345
1

D

TY NI SRS ]

Fig. 3.12
2
(v) The coordinates of E are (? DJ. Why?

Since every point on the x - axis has no distance (zero distance) from the x - axis,
therefore, the v - coordinate of every point lving on the x - axis is always zero. Thus, the
coordinates of any point on the x - axis are of the form (x, 0), where x is the distance of
the point from the y - axis. Similarly, the coordinates of any point on the » - axis are of
the form (0, ¥), where y 15 the distance of the pomnt from the x - axis. Why?

What are the coordinates of the erigin OF It has zero distance fiom both the
axes so that its abscissa and ordinate are both zero, Therefore, the coordinates of
the origin are (0, 0).

In the examples above, you may have obzerved the following relationship between
the signs of the coordinates of a point and the quadrant of a point in which it lies.

(i} Ifapointisin the 1st quadrant, then the point will be in the form (+, +), since the
Ist quadrant is enclosed by the positive x - axis and the positive v - axis.

(ii) Ifapointisinthe 2nd quadrant, then the point will be in the form (-, +), since the
2nd quadrant 15 enclosed by the negative x - axis and the positive y - axis.

(i) Ifapoimntis inthe 3rd quadrant, then the point will be in the form (-, ), since the
3rd quadrant is enclosed by the negative x - axis and the negative y - axis.

(iv) Ifapointisinthe 4th quadrant, then the point will be in the form (+, —). since the
4th quadrant 1s enclosed by the positive x - axis and the negative ¥ - axis
(see Fig. 3.13),
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Fig. 3.13

Remark : The system we have discussed above for describing a point in a plane is
only a convention, which is accepted all over the world. The system could also have
been, for example, the ordinate first, and the abscissa second. However, the whole
world sticks to the system we have described to avoid any confusion,

EXERCISE 3.2
1.  Write the answer of each of the following questions:

(i) What iz the name of horizontal and the vertical lines deawn to determine the
puosition of any point in the Carlesian plane?

(i} What is the name of each part of the plane formed by these two lines?
(6} Write the name of the point where these two lines intarsect.
2.  SceFig.3.14, and write the following:
(i} The caordinates of B.
(i) The coordinates of C.
(it} The point identificd by the coordinates (-3, —5).
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(v} The point identified by the coordinates (2, —4).
(v} The absgisza of the point T,

(vi) The ordinate of the point 1,

{vil) The coordinates of the poinl L,

{wviii} The coordinates of the point b,

¥

i

Fig. 3.14

3.3 Summary

In this chapter, vou have stodied the following points |
1. To locate the position of an object or a point in a plane, we require two perpendicular
lines. One of them iz horizontal, and the other is verlical,

2. The plane is called the Cartesian, or coordinate plane and the linez are called the coordinate
axes.

3. The horizontal line is called the x -axis, and the ver(ical line is called the v - axis.
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4. The coordinate axes divide the plane into four parts called quadrants,

5.  The point of intersection of the axes is called the origin,

6. The distance of a point from the y - axis i3 called its x-goordinate, or absgissa, and the
distance of the point from the y-axis is called its y-goordinate, or ordinate.

7. Ifthe abscissa of a point is x and the ordinate i3y, then (x, ) are called the coordinates of
the point.

8. Thecoordinates of a poinf on the x-axis are of the form (x, () and that of the poin{ on the
y-amisare (0, v),

9,  The goordinates of the arigin are (0, ().

10, The coordinales of a point are of the form (+. +) in the frsi quadsant, {—, +) in the second
quadrant, {—, -} in the third quadrani and (+. -} in the fourth quadrant. where + denoles a
positive real number snd — denoles s negative real number,

1. Ifx=y then (rv)= iy x)and (o) = (vl ifx=w
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CHarreEr 4

LINEAR EQUATIONS IN TWO VARIABLES
L

The principal wse of the Analvgic Art is 1o bring Magheraiical Problemy 1o
Eguations and to exhibit those Fquafions in the mogr sinpie lerms that can be.

Edwund Halley

4.1 Introduction

In earlier classes, vou have studied lincar equations in one variable. Can you write
down a linear equation in one variable? You may say thatx+ 1 =0, x+ 2 =0 and
J2 ¥+ B =0are examples of linear equations in one variable, You also know thai
such equations have a unique (1.e.. ons and only one) solution. You may also remember
how to represent the solution on a number ling, In this chapter. the knowledge of linear
equations in one variable shall be recalled and extended o that of two variables. You
will be considering questions like: Does a linear equation in two variables have a
solution? If yes, is it unique? What does the solution look like on the Cartesian plane?
You shall also use the concepis you studied in Chapter 3 to answer these questions,

4.2 Linear Equations
Let us first recall what vou have studied so far. Consider the following equation:
Zx+5=40
Its solution, i.e., the root of the equation, is —g . This can be represented on the
number ling ag shown below:

Koot

=

i
¥

EBFon T
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While solving an equation, you must always keep the following points in mind:
The solution of a linear equation is not affected when:
(i} the same mumber is added to (or subtracted from) both the sides of the equation.

(it} you multiply or divide both the sides of the equation by the same non-zero
number.

Letuz now conzider the following situation:
In a One-day International Cricket match between India and Sri Lanka played in

Nagpur, two Indian batsmen together scored 1 76 runs. Express this information in the
form ol an equation.

Here, you can see thal the score of neither of them is known, 1.e.. there are two
unknown quantities. Let us use x and v to denote them. So, the number of runs scored

by one of the batsmen is x. and the nomber of runs scored by the other is y. We know
that

x+y= 176,
which is the required equation.

This is an example of a linear equation in two variables. It is customary to denote
the variables in such equations by x and y. but other letters may also be vsed. Some
examples of linear equations in two variables are:

12s+3r=5p+dg=T nu+5v=9and 3= 2x- T

Note that you can put these equations in the form 1.2s + 3t - 5 = (.
pt+d -T=0,muw+5-9=02and J2x Ty — 3 = 0. respectively.

So, any equation which can be put in the form ax + by + ¢ =10, where a, b and ¢

are real numbers, and a and & are not both zero, 13 called a linear equation in fwo
variables. This means that you can think of many many such equations.

Example | : Write each of the following equations in the form ax + by = ¢ = 0 and
indicate the values of 4, b and ¢ in each case:
(i) 2x+3p=437 (i)x-4=.3p (i) 4 = 5x - 3y (iv) 2x =y

Solution : (i) 2x + 3y =4.37 can be writlen as 2x + 3y -437=0. Herea=2.h=13
and e =— 437,

(i) The equation x — 4 = J3 v can be written as x — 3y — 4 = 0. Here a = 1.
b=-f3 andc=-4.

(i) The equation 4 = 5x — 3y can bewrilten ag 5x — 3y -4 =0, Herea=5,h=-12
and ¢ = —4. Do you agree that it can also be written as —5x + 3y +4 =07 In this
casea=-5.b=3wmndc=4.
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(iv} The equation 2x =y can be writtenas 2r — y + 0 =0. Here a=2, b= -1 and
a=AL

Equations of the type ax + & =10 are also examples of linear equations in two variables
because they can be expressed as

ax +0y+h=10

For example, 4 — 3x = 0 can be written as -3x + 0.y + 4 = 0,
Example 2 : Write each of the following as an equation in two variables:

ilxr=-5 (iiyyp=2 {iii) 2xr=3 (iv)5y=2
Solution : (i) x=-5canbe wnttenas lx +0y=-5, or lax+0p+5=10.
(ii) =2 can be written as 0x + 1y =2, or Ox+ 1y —-2=0.
(iii} 2x =3 can be written as 2x + 0,y -3 =0,
{(iv) Sy=2 can bewritten as O.x = 5y -2 =0,

EXERCISE 4.1
1. The cost of a notebook is twice the cost of a pen. Write a linear equation in two
variables to represent rthis statement,
{Tuake the cost of 4 notebook to be T x and that ef a pen o be T ).

2. Express the following linear equaiions mn the form ax + by + ¢ = 0 and indicate the
values of a. band ¢ in each case:

M Zr+iy=035 mx--?;i-m 0 (i) 2c+3p=6 (@) ¥=3p
) 25y (vi) 3x+2-0 (vii) ¥~2=0 (viid) 5= 2x

4.3 Solution of a Linear quation

You have seen that every linear equation in one vaniable has s unique solution. What
can you say about the solution of a linear equation involving two variables? As there
are two variables in the equation. a solution means a pair of values, one for x and one
for 3 which satisfy the given equation. Let us consider the equation 2x + 3y = 12,
Here, x =13 and y = 2 i a so0lution because when you substitute x = 3 and y=2 in the
equation above, you find that
2x+3=(2x3)+(3x2)=12

This solution is written as an ordered pair (3. 2), first writing the value for x and

then the value for v, Similarly, (0,4) is also a solution for the equation above.
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(On the other hand, (1. 4) is not a solution of 2x + 3y = 12, because on putting
x=1 and ¥y =4 we get 2x + 3y = 14, which is not 12, Note that (0, 4) 15 a solution but
not (4, 0).

You have seen at least two solutions for 2x + 3y = 12. 1.e., (3, 2) and (0, 4). Can
you find any other solution? Do you agree that (6, 0) is another solution? Verify the
same. In fact, we can gel many many solutions in the following way. Pick a value of
your choice forx (say x=2) in 2x + 3= 12. Then the equation reduces to 4 + 3p= 12,

B
which is a linear equation in one variable, On solving this, you get y = 3 So |2, g is
another solution of 2x + 3y = 12. Similarly, choosing x = — 5, you find that the equation

22
becomes —10 + 3y = 12, This gives ¥ = 3— So, (—5, §] is another solution of
3
2x + 3y = 12. So there is no end to dilferent solutions of a linear equation in two

variables. That is, a linear equation in two variables has infinitely many solutions.

Example 3 : Find four different solutions of the equation x + 2p= 6.

Solution : By inspection, x = 2, y= 2 i5 a solution because forx = 2, y = 2
x+2y=2+4=6

Now, let us choose x = 0. With this value of x, the given equafion reduces to 2y = 6

which has the unigue solution y=3. So x= 0, = 3 is also a solution of x + 2y = 6.

Similarly, taking y = 0, the given equation reduces tox =6, S0, x= 06, y = () is a solution

of x + 2y = 6 as well. Finally, let us take y = 1. The given equation now reduces to

¥+ 2 =6, whose solution i given by x =4 Therefore, (4. 1) is also 4 solution of the

given equation. So four of the infinitely many solutions of the given equation are:

(2.2),(0.3). (6. 0) and (4, 1).

Remark : Note that an easy way of getting a solation is to take x = 0 and get the
corresponding value of y. Similarly, we can put ¥ = 0 and obtain the comresponding
value of x.

Example 4 : Find two solations for each of the following equations:
i) 4x+3y=12
(@) 2x+35y=0
(i) 3py+4=0

Solution : (i) Taking x = 0, we get 3y = 12, Le.. y= 4. 5o, (0, 4) is a solution of the
given equation. Smmilarly. by taking ¥ = ), we get x= 3. Thus, (3, U} is also a solution.
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(1) Takingx =10, we get 5y =0, Le.. y= 0. So (0, ) is a =olution of the given equation.
Now, if you take ¥ = (), you again get (0. 0} as a solution, which is the same as the
earlier ong. To pet another solution, take x = 1. say. Then yvou can check that the

5 ;
corresponding value of y is 5 S0 (l, - EJ is another solution of 2x + 5y =10,
5

4
(i1i) Writing the equation 3y +4=0as 0x + 3y +4 =10, you will find thai y= - 3 for

any value of x. Thus. two solutions can be given as [{}. - g] and [ . —g] :
EXERCISE 4.2
1. Which one of the following options is true, and why?
p=3x+5has
(1) a imigue solution. (i) enly two solutions. (i) infinitely many solutions
2. Write four solutions for each of the following equations:

i) 2Ze+p=7 (i) me+y=9 {iii) x=dy

3. Check which of the following are solutions of the equation x — 2¥ = 4 and which are
not:
G 0.2) {11} (2,0) (i} (4.0)

@ (V2.42) @y

4. Findthe valoe of k. ifx =2, ¥ =1 is 2 solution of the equation 2x = 3y=F

4.4 Summary

In this chapter, you have studied the following points:

1. Anequation of the form gx + Ay + o= 0, where . b and ¢ are real numbers, such that g and
frare not both zero, i called 2 linzar equation in two variebles,

2. A linear equation in two variables has infinitely many solutions,

3. Every point on the praph of a4 linear equation m two variables is a solution of the linesr
equation. Moreover. every solution of the linear equation iz a point on the graph of the
linear squation:
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CHAPTER 5

INTRODUCTION TO EUCLID'S GEOMETRY
5.1 Introduction

The word *geometry” comes form the Greek words “geo’, meaning the “earth’,
and “metren’, meaning ‘lo measure’. Geomelry appears to have originated from
the need for measuring land. This branch of mathematics was studied in various
forms in every ancient civilisation, be it in Egypt, Babylonia. China, India, Greece,
the Incas, etc. The people of these civilisations faced several practical problems
which required the development of geometry in various ways.

For example. whenever the river Nile
overflowed, it wiped out the boundaries between
the adjoining fields of different land owners. After
such flooding, these boundaries had to be
redrawn. For this purpose, the Egyptians
developed a number of geometric techniques and
rules for calculating simple areas and also for
doing simple constructions. The knowledae of
geometry was also used by them for computing
volumes of granaries, and for constructing canals
and pyramids. They also knew the correct formula
to find the volume of a truncated pyramid (see
Fig. 5.1).%¥ou know that a pyramid is a solid figure,
the base of which is a triangle. or square, or some
other polygon. and its side faces are friangles iy 5.1 : A Truncated Pyramid
converging to a point at the top.
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In the Indian subcontinent, the excavations al Harappa and Mohenjo-Daro, ele,
show that the Indus Valley Civilisation (about 3000 BCE) made extensive use of
geometry. It was a highly organised society. The cities were highly developed and
very well planned. For example, the roads were paralle] to each other and there was
an underzround drainage system. The houses had many rooms of different types. This
shows that the town dwellers were skilled in mensuration and practical anthmetic.
The bricksused for constructions were kiln fired and the ratio length : breadth : thickness,
of the bricks was formd tobe 4 : 2 : L.

In ancient India, the Su/basurras (800 BCE to 500 BCE) were the manuals of
geometrical constructions. The geomelry of the Vedic period originated with the
construction of altars (or vedis) and fireplaces for performing Vedic rites. The location
of the sacred fires had to be in accordance to the clearly laid down instructions about
their shapes and areas, if they were to be effective instruments. Square and circular
sltars were used for household nituals, while altars whose shapes were combinations
of rectangles, triangles and trapeziums wete required for public worship. The seiyanitra
{given in the Atharvaveda) consists of nine interwoven isosceles triangles, These
triangles are arranged in such a way that they produce 43 subsidiary tnangles. Though
accurate geometric methods were used for the constructions of altars, the principles
behind them were not discussed.

These examples show that geometry was being developed and applied everywhere
in the world, But this was happeniog m an unsystematic manner. Whal 1s interesting
about these developments of geometry in the ancient world is that they were passed
on from one generation to the next, either orally or through palm leat messages, or by
other ways. Also, we Iind that in some civilisations like Babylonia, geometry remained
a very practical oriented discipline, as was the case in India and Rome. The geometry
developed by Egyptians mainly consisted of the statements of results, There were no
general rules of the procedure. In fact, Babylonians and Egyptians used geometry
maostly for practical purposes and did very little to develop it as a systematic science,
But in civilisations like Greece, the emphasis was on the reasoning behind why certain
constructions work. The Greeks were interested in establishing the truth of the
statements they discovered using deductive reasoning (see Appendix 1),

A Greek mathematician. Thales is credited with giving the
first known proof, This proof was of the statement that a circle
is bisected (i.e.. cut into two equal parts) by its diameter. One of
Thales' most famous pupils was Pythagoras (572 BCE), whom
you have heard about. Pythagoras and hus group discovered many
geometric properties and developed the theory of geometry toa
greatl extent, This process continued till 300 BCE. At that time
Euclid, a teacher of mathematics at Alexandria in Egypt. collected
all the known work and srranged 1t m his famous reatise,

Thales
(640 BCE - 546 BCE)

Fig. 5.2
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called “Elements’. ITe divided the *Elements’ into thirteen
chapters. each called a book. These books mfluenced
the whole world’s understanding of geometry for
generations to come,

In this chapter, we shall discuss Fuclid’s approach
to geometry and shall try to link it with the present day

geometry. Euclid (325 BCE - 265 BCE)

Fig.5.3

5.2 Euclid’s Definitions, Axioms and Postulates

The Greek mathematicians of Euclid’s time thought of geometry as an absiract model
of the world in which they lived. The notions of point, line, plane (or surface) and so on
were derived from what was seen around them. From studies of the space and solids
in the space around them, an abstract geometrical notion of a solid object was developed,
A zolid has shape, size, position, and can be moved from one place to another. Iis
boundaries are called surfaces. They separate one part of the space from another,
and are said to have no thickness, The boundaries of the surfaces are curves or
straight lines, These lines end in points.

Consider the threc steps from solids to points (solids-surfaces-lines-points). In
each step we lose one exiension. also called a dimension. So, a solid has three
dimensions, a surface has two, a line has one and a point has none. Euclid summarised
these statements as definitions. He began his exposition by listing 23 definitions in
Book 1 of the "Elements’, A few of them are given below :

1. A peint is that which has no part.

A line is breadthless length,

The ends of a line are points.

A straight line is a line which lies evenly with the points on ifself.
A sorface is that which has length and breadth only.

The edges of a surface are lines.

i B < S . -

A plane surface is a surface which lies evenly with the straight lines on itself,

If you carefully study these definitions, you find that some of the ferms like part,
breadth, length, evenly, ete. need to be [urther explained clearlv. For example, consider
hiz definition of a point. In this definition, ‘a part® needs to be defined. Suppose if vou
define “a part’ to be that which occupies “area’. again “an area’ needs to be defined.
So, to define one thing, vou need to define many other things, and you may get a long
chain of definifions without an end. For such réasons. mathematicians agree to leave
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some geometric terms undefined. However, we do have a intuitive fecling for the
geometric concept of a point than what the *definition® above gives us. So. we represent
a point as a dot, even though a dot has some dimension,

A similar problem arises in Definition 2 above, since it refers to breadth and length.
neither of which has been defined. Because of this, a few terms are kept undefined
while developing any course of study. So, in geomelry. we fake ¢ point, a line and a
plane (in Euclid's words a plane surface) as undefined terms. The only thing is
that we can represent them intuitively, or explain them with the help of ‘physical
models”.

Starting with his definitions, Euclid assumed certain properties, which were not to
be proved. These assumptions are actually “obvious unmiversal truths’. He divided them
into two types: axioms and postulates. He used the term postulate’ for the assumptions
that were specific to geometry. Common notions (otten called axioms), on the other
hand, were assumplions used throughout mathematics and not specifically linked (o
geometry, For details about axioms and postulates, refer to Appendix 1. Some of
Euclid’s axioms, not in his order, are given below :

(1) Things which are equal to the same thing are equal to one another.
(2) Il equals are added 1o equals, the wholes are equal,

{3) Il equals are sublracted [rom equals, the remaimders are equal.

{4) Things which coincide with one another are equal to one another,

(5) The whole 1= greater than the parl,

(6) Things which are double of the same things are equal to one another.
(7) Things which are halves of the same things are equal to one another.

These ‘commuon notions® refer to magnitudes of some kind. The first common
notion could be applied to plane figures. For example. if an area of a triangle equals the
area of a rectangle and the area of the rectangle equals that of a square, then the area
of the triangle also equals the area of the square.

Magnitudes of the same kind can be compared and added. but magnitudes of
different kinds cannot be compared. For example, a line cannot be compared to a
rectangle, nor can an angle be compared to a pentagon.

The 4th axiom given above seems to say that if two things are identical (that is.
they are the same), then they are equal. In other words, everything equals itself. It is
the justification of the principle of superposition. Axiom (3) gives us the definidon of
*greater than’, For example, if a quantity B is a part of another quantity A, then A can
be written as the sum of B and some third quantity C. Symbolically, A > B means that
there is some C such that A=B + C.
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Now let us discuss Euclid’s five postulates. They are :
Postulate 1 : A straight line may be drawn from any one point to any other point.

Note that this postulate tells us that at least one straight line passes through two
distinet points, but it does not say that there cannot be more than one such line. However,
in his work. Euclid has frequently assumed, without mentioning, that there is a unigue
line joining two distinct points. We state this result in the form of an axiom as follows:

Axiom 5.1 : Given two distinct points, there is a unique line that passes through
thesmt,

How many lines passing through P also pass through ©) (see Fig. 5.4)7 Only one,
that is. the line P(). How many lines passing through () also pass through P7 Only one.
that iz, the lime PO, Thus, the statement above 15 self~evident, and 20 1% laken a5 an

axiom,

Fig.5.4
Postulate 2 : A rgrminated line can be produced indefinitely.

Note that what we call a line segment now-a-days is what Euclid called a terminated
line. So, according to the present day terms, the second postulate says that a line
segment can be extended on either side to form a line (see Fig, 5.5).

Fig. 5.5
Postulate 3 : A circle can be drawn with any cemtre and any radius.

FPostulate 4 : All vight angles are equal fo one anotier.

Postulate 5 : If a straight line falling on rwo straight lines makes the interior
angles on the same side of it taken together less than two right angles, then the
two siraight lines, if produced indefinitely, meet on that side on which the sum of
angles is less than two right angles,
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For example, the line PQ in Fig. 5.6 falls on lines
AB and CD such that the sum of the interior angles 1
and 2 iz less than 1807 on the lefi side of PQ.
Therefore, the lines AB and CD will eventually
intersect on the left side of PQ.

Fip. 5.6

A brigf look at the five postulates brings to your notice that Postulate 5 is far more
complex than any other postulate. On the other hand, Postulates 1 through 4 are so
simple and obwvious that these are taken as self-evident truths’. However, it is not
possible to prove them. So. these statements are accepted without any proof
{see Appendix 1). Because of its complexity. the fifih postulate will be given more
attention in the next section,

Now-a-days, ‘postulates’ and *axioms® are terms that are used interchangeably
and in the same sense. ‘Postulate” is actually a verb, When we say “let us postulate™,
we mean, “let us make some statement based on the observed phenomenon in the
Universe™, Its ruth/validity is checked afterwards. If it is true. then it is accepted as a
‘Postulate’.

A system of axioms is called consistent (see Appendix 1), if it is impossible to
deduce from these axioms a statement that contradicts any axiom or previously proved
statement. So, when any system of axioms is given. it needs to be ensured that the
systemn 18 consisient,

After Buclid stated his postulates and axioms. he used them to prove other results,
Then using these results, he proved some more results by applying deductive reasoning.
The statements that were proved are called propositions or theorems. Euclid
deduced 4635 propositions in a logical chain asing his axioms, postulates, definitions and
theorems proved earhier in the cham. In the next few chapters on geometry, you will
be using these axioms to prove some theorems,

Now, let us see in the following examples how Fuclid used his axioms and postulates
for proving some of the results:

Example 1 : If A, B and C are three points on a line, and B lies between A and C
(see Fig. 5.7), then prove that AB + BC = AC.

i

Fig. 5.7
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Solution : In the figure given above, AC coincides with AB + BC.
Also, Euclid's Axiom (4) says that things which coincide with one another are equal to
one another. So. it can be deduced that

AB +BC=AC
Note that in this solution, it has been assumed that there is a unique line passing
through two points.

Example 2 : Prove that an equilateral tniangle can be constructed on any given line
segment.

Solution : In the statement above, a ling segment of any length is given, say AB
[see Fig. 5.8(i)].
¢ '

A B s \ B A B

1) (11} (111}

Here, you need to do some construction. Using Euclid’s Postulate 3, vou can draw a
circle with point A as the centre and AB as the radius [see Fig, 5.8(ii)]. Similarly, draw
another circle with point B as the centre and BA as the radius. The two circles meet at
4 point, say C, Now, draw the line segments AC and BC to form A ABC
[see Fig. 5.8 (iii)].

S0, you have to prove that this triangle is equilateral, i.e., AB =AC=BC,

MNow, AB = AC. since they are the radii of the same circle (1]
Similarly, AB = BC (Radii of the same ¢ircle) (2)
From these two facts, and Euclid’s axiom that things which are equal to the same thing
are equal to one another, you can conclude that AB = BC = AC.

So, A ARC is an equilateral triangle.

Note that here Euclid has assumed, without mentioning anywhere, that the two circles
drawn with cenires A and B will meet each other at & point.

Now we prove a theorem. which is Frequently used in different results:
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Theorem 5.1 : Twe distinct lines cannot have more than one point in comman.
Proofl : Here we are given two lines / and m, We need to prove that they have only one
point in common.

For the time being, let us suppose that the two lines interseet in two distinet points,
say P and ). So. you have two lines passing through two distinct points P and . But
this assumption clashes with the axiom that only one line can pass through two distinet
poinis. So. the assumption that we started with, that two lines can pass through two
distinet points 1s wrong,

From this, what can we conclude? We are forced to conclude that two distinet
lines canmot have more than one point in common,

EXERCISESA.]
1. Which of the following statements are true and which are false? Give reasons for vour
ANSWErS,
() Only one line can pass through a single point,
(i} There are gn infinile number of lines which pass through two distinet points.
(i} A terminated line can be produced indefinitely on both the sides.
{iv) 1ftwo eircles are equal, then their radii are equal,
(v} InFig 3.9, ifAB=PQand PQ =XY, then AB=XY.

Fig. 5.9
2. Give a definition for each of the following terms. Are there other terms that need (o be
defined [rst? What are they, and how might you define them?
(i) perallel lines (i) perpendicular lines (i) line segment
{1v) radius ofa circle (v} square
3. Consider two "postulates” given below:

() Given any two disting! points A and B, there exists a third paint C which 15 in
between A apd B.

{ii} Thers exist at least three points that are not on the same ling.

Do these posiulates contain any undefined terms? Ase these postulates consistent?
Do they follow from Euclid®s postulates? Explain.
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4. If a point C lies between two points A and B such that AC = BC, then prove that
Al = % AB. Bxplain by drawing the figurs.

5. InQuestion 4, point C iz called a mid-point of line segment AB. Prove that every line
segment hag one and only one mdd-point,

6. InFig 5.10,if AC=BD, then prove that AB=CD,

Fig. 5.10

7. Why iz Axiom 3, in the list of Euclid s axioms. considered & universal truth™? (Note that
the question is not about the fifth postulate, )

5.3 Summary

In this chapter, you have studied the following points:

1.

2.

3.

Though Euclid defined 2 pomt. a line, and a plane, the definitions are not accepted by
rathematicians. Therefore, these terms are now taken as undefined.

Axioms or postulates are the assumptions which are obvious universal truths, They are not
proved,

Theorems are statements which are proved, using definitions, axioms, previously proved
slatemenis and deductive reasoning,

Some of Euclid’s axioms were :

(I} Things which are equal to the same thing are equal to one another.
{21 If equals are added to equals. the wholes are equal.

(3) If equals are subtracted from equals, the remainders are equal.

{4} Things which coincide with one another are equal to one another.

(51 The whole is grester than the part.

(6} Things which are double of the same things are equal to one another,
{7} Things which are halves of the same things are equal to one another.
Euclid's posiulates were |

Postulate 1 : A straight line may be drawn from any one point to any other point.
Postulate 2 : A terminated lins can be produced indefinitely,

Postulate 3 : A cirele can be drawn with any centre and any radius.

Postulate 4 : All right angles are equal to one another.



NP HDE

CHartEr 0

LINES AND ANGLES

i.] Introduction

In Chapter 3, you have studied that a minimum of two points are required to draw a
line. You have also studied some axioms mand, with the help of these axioms, you
proved some other statements. In this chapter, you will study the properties of the
angles formed when two lines ntersect each other, and also the properties of the
angles formed when a line intersects two or more parallel lines at distinct points,
Further you will use these properties to prove some statements using deductive reasoning
(see Appendix 1). You have already verified these statements through some activities
in the earlier classes.

In your daily life, you see different types of angles formed between the edges of
plane surfaces. For making a similar kind of model using the plane surfaces, vou nsed
tu have a thorough knowledge of angles. For instance, suppose you want (o make a
model of a hut to keep in the school exhibition using bamboo sticks. Tmagine how you
would make it? You would keep some of the sticks paraliel to each other, and some
sticks would be kept slanted. Whenever an architect has to draw a plan for a multistoried
building, she has to draw intersecting lines and parallel lines at different angles. Without
the knowledge of the properties of these lines and angles, do you think she can draw
the layout of the building?

In science. you study the properties of light by drawing the ray diagrams.
For example, to study the refraction property of light when it enters from one medimm
to the other medium, you use the properties of intersecting lines and parallel lines.
When two or more forces act on a body, you draw the diagram in which forces are
represented by directed line segments to study the net effect of the forces on the
body. Al that time, you need to know the relation between the angles when the rays
(or line segments) are parallel to or intersect each other. To find the height of a tower
or to [ind the distance of a ship from the light house, one needs 10 know the angle
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formed between the horizontal and the line of sight. Plenty of other examples can be
given where lines and angles are used. In the subsequent chapters of geometry. you
will be using these properties of lines and angles 1o deduce more and more useful

properties,

Let us first revise the terms and definitions related to lines and angles learnt in
earlier classes.

6.2 Basic Terms and Definitions

Recall that a part (or portion) of a line with two end points is called a line-segment
and a part of a line with one end point is called a ray. Note that the line segment AB i3

denoted by AB , and its lenath is denoted by AB. The ray AB is denoted by AR . and

a line is denoted by Ap . However, we will not use these symbals, and will denote
the line segment AB, ray AR, length AB and line AB by the same symbol, AB. The
meaning will be clear from the context. Sometimes small letters /| m, n, etc, will be
used to denote Imes.

If three or more points lie on the same line, they are called collinear points:
otherwise thev are called non-collinear points.

Recall that an angle is formed when two rays originate from the same end point.
The rays making an angle are called the arms of the angle and the end point is called
the vertex of the angle. You have siudied different types of angles. such as acute
angle, right angle, obtuse angle, straight angle and reflex angle in earlier classes

(see Fig. 6.1). -

¥
A% - . \

(1) acute angle : 0° <x<=09("° (i) right angle : = 90" (iif) obtuse angle : 907 <z <180"

-
(iv) straight angle - 5 = 180° (v) reflex angle : 180" < < 360°

Fig. 6.1 : Types ol Angles
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An acute angle measures between 07 and 90°, whereas a right angle is exactly
equal to 90°. An angle greater than 907 but less than 180° 1s called an obtuse angle.
Algo, recall that a straight angle is equal to 1807, An angle which is greater than 1807
but less than 3607 is called a reflex angle. Further, two angles whose sum is 90° are
called complementary angles, and two angles whose sum is 180% are called
supplementary angles,

You have also studied about adjacent angles
in the earlier classes (see Fig. 6.2). Two angles
are adjacent, if they have a common veriex, a
commion arm and their non-common arms are D
on different sides of the comumon arm. In
Fig, 6.2, < ABD and £ DBC are adjacent
angles. Ray BD is their common arm and point
B is their common verlex. Ray BA and ray BC
are non common arms. Moreover, when two B ha >
angles are adjacent, then their sum 15 always
equal to the angle formed by the two non-
common arms, S0, We can write

£ ABC = 2 ABD + £ DBC.

Note that # ABC and / ABD are not B
adjacent angles. Why? Because their non-
common arms BD and BC lie on the same side
of the common arm BA.

Fig. 6.2 : Adjacent angles

If the non-common arms BA and BC in

Fig. 6.2. form a line then it will look like Fig. 6.3. <7 o er
In this case, £ ABD and £ DBC are called '
linear pair of angles. Fig. 6.3 : Lincar pair of angles

Youmay also recall the vertically opposite
angles formed when two lines, say AB and CD,
intersect each other, say at the point O
(see Fig. 6.4). There are two pairs of vertically
opposite angles.

One pair is ZAOD and ZBOC. Can you
find the other pair?

Fig. 6.4 : Vertically oppuosite
angles
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6.3 Intersecting Lines and Non-intersecting Lines

Draw two different lines PQ and RS on a paper. You will see that you can draw them
in two different ways as shown in Fig. 6.5 (i) and Fig. 6.5 (ii).

P 0
“ l:E :‘: >
(1) Intersecting lines (1i) Non-intersecting (parallel) lines

Fig. 6.5 : Dillerent ways of deawing twa lines

Recall the notion of a line, that it extends indefinitely in both directions. Lines PQ)
and RS in Fig. 6.5 (i) are intersecting lines and in Fig, 6.5 (ii) are parallel lines. Note
that the lengths of the commoen perpendiculars at different points on these parallel
lines is the same. This equal length is called the distance between nwo parallel lines.

6.4 Pairs of Angles

In Section 6.2, you have learnt the definitions of

some of the pairs of angles such as C
complementary angles, supplementary angles,

adjacent angles, linear pair of angles, etc. Can

vou think of some relations between these

angles? Now, let us find out the relation between

the angles formed when a ray stands on a line.

Draw a figure in which a ray stands on a line as =} 0 B
shown in Fig. 6.6. Name the line as AB and the

ray as OC. What are the angles formed at the  Tig. 6.6 : Linear pair of angles
point O? They are .~ AOC, Z#BOC and ~ AOB.

Can we wrile ~ AOC + 2 BOC = .~ AOB? (1
Yes! (Why" Reler to adjacent angles in Section 6.2)
What 15 the measure of ~ AQB? It1s 180°. (Why?) (2)

From (1) and (2), can you say that £ AQC + £ BOC = 180°7 Yes! (Why?)
From the above discussion, we can state the [ollowing Axiom:
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Axiom 6.1 : If a ray stands on a line, then the sum of two adjacent angles so

formed is 180°.

Recall that when the sum of two adjacent angles is 1807, then thev are called a
linear pair of angles,

In Axiom 6.1, it 18 given that ‘a ray stands on a line”. From this "given’®, we have
concluded that ‘the sum of two adjacent angles so formed is 180°°. Can we write
Axiom 6.1 the other way? That is. take the ‘conclusion” of Axdom 6.1 as “given” and
the “given® as the “conclusion’. So it becomes:

(A) If the sum of two adjacent angles is 180°. then a ray stands on a line (that is,
the non-common arms form a line).

Now you see that the Axiom 6.1 and statement (A) are in a sense the reverse of
each others. We call each as converse of the other. We do not know whether the
stalement (A) is true or not. Let us check. Draw adjacent angles of different measures
ag shown in Fig. 6.7. Keep the ruler along one of the non-common arms in each cazse.
Does the other non-common arm also lie along the ruler?

+

oy 1‘_

L]

60 .

{30° BO®

L

|-r|—|-'-r| ﬁ':L-"T"-r"r" TTTTTITRTTTILT

Fig. 0.7 : Adjacent angles with different measures
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You will find that only in Fig. 6.7 (iii), both the non-common arms lic along the
ruler, that is, points A, O and B lie on the same line and ray OC stands on it, Also see
that £ AQC + 2 COB= 125"+ 55% =1 80°. From this, you may conclude that statement
{A) is true, So. you can state in the form of an axiom as follows:

Asiom 6.2 : If the sum of two adiaceni angles is 1807, then the non-common arms
af the angles form a line.

For obvious reasons, the two axioms above togeiher is called the Linear Pair
Axiom.

Let us now examine the case when two lines intersect each other,

Recall. from earlier classes, thatwhen two lines intersect, the vertically opposite
angles are equal. Let us prove this result now. See Appendix 1 for the mgredients of a
proof, and keep those in mind while studying the proof given below.

Thearem 6.1 : Jf two lines jntersect each other, then the veriically opposite
angles are equal.

FProof : In the statement above, it is given
that “two lines intersect each other’. So, let
AB and CD be two lines intersecting at O as
shown in Fig. 6.8. They lead to two pairs of
vertically opposite angles, namely,

(i) £ AOC and £ BOD (ii) £ AOD and
< BOC. Fig. 6.8 : Vertically apposite angles

We need fo prove that £ AOC = £ BOD
and 2 AOD = 2 BOC,

Now, ray DA stands on line CD,
Therefore. £ AQC + £ AOD = 18(0° {Linear pair axiom) (1)
Can we write £ AOD + £ BOD = [80°? Yes! (Why?) (2)
From (1) and (2), we can write

L AQC+ 2 AOD = £ AQD + < BOD
This implies that £ AOC = £ BOD  (Refer Section 5.2, Axiom 3)
Similarly, it can be proved that ZAOD = ZBOC

Now, let us do some examples based on Linear Pair Axiom and Theorem 6.1.
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Example | : In Fig. 6.9, lines P} and BS
intersect each other at pomt O. If
ZPOR : £ ROQ=35:7, find all the angles.

Solution : £ POR +£ ROQ = IBO°

(Linear pair of angles)
But ZPOR:ZROQ=5:7
(Given)
3
Therefore, < POR = 2 < 180°=T75° Fig. 6.9
. 7
Simularly. ZR0OQ = = 1807 =105"
Now, L POS = ZROQ=105° (Vertically opposite angles)
and £ 80Q = ZPOR = 75° (Vertically opposite angles)

Example 2 : In Fig. 6.10, ray OS stands on a line POQ). Ray OR and ray OT are
angle hisectors of £ POS and £ S0, respectively, If £ POS = x, find £ ROT.

Solution : Ray OS stands on the line PO,

Therefore, ZPOS + £ 50Q = 180° 3 8
But, ZPOS=x "
x + 2 800 = 180 € >

Therefore, \P L >
So, £ 80Q=180° —x
ig. 6,14
Now, ray OR bisects £ POS, therefore, Fig. 6.10
1
£ROS= — x ZPOS
Sl
2 - a2
- 1
Similarly, £80T= 5 x Z50Q
1
= 5 % (180" ~x)
= 9o -
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Now, ZROT = £ ROS + £ SOT
X X
=L yge=I
2 2
= Q(F

Example 3 : In Fig. 6.11, OF, OQ, OR and OS are
four rays. Prove that # POQ + 2 QOR + £ SOR +
£ POS =360°.

Solution : In Fig. 6.11, you need to produce any of
the rays OP, OQ. OR or OS backwards to a point.
Let us produce ray OQ backwards to a point T so
that TOQ is a line (see Fig. 6.12).

Now, ray OP stands on line TOQ.
Therefore, ZTOP + ZPOQ=180° (1)
(Linear pair axiom)

Similarly, ray OS stands on line TOQ.

Therefore, LTOS+250Q=180" (2)
Bui Z500Q = £ 80R + £ QOR
So, (2) becomes
ZTOS+ £ 80R + £ QOR =180° (3
Now, adding (1) and (3), you get
LZTOP+ £POQ+ £ TOS + £ 80R + £ QOR = 360° 4]
But LTOP+ L TOS =2 POS

Therefore, (4) becomes
ZPOQ + £ QOR + / SOR + / POS = 360°

EXERCISE 6.1 o E
L. InFig 613, lines AB and CD intersect at O. If /
£ AOC + £ BOE=70° and £ BOD=40°, find > >
#BOE andreflex ~ COE. A ’\ b
D
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T

2. InTig 6.14. lines XY and MN intetsect at O, If

3'

5'

ZPOY=90"andu: b=2:3, finde.

In Fig. 6,13, & PQR = £ PRQ, then prove that
LTQ5=2FRT,

InFig. 6.16, if x +»=w=z, then prove that AOB
is 8 lite,

InFig. 6.17. PO is a line. Ray OR is perpendicular
to line PQ. OF is another ray lving between rays
OP and OR. Prove that

|
ZROS= = (£QOS - £POS)

Ttis given that # XY Z = 64" and XY is produced
to point P, Draw a figure from the given
information. If ray YQ bisects .« ZYP, find « XY
and reflex < QYE

i1

Fig. 6,14
P

M
W

-
W

T 0 O
Fig. 6.17
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6.5 Lines Parallel to the Same Line

If two lines are parallel to the same line, will they be parallel to each other? Let us
check it. See Fig. 6.18 in which line s || line { and line » || line /.

Let us draw a line ¢ transversal for the lines, /, m and n. It is given that

line m || line fand line » || line I {

Therefore, £ 1=2/2 and £1=273 1\
(Comresponding angles axiom) I l 3

S0, £2=23{Why?) \_\.,

But # 2 and £ 3 are corresponding angles and they < ‘ >

are equal. \-\‘

Therefore, you can say that "€ - 5
Line m || Line # \I

{Converse of corresponding angles axiom)

Vig, 6.18
This result can be stated in the form of the following theorem: ‘

Theorem 6.6 : Lines which are parallel to tite same line are parvallel to each
other.

Note : The property above can be extended to more than two lines also.
Mow, let us solve some examples related to parallel lines,

Exampled : InFig. 6.19,i[PQ || KBS, & MX(Q= 135" and £ MYR =407, find £ XMY.

1.'I

P
—

]

R

Fig. 6.1% Fig. 6.20

Solutien : Here, we need to draw a line AB parallel to line PO, through point M as
shown m Fig. 6.20. Now, AB || PQ and PQ || RS.
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Theretore, AB || RS (Why?)
Nowr, £ QXM+ £ XMB = 180°

(AB || PQ), Interior angles on the same side of the transversal XM)
But £ QXM= 135°
Sa, 135° + £ XMB = 180°
Therefore. £ XMB = 45° (1)
Now, £ BMY = 2 MYR (AB || RS. Alternate angles)
Therefore, < BMY = 40° (2)

Adding (1) and (2), you get
Z XMB + 2 BMY = 45+ 40°
That is, £ XMY = §5°

Example 5 : If a transversal intersects two lines such that the bisectors of a pair of
corresponding angles are parallel, then prove that the two lines are parallel.

Solution : In Fig. 6.21. a transversal AD intersects two lines PQ and RS at points B
and C respectively. Ray BE 15 the bisector of £ ABQ) and ray CG i3 the bisector of

£ BCS; and BE || CG,
We are to prove that PQ) || RS,
It 1s given that ray BE is the bisector of 2 ABQ).

1 P
Therefore, ZABE= 3 £ ABQ (1) P
Similarly, ray CG is the bisector of £ BCS.

1 R
Therefore, <~ BCG= 5 < BCS (2)

But BE || CG and AD is the transversal.

Therefore, ~ ABE= < BCG
(Corresponding angles axiom) (3)

Substituting (1) and (2) in (3), you get

1 1
5 £ ABQ = 5 2 BCS

That is, 2 ABQ= 2 BCS



g0 baTHEMATICE

But. they are the corresponding angles formed by transversal AD with PQ and RS:;
and are equal.

Therefore, PQ || RS
{Converse of corresponding angles axiom)

Example 6 : In Fig. 6.22, AB | CD and CD || EF. Also EA L AB. If # BEF = 55°, find

the values of x, y and =z, .--. # ,n
Solution : -+ 55° = 180° AT L -
(Interior angles on the same side of the 550
transversal ED) 1

Therefore, y=180"—55"=125" 4
Agrain K=y Bl )x

(AB || CD, Corresponding angles axiom) ! i 3"
Therefore x=125° Fig, 6.22
Now, since AB || CD and CID || EF. therefore, AB || EF.
So, 2 BAB + / FEA = 180° {(Interior angles on the same

side of the transversal EA)

Therefore, a0 + x4+ 55% = [RO°
Which gives z= 35"

EXERCISE 6.2

L. InFig 0.23.ifAB||CD.CD||EFand y:2=3:7.
find x.

Fig. 6.23
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2,

5"

InFig. 6.24.ifAB || CD,EF L (D and ~ GEI» = 126". find £ AGE, £ GEF and ~ FGE.

AG F B,
i —I 4w
{_' E B

Fig. 6.24

InFig 6.25.1fPQ || ST. £ PQE=110"and ~ RST=130° find £ QRS.
[Eint : Draw a line pasallel to 5T through point B,
[ T

Fig. 6.25
Tn Fig. 6.26,if AB || CD, £ APQ=150°and / PRD=127*, find x and y,

i
=

Fig. 6.26

In Fig 627, PC and RS are two micrors placed parallel to sach other An incident ray
AB strikes the mirvor P} at B, the reflected ray moves along the path BC and strikes
the mirior RS at C and agasin reflects back along CID. Prove that
AR O,

N B
D

A

= et

Fig. 6.27
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6.6 Summanry

Tn this chapter, you have studied the following points:

1. Ifareystends on aline, then the sum of the two adjacent angles so formed is 1807 and vice-
versa, This property 15 called as the Linear pair axiom.

2. Iitwolines miersect each other, then the vertically opposite angles are equal.

3. Lines which are parallel to a given line are parallel to each other,
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CHartEr 7

TRIANGLES
I

7.1 Introduction

You have studied about triungles and their various properties in your earlier classes.
You know that a closed figure formed by three intersecting lines is called a triangle,
(*Tri* means *three’). A triangle has three sides, three angles and three vertices. For
example, in triangle ABC, denoted as A ABC (see Fig. 7.1); AB, BC, CA are the three
sides. £ A, /B, £ C are the three anglez and A, B. C are three vertices.

In Chapter 6, vou have also studied some properties A

of triangles. In this chapter, you will study in details

about the congruence of tniangles. rules of congruence.

some more properties of triangles and inequalities in

a triangle, You have already verified most of these

properties in earlier classes. We will now prove some

of them.

7.2 Congruence of Iriangles Fig. 7.1

You must have observed that two copies of your photographs of the same size are
identical. Similarly, two bangles of the same size, two ATM cards issued by the same
bank are identical. You may recall that on placing a one rupee coin on another minted
in the same vear. they cover each other completely.

Do you remember what such figures are called? Indeed they are called congruent
figures ("congruent” means equal in all respects or figures whose shapes and sizes
dre both the same).

Now, draw two circles of the same radius and place one on the other. What do
you observe? They cover each other completely and we call them as congruent circles.
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Repeat this activity by placing one
square on the other with sides of the same
measure (see Fig. 7.2) or by placing two
equilateral triangles of equal sides on each
other. You will observe that the squares are
congruent to 2ach other and so are the
equilateral triangles. Fig. 7.2

You may wonder why we are studying congruence, You all must have seen the ice
tray in your refrigerator. Observe that the moulds for making ice are all congruent.
The cast used for moulding in the tray also has congruent depressions {may be all are
rectangular or all circular or all triangular). So, whenever identical objects have to be
produced, the concept of congruence is used in making the cast,

Sometimes, you may find it difficult to replace the refill in your pen by a new one
and this is so when the new refill is not of the same size as the one you want to
remove. Obviously, if the two refills are identical or congruent, the new refill fits.

So. you can find numerous examples where congruence of objects is applied in
daily life situations.

Can you think of some more examples of congruent figures?

Now, which of the following figures are not congruent to the square in
Fig 7.3 (i) :

(i) (11} (i} (v}
Fig. 7.3
The large squares in Fig. 7.3 (ii) and (iii) are obviously not congruent to the one in
Fig 7.3 (1), but the square in Fig 7.3 {iv) is congruent to the one given in Fig 7.3 (i).
Let us now discuss the congruence of two triangles.

You already know that two triangles are congruent if the sides and angles of one
triangle arc equal to the corresponding sides and angles of the other triangle.
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Now, which of the triangles given below are congruent to trangle ABC n
Fig. 7.4 (i)?

5 om

{1

(1w}

Fig. 7.4
Cut out each of these triangles from Fig. 7.4 (i1) to (v) and turn them around and
try to cover A ABC. Observe that triangles in Fig. 7.4 (ii}, (iii) and (iv) are congruent
to A ABC while A TSU of Fig 7.4 (v) is not congruent to A ABC.
If A POQER. is congruent to A ABC. we write A POR = A ABC.
Notice that when A PQR = A ABC, then sides of A PQR fall on corresponding
equal sides of A ABC and so is the case for the angles,

That is, PQ covers AB, QR covers BC and RP covers CA, £ P covers £ A,
£ Q covers £ B and £ R covers £ C. Also, there 1s a one-one comrespondence
berween the vertices. That is. P corresponds to A, Q to B. B to C and so on which is
written as

PeA. QB ReC

Mote that under this correspondence, A PQR = A ABC; but it will not be correct 1o
write AQRP = A ABC.

Similarly, for Fig. 7.4 (iii),
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FD <» AB, DE «» BC and EF <> CA
and FeoA Do B andE—C
S0, A FDE = A ABC but writing A DEF = A ABC is not correct,
Give the correspondence between the triangle in Fig. 7.4 (iv) and A ABC.

So, it is necessary to write the correspondence of vertices correctly for writing of
congruence of triangles in syimbolic form.

Note that in congruent triangles corresponding parts are equal and we write
in short *CPCT" for corresponding parts of congruent triangles.

7.3 Criteria for Congruence of Triangles

In earlier classes, you have leamt four criteria for congruence of triangles, Let us
recall them.

Draw two triangles with one side 3 em. Are these triangles congment? Observe
that they are not congruent (see Fig. 7.5).

B

(11)
Fig. 7.5

Now, draw two triangles with one side 4 cm and one angle 50° (see Fig. 7.6), Are

they congruent?
1!

{ Q B
4 cm dem
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See that these two triangles are not congruent,

Repeat this activity with some maore pairs of triangles,

So, equality of ope pair of sides or one pair of sides and one pair of angles is not
sufficient to give us congruent triangles.

What would happen if the other pair of arms (sides) of the equal angles are also
equal?

InFig 7.7, BC=QR, ~ B = . () and also. AB = P(). Now, what can you zay
about congruence of A ABC and APQR?

Recall from vour earlier classes that, in this case, the two tniangles are congruent.
Verify this for A ABC and A PQR in Fig. 7.7.

Repeat this activity with other pairs of triangles. Do you observe that the equality
of two sides and the included angle is enough [or the congruence ol triangles? Yes, it
iz enough.

4em

Fig.7.7
This is the first criterion for congruence of triangles.

Axiom 7.1 (SAS congruence rule) : Two trigngles are congruent iff two sides
and the included angle of one triangle are equal fo the two sides and the included
angle af the other triangle.

This result cannot be proved with the help of previously known results and so it is
accepted true as an axiom (see Appendix 1),

Let us now take some examples. C B
Example 1 : In Fig. 7.8, OA = OB and OD = OC. Show that
(i) A AOD = A BOC and (ii) AD || BC.
Solution : (i) You may observe that in A AOD and A BOC,
0A = OB
0D = 0C

} {Griven) A -

Fig.7.8
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Also, since # AOD and ./ BOC form a pair of vertically opposite angles, we have
£ AOD = £ BOC,
S0, AAOD = ABOC (by the SAS congruence rule)

(it} In congruent triangles AOD and BOC. the other corresponding parts are also
equal.

S0, £ 0AD = £ OBC and these form a pair of alternate angles for line segments
AD and BC,

Therefore, AD || BC.
Example 2 : AB is a line segment and line [ is its perpendicular bisector. Il a point P
lies on £, show that P is equidistant from A and B. /

.
Solution : Line / L AB and passes through C which b
is the mid-point of AB (see Fig. 7.9). You have to ™
show that PA = PB. Congider A PCA and A PCRB, o W

We have AC=BC (C is the mid-point of AB) \
£LPCA= ZPCB=%" {Given)

A
PC=PC {Commaon)
S0, APCA =APCB (SAS rule)

and so, PA = FB, as they are corresponding sides of
congruent triangles. Fig. 7.9

L 3

Now, let us construct two triangles, whose sides are 4 cm and 5 cm and one of the
angles 18 50° and this angle is not included in between the equal sides (see Fig. 7.10).
Avre the two triangles congruent?

B it
& AL

4¢m

Fig. 7.10
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Notice that the two triangles are not congruent.

Repeal this activity with more pairs of triangles. You will observe that for triangles
to be congruent, it is very important that the equal angles are included between the
pairs of equal sides.

So. SAS congruence rile holds bul not ASS or S8A rule,

Next, try to construct the two triangles in which two angles are 60 and 45 and
the side included between these angles is 4 cm (see Fig. 7.11).

}om 4 em

Fig. 7.11

Cut out these triangles and place one triangle on the other. What do you observe?
See that one triangle covers the other completely; that is, the two tnangles are congruent,
Repeat this activity with more pairs of triangles. You will observe that equality of two
angles and the incleded side is sufficient for congruence of iriangles.

This result is the Angle-Side-Angle criterion for congruence and is written as
ASA criterion. You have verified this criterion in earlier classes, but let us state and
prove this result.

Singe this result can be proved, it is called a theorem and to prove it, we use the
SAS axiom for congruence,

Thearem 7.1 (ASA congruence rule) : Two triangles are congruent if two angles
and the included side of ome triangle are equal to two angles and the included
side of other triangle,

Prool : We are given {wo iriangles ABC and IDEF in which:
LB= LB.LE=LTF

and BC= EF

We need to prove that A ABC = ADEF

For proving the congruence of the two triangles sec that three cases arise.
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Case (i) : Let AB = DE (see Fig. 7.12).
MNow what do you chserve? You may observe that

AB=DE (Assumed)
ZB=4LE {Griven)
BC = EF {Given)
So, A ABC = A DEF (By SAS rule)
A D
H i { £/> F
Fig. 7.12

Case (i) : Let if possible AB > DE. So. we can take a point P on AB such that
PB = DE. Now consider A PBC and A DEF (see Fig. 7.13).

I

£ B t F
Fig. 7.13
Observe that in A PBC and A DEF.
PB=DE (By construction)
ZB=/E (Given)
BC =EF (Given)

So, we can conclude that:
A PBC = A DEF, by the SAS axiom for congruence.
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Since the triangles are congruent, their corresponding parts will be equal.,
S0, ZPCB= £1DFE
But, we are given that

£ ACB= ZDFE
So, L ACB= £ PCB
Is this possible?
This is possible only if P coincides with A,
at, BA=ED
So, A ABC = A DEF (by SAS axiom)

Case (iii) : If AB < DE, we can choose a point M on DE such that ME = AB and
repeating the arguments as given in Case (i1), we can conclude that AB = DE and so,
A ABC = A DEF.

Suppose, now in two triangles two pairs of angles and one pair of corresponding
sides are equal bul the side is not included between the corresponding equal pairs of
angles. Are the triangles still congruent? You will observe that they are congroent.
Can you reason out why?

You kmow that the sum of the three angles of a mangle 15 180°, So if two pairs of
angles are equal, the third pair is also equal (180° — sum of equal angleg).

So, two triangles are congruent if any two pairs af angles and one pair of
carresponding sides are equal. We may call il as the AAS Congruence Rule.

Now let us perform the following activity :

Draw triangles with angles 40°, 50% and 90°. How many such triangles can you
draw?

In fact, you can draw as many triangles as vou want with different lengths of
sides (see Fig. 7.14).

‘.,-I

ki ] [} /Q\

Fig. 7.14
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Observe that the triangles may or may not be congruent to each other,

So, equality of three angles is not sufficient for congruence of triangles. Therefore,
for congruence of triangles out of three equal parts. one has to be a side.

Let us now take some more examples.
Example 3 : Line-segment AB is parallel to another line-segment CD. O is the

mid-point of AD (see Fig. 7.15). Show that (i) AAOB = ADOC (i) O is also the
mid-point of BC.

Solution : (i) Consider A AOB and ADOC. ¢ D
ZABO = 2 DCO
{Alternate angles as AB || CD 0
and BC is the transversal)
Z AOB = £ DOC Y "
(Vertically opposite angles)
OA= OD (Given) o Al
Therefore. AAOB = ADOC  (AAS rule)
(it) OB =0C (CPCT)

So, O is the mid-point of BC.

EXERCISE 7.1
1. Inquadrilateral ACBD, C

AC = AD and AB bisects & A
(sce Fig. 7.16). Show that A ABC = A ABD.

What can vou say about BC and BI}?

D

Fig. 7.16
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2, ABCD iz a quadrilateral in which AD = BC and D
£ DAB= 2 CBA (see Fig. 7.17). Prove thal
il AABD=ABAC
(i} BD=AC
(i) < ABD=.BAC.
Fig. 7.17
3. AD and BC are equal perpendicuolars to a line
segment AB (see Fig, 7.18). Show that CD bizsecis B i
AR
Q
D A
4. [ end m are two parallel lines intersected by
another pair of parallel lines p and g
{seeFig. 7.19), Show that A ABC 2 A CDA.
5. Linelisthe bisector of an angle ./ A and B is any

point an /. BPand BQ sre perpendiculars from B
to the arms of £ A (see Fig, 7.20). Show that:

I} AAFB=AAQR
{ii} BF =B or B 13 equidiziant from the arms
of £ A,
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6. In Fig, 7.21. AC = AE, AB = AD and E
£BAD= 2 EAC. Show that BC=DE.

B B
Fig. 7.21
7. ABisalinesegmentand P isits mid-point. D and
E are points on the same side of AB such that E -
£ BAD = £ ABE and 2 EPA = £ DPB
{seeFig, 7.22). Show that
(i} ADAP=ATBP
(i) AD=BE
i, B
l‘!
Fig, 7.22
8. Inrighl triangle ABC. right angled a1 C, M is § A
the mid-pomt of hypotenuse AB. Cis joined
to M and produced to a point D) such that
DM = CM. Point 1D is joined to point B
(see Fig. 7.23). Show that: I
(i} A AMC = ABMD
(ity « DBC isaright angle. B C
(1) ADBC = A ACB Fig. 7.23
1
(v) CM = E AB

7.4 Some Properties of a Triangle

In the above section you have studied two eriteria for congruence of triangles. Let us
now apply these results to study some propertiss related to a triangle whose two sides
are equal.
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Perform the activity given below:

Construct a triangle in which two sides are
equal, say each equal to 3.5 cm and the third side
equal to 5 cm (see Fig. 7.24). You have done such
constructions in earlier classes.

Do you remember what is such a triangle
called?

A triangle in which two sides are equal 15 called
an isosceles triangle. So, A ABC of Fig. 7.24 is
an isosceles iriangle with AB = AC.

Now, measure /B and .~ C. What do you observe?

Repeal this activity with other isosceles triangles with different sides,

You may observe that in each such triangle. the angles epposite to the equal sides
are equal.

This is a very important result and is indeed true for any isosceles triangle. It can
be proved as shown below.

Theovem 7.2 : Angles opposite to equal sides of an isosceles iriangle are equal.
This result can be proved in many ways. One of A
the proots is given here.

Proof : We are given an isosceles trnangle ABC
in which AB = AC. We need to prove that
LB=LC.

Let us draw the bisector of £ A and let D be D C
the point of intersection of this bisector of Fig. 7.25
£ A and BC (see Fig. 7.25). -
In A BAD and A CAD,
AB=AC {Given)
£ BAD = Z CAD (By construction)
AD=AD (Commaon)
So, ABAD = A CAD By SAS rule)

80, < ABD = £ ACD, since they are corresponding angles of congruent triangles.
S0, £LB=4C
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Is the converse also true? That 1s:

I two angles of any triangle are equal, can we conclude that the sides opposite to
them are also equal?

Perform the following activity.

Construct a tmangle ABC with BC of any length and «~ B = £ C = 50°. Draw the
bigector of £ A and let it intersect BC at D (see Fig. 7.26),

Cul oui the triangle from the sheet of paper and fold it along AD so that vertex C
falls on vertex B. A

What can yvou say about sides AC and AB7
Observe that AC covers AB completely

So, AC = AB

Repeat this activity with some more triangles. /<\ 50° 50°
Each time you will observe that the sides opposite D C
to equal angles are equal. So we have the Fis. 7.26
following: :

Theovem 7.3 : The sides opposite to equal angles of a triangle are equal.
This is the converse of Theoram 7.2,
You can prove thig theorem by ASA congruence rule.
Let us take some examples to apply these results,

Example 4 : In A ABC, the bisector AD of £ A is perpendicular to side BC
(see Fig. 7.27). Show that AB = AC and A ABC 13 isosceles.

Solution : In AABD and AACD,

ZBAD = £ CAD (Given) ;f*
AD = AD {Common) I
/ ADB = / ADC = 90° (Given)
So. AABD= AACD (ASA rule)
50, AB = AC (CPCT)
or, A ABC is an isosceles triangle. B I“;:1 ¢
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Example 5 : E and F are respectively the mid-points
of equal sides AB and AC of A ABC (zee Fig. 728).
Show that BF = CE.

Solution : In A ABF and A ACE,

AB=AC {Given)
LA= LA {Common)
AF=AE  (Halves ol equal sides)
So, A ABF = A ACE (SAS rule)
Therefore, BF=(CE (CPCT)

Example 6 : In an isosceles triangle ABC with AB = AC. D and E are points on BC
such that BE = CD (see Fig. 7.29). Show that AD) = AE.

Solution : In A ABD and A ACE,

AB = AC (Given) (1) A

£LB=2C

{Angles opposite to equal sides) (2)
Also, BE=CD
So, BE-DE=CD-DE BT/ E &
That is, BD = CE 3) Fig. 7,29
50, AABD = A ACE

(Using (1), {2), (3} and SAS rule).

This gives AD = AE {CPCT)

EXERCISE 7.2

1. Inanisosceles triangle ABC. with AB = AC, the bisectors of « B and .~ C intersect
each ather al O, Join Ao O Show that

A
iy OB=0C (i) AQbisects <A
2, TInAABC.AD is the perpendicular bigector of BC
{gee Fig. 7.30). Show that A ABC is an isosceles
triangle inwhich AR =AC,
B u C
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3!

ABC 15 an isosceles triangle in which altitades
BE and CF are drawn o equal sides AC and AB
respectively (see Fig, 7.31). Show that these
altitudes are equal,

ABC 18 a trisngle in which allitudes BE and CT to
sides AC and AB are equal (see Fig. 7.32). Show
that

(i) AABE=AACF

(i} AB=AC,Le, ABC is 2n izosceles triangle.

ABC und DBC are two isoscsles triangles on the
same base BC (see Fig. 7.33). Show that
£ ABD=2ACD,

AABC iz anisosceles triangle inwhich AB=AC,
Side BA is produced to D such that AD = AB
(seeFig. 7.34). Show that £~ BCD iz a right angle.
ABC isaright angled triomgle in which . & = 907
and AB=AC. Find £ Band 2 C.

Show that the angles of an equilateral triangle
are 60° each.

Fig. 7.32
A
B C
D
Fig. 7.33
D
A
B C

Fig. 7.34
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7.5 Some Maore Criteria for Congruence of Triangles

You have seen earlier in this chapter that equalitv of three angles of one triangle to
three angles of the other is not sufficient for the congruence of the two triangles. You
may wonder whether equality of three sides of one triangle to three sides of another
triangle is enough for congroence of the two triangles. You have already verified in
sarlier classes that this is indeed true.

To be sure, construct two triangles with sides 4 cm, 3.5 cm and 4.5 cm
(see Fig. 7.33). Cut them oul and place them on each other, What do you observe?
They cover each other completely, if the equal sides are placed on each other. So, the
trisngles are congruent,

4 ¢m)

Repeat this activity with some more triangles. We arrive al another role for
CODZIUENCE.

Theorem 7.4 (SS8 congruence rule) : If three sides of one triangle arve equal to
the three sides of another (riangle, then the two triangles are congruent.

This theorem can be proved vsing a suitable construction.

You have already seen that in the SAS congruence rule, the pair of equal angles
has to be the included angle between the pairs of corresponding pair of equal sides and
if this is not so. the two triangles may not be congruent.

Perform this activity:

Construet two right angled triangles with hypotenuse equal to 5 cm and one side
equal to 4 cm each (see Fig. 7.36).
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5 em

19

4 em 4 cna
Fig. 7.36
Cut them out and place one triangle over the other with equal side placed on each
other. Turn the triangles, if necessary. What do you observe?

The two triangles cover each other completely and so they are congruent. Repeat
thiz activity with other pairs of right triangles. What do you observe?

You will find that two right triangles are congruent if one pair of sides and the
hypotenuse are equal. You have verified this in earlier classes,

Note that, the right angle is nor the included angle in this case.
So, vou arrive at the following congruence rule:

Theorem 7.5 (RHS congruence rule) : [f in two right riangles the hypotenuse
and one side of one triangle are egwal to the hvpotenuse and one side of the
other triangle. then the two triangles are congruent.

Note that RIS stands for Right angle - Hypotennse - Side.
Let us now take some examples.

Example 7 : AB is a line-segment. P and ( are P

points on opposite sides of AB such that each of them

is equidistant from the points A and B (see Fig, 7.37). /

Show that the line PQ) is the perpendicular bisector A B
of AB, c

Solution : You are given that PA = PB and
QA = QB and you are to show that PQ L AB and
P() bisects AB. Let PQ) intersect AB at C.

Can you think of two congruent triangles in this figure?
Let us take A PAQ and A PBQ. Fig. 7.37
In these triangles,

Q
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AP=BP {Given)

AQ=BQ (Given)

PO =P0Q {Common}

Sa, A PAGQ = A PEQ {SSS rule)

Therefore, £ APQ = £ BPQ {CPCT).
MNow let us consider A PAC and A PBC.

You have : AP =BP (Given)

L2 APC = 2 BPC (£ APQ = 2 BP(Q) proved above)

FC =PC (Common)

5o, A PAC = A FBC (SAS rule)

Therefore. AC=BC (CPCT) (1)

and £ ACP = 2 BCP (CPCT)

Also. &£ ACP + 2 BCP = 180 (Linear pair})
8o, 22 ACP =1807

0L, £ ACP =90° (2)

From (1) and (2), you can easily conclude that PQ is the perpendicular bisector of AB,
[Note that, without showing the congruence of A PAQ and A PB(Q), you cannot show

that APAC = APBC gven though AP = BP (Given)

PC = PL {Commeaon)

and # PAC = £ PBC (Angles opposite to equal sides in
AAPB)

It is because these results give us 8SA rule which is not always valid or true for
congruence of triangles. Also the angle is not included between the equal pairs of
sides.]

Let us take some more examples,

Example 8 : P is a point equidistant from two lines 7 and m intersecting at point A
(see Fig. 7.38). Show that the line AP bisects the angle between them.

Solution : You are given that lines [ and m intersect each other at A. Let PB | [,
PC L m. It is given that PB = PC.

You are lo show that & PAB = # PAC.
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Let us consider A PAB and A PAC. In these two
triangles,

PB =PC (Given)
LPBA=LPCA=907 {Given)
PA =PA (Commaon)

So. A PAB = A PAC (RIS rule) Fig. 7.38
So. £ PAB = £ PAC (CPCT)

Note that this result is the converse of the result proved in Q.5 of Exercise 7.1.

EXERCISE 7.3

1. AABCand ADBC are two isosceles triangles on A
the same base BC and vertices A and D are on the
same side of BC (see Fig. 7.39). ITAD is extended
1o intersect BC at I, show that
) AABD=AACD

(i) AABP=AACP

(iil) AP bisects # A aswellas £ D, . P e
(iv) AP is the perpendicular bisector of BC. Fig. 7.39

2. ADisan alfitude of an isosceles triangle ABC in which AB = AC, Show that
(i) AD biseciz BC (i) AD bisecis <A,

3. Twosides AB and BC snd median AM A P

of one triangle ABC are respectively
equal to sides PO} and QR and median
PN of A PQR (see Fig. 7.40). Show that:

i) AABMz=APQN o N R

M C
il AABC=APOR
(i) rQ Fig. 7.40

4. BE and CF are two equal altitudes of a mangle ABC, Using RHS congruence
rule, prove that the triangle ABC is isosceles.

5. ABC is an isosceles triangle with AB = AC. Draw AP | BC to show that
LB=L0C.
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7.6 Summary

Tn this chapter, you have studied the following points

.
3
4.

9.
1.
11.

| i

Two figures are congruent, if they are of the same shape and of the same size,
Two circles of the same radii are congruent,
Two squares of the sarne sides are congnient.

If two triangles ABC and PQR are congruent under the comrespondence A <+ P,
B «+ Qand C <> R, then symbolically, it 15 expressed as A ABC = APQR.

If twa sides and the included angle of one triangle are equal to two sides and the included
angle of the other triangle, then the two triangles are congruent (SAS Congroence Rule).

If two angles and the included side of one riangle are equal 1o two angles and the
included zide of the other iriangle, then the two triangles are congruent (ASA Congruence
Rule).

If two angles and one side of one trangle sre equal to two angles and the corresponding
side of the other triangle., then the two triangles are congruent (AAS Congruence Rule).

Angles opposite to equal sides of a triangle are equal.
Sides opposite to equal angles of a triangle are equal,
Each angle of an equilateral triangle 15 of 60°,

If three sides of one triangle are equsl to thiee sides of the other triangle, then the two
iriangles are conginent (858 Congruence Rule),

Ifin two cght triangles, hypotenuse and one side of a iriangle are equal (o the hypotenuse
and one side of other (riangle, then the (wo (rangles are congruent (RIS Congruence
Rule).



CHAPTER 8

QUADRILATERALS

8.1 Properties of a Parallelogram

You have already studied quadrilaterals and their types in Class VIII. A quadrilateral
has four sides, four angles and four vertices. A parallelogram is a quadrilateral in
which both pairs of opposite sides are parallel,

Let us perform an activity. s . .
Cut out a parallelogram from a sheet of paper
and cut it along a diagonal (see Fig. 8.1). You obtain
two triangles, What can you say about thess
triangles?
Place ong triangle over the other. Turn ons around,
if necessary. What do vou observe”

Observe that the two triangles are congruent to Fig. 8.1
each other.

Repeat this activity with some more parallelograms. Each time you will ohserve
that each diagonal divides the parallelogram into two congruent triangles.
Let us now prove this resull,
Theorem 8.1 : A diagonal of a parallelogram divides it into two congruent
friangles.

Proof : Let ABCD be a parallelogram and AC be a diagonal (see Fig. 8.2), Observe
that the diagonal AC divides parallelogram ABCI) into two triangles, namely. A ABC
and A CDA. We need to prove that these triangles are congruent.
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In A ABC and A CDA, note that BC || AD and AC is a fransversal.
So. Z BCA = £ DAC (Pair of alternate angles)
Also, AB || DC and AC is a transversal.
So, £ BAC = £ DCA (Pair of alternate angles)
and AC=CA (Common)
S0, AABC = A CDA {ASA rule) Fig. 8.2

or. diagonal AC divides parallelogram ABCD into two congruent
triangles ABC and CDA.
Now, measure the opposite sides of parallelogram ABCD. What do you observe?

You will find that AB = DC and AD = BC,
This is another property of a parallelogram stated below:

Thearem 8.2 : In a parallelogram, opposite sides are egual.

Youhave already proved that a diagonal divides the parallelogram into two congrent
triangles; so what can you say about the corresponding parts say. the corresponding
sides? Thev ave equal.

S0. AB=DC and AD=BC

Now what is the converse of this result? You alieady know that whatever is given
in & theorem, the same is to be proved in the converse and whatever is proved in the
theorem it is given in the converse, Thus, Theorem 8.2 can be stated as given below :

If a quadrilateral is a parallelogram. then each pair of its opposite sides is equal. So
its converse is :

Theovem 8.3 : [f each puir of opposite sides of a quadrilateral is equal, then i
is a parallelogram.

Can you reason out why? b . e

Let sides AB and CD of the quadnlateral ABCD
be equal and also AD = BC (see Fig. 8.3). Draw

diagonal AC,
Clearly, AABC =2 A CDA (Why'!)
So, ZBAC = 2 DCA A ’ B
and ZBCA=ZDAC (Why?) Fig. 8.3

Can you now say that ABCD is a parallelogram? Why?
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You have just seen that in a parallelogram each pair of opposite sides is equal and
conversely if each pair of opposite sides of a quadrilateral is equal, then it is a
parallelogram. Can we conclude the same result for the pairs of opposite angles?

Draw a parallelogram and measure ils angles, What do you obgerve?

Each pair of opposite angles is equal,

Repeat this with some more parallelograms. We arrive at yei another resuli as
given below,
Theorem 8.4 : In a parallelogram, opposite angles are equal.

Now, is the converse of this result also true? Yes. Using the angle sum property of
a quadrilateral and the results of parallel lines intersected by a transverzal, we can see
that the converse is also true, So. we have the [ollowing theorem ;

Theorem 8.5 : If in a quadrilateral, each pair of opposite angles is equal, then
it is a parallelogram.

There is yet another property of a parallelogram. Let us study the same. Draw a
parallelogram ABCD and draw both its diagonals intersecting at the point O
{sec Fig. 8.4). B

Measure the lengths of OA, OB, OC and OD.

What do you observe? You will observe that
OA=0C and OB = 0D.

or, O isthe mid-point of both the diagonals.

Fi

Repeat this activity with some more parallelograms, - B

Each time you will find that O is the mid-point of Fig. 8.4
both the diagonals.

So. we have the following theorem :
Theorem 8.6 : The diagonals of a parallelogram hisect each other.

Now, what would happen, il in a quadrilateral the diagonals bisect each other?
Will it be aparallelogram? Indeed this is true.

This result is the converse of the result of Theorem B.6. It is given below:

Theorem 8.7 : If the diagonals of a guadrilateral bisect each other, then it is a
parallelogram.

You can reazon out this result as follows:
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Note that in Fig. 8.5, it 1s given that OA = OC D £
and OB = OD.

So. AAOB=ACOD (Why?)

Therefore, # ABD =~ CDD (WhyT)

From this, we get AB || CD

Similarly, BC || AD A B
Therefore ABCD 15 a parallelogram. Fig. 8.5

Let us now take some examples.

Example 1 : Show that each angle of a rectangle is a right angle.

Solution : Let us recall what a rectangle is,

A rectangle is a parallelogram in which one angle iz a right angle.

Let ABCD be a rectangle in which ~ A= 90°. D :
We havetoshowthat A B=2C= 2D =90

We have, AD || BC and AB 1s a transversal
[see Fig. B.6).

So, ZA+./ZB= 180" (Interior angles on the same , B B

side of the transversal) g

Fig. 8.6
But, LA="
S0, £B= 180"~ 2 A= 180° - 90° = 90°
Now, LC=ZAand ZD=4LB
(Opposite angles of the parallellogram)
S0, ZC=90° and ~ D =80"

Therefore, each of the angles of a rectangle is a right angle.

Example 2 : Show that the diagonals of a rhombus are perpendicular to each other,
Solution : Consider the rhombus ABCD (see Fig, 8.7). [ C
You know that AB =BC =CD = DA (Why?)

Now, in A AOD and A COD,

OA =0C (Diagonals of a parallelogram

bisect each other)
Ob = 0D {Common) A B
AD =CD Fig. 8.7
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Therefore, A AOD = A COD
(SS8 congruence rule)

This gives, » AOD =~ COD (CPCT}
But. £ AOD + ~ COD = 180° (Lincar pair)
So. 24 AOD = 180°
oL, £ AOD = 50"
S0, the diagonals of a thombus are perpendiculas to each other.
Example 3 : ABC is an isosceles triangle in which AB = AC. AD bisects exterior
angle PAC and CD || AB (see Fig. 8.8). Show that
(i) £ DAC= /£ BCA and (ii) ABCD is a parallelogram.
Solution : (1) A ABC 15 isosceles in which AB = AC (Given)
So, £ ABC= 2 ACB (Angles opposite to equal sides)

Also, £ PAC= £ ABC+ £ ACB |
{Extarior angle of a triangle) "

o, ZPAC=2/ACB (1) \ .
Now, AD bisects «° PAC.
So, £ PAC=27DAC (2)
Therefore,

2/ DAC=2/ACB  [From (1) and (2)] . C
or, ZDAC= /ACB g8

(i1) Now, these equal angles form a pair of alternate angles when line segments BC
and AD are interzected by a transversal AC.

So. BC || AD

Also, BA || CD {Given)

Now, both pairs of opposite sides of quadrilateral ABCD are parallel.
So, ABCD is a parallelogram.

Example 4 : Two parallel lines [ and m are intersected by a transversal p
{see Fig. 8.9}, Show that the quadrilateral formed by the bisectors of interior angles is

a rectangle.
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Solutien : It is given that PS || QR and transversal p intersects them at points A and
C respectively.

The bisectors of # PAC and ~ ACD intersect at B and bisectors of £ ACR and
£ SAC intersect at D. p

We are (o show that quadrilateral ABCD 15 & p A /

‘=

rectangle, e .
Now, L PAC = ZACR
{Alternate angles as [ || m and p 1= a transversal)

1 1

— L PAC = — A ACR 5
o8 2 2 ne—
Le. L BAC= 2 ACD

These form a pair of alternate angles for lines AB

and DC with AC as transversal and they are equal also. s
S0, AB || DC
Similarly. BC || AD  (Considering . ACB and £ CAD)
Therefore, quadrilateral ABCD is a parallelogram.
Also, ZPAC + £ CAS = 180° (Linear pair)
S0, iéPAC+l£CAS=lKlEI]”‘—’9ﬂ“
2 2 2
or, £ BAC+ 2 CAD =9
ar, Z BAD = 9(r
So. ABCD is s parallelogram in which one angle is 907,
Therefore, ABCD is a rectangle.
Example 5 : Show that the bisectors of angles of a parallelogram form a rectangle.
Solution : Let P, Q, R and S be the points of D

intersection of the bisectors of " A and “ B, # B
and £ C, £ Cand £ D. and £ 1Y and &£ A respectively
of parallelogram ABCD (see Fig. 8.10).

In A ASD, whal do you observe” A
Since DS bisects 2 1D and AS bisects £ A, thercfore, Fig, .10
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l 1
=~ ZA+=/D

£ DAS+ 2 ADS
2 2

1
= 5 (£A+ZD)

1 : e
=5 = 180° (£ Aand £ D are interior angles
on the same side of the transversal)

— gpe
Also, £ DAS+ 2 ADS + 2 DSA = 180° (Angle sum property of a triangle)
or, 90+ £ DSA = 180°

or, LDSA = 20¢

So, Z PSR = 90° (Being vertically opposite to £ DSA)

Similarly, it can be shown that £ APB = 90° or £ SPQ =907 (as it was shown for
£ DSA). Similarly, £ PQR = 90° and £ SRQ = 907,
So, PORS is a quadrilateral in which all angles are right angles.

Can we conclude that 1t is a rectangle? Let us examine. We have shown that
L PSR = A POR =90% and 2 8PQ = £ 8RO =90°, 5o both pairs of opposite angles
are equal.

Therefore, POQRS is a parallelogram in which one angle (in fact all angles) is 90° and
so, PORS is a rectangle.

EXERCISE 8.1

1. If the diagonals of a parallelogram ase equal, then show that it is a rectangle.
2. Show that the diagonals of a square are equal and bisect each other at right angles.

3. Diagonal AC of a parallelogram ABCD bisects D o
£ & (seeFig. 8.11). Show that

i) it bisects £ C also.
(i} ABCI)is a rhombus.

4. ABCD s a rectangle in which diagonal AC bisects A B
£ Aas well as & C. Show that: (i) ABCD is a square Fio. 8.11
(ii) diagonal BD bisects ./ B as well as ~ D, -

|
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In parallelogram ABCD, two points I' and ©) are A b
taken am diagomal BD such that DP = BQ
(s=eFig. 8.12), Show that;

(i} AAPD=ACOB

() AP=CQ

(iii) AAQB=ACPD

(iv) AQ=CP

(v} APCQ iss parallelogram
ABCD is a parallelogram and AP and COQ) are

perpendiculars from vertices A and C on diaganal
BD (see Fig, 8.13), Show that

(i) AAPB=ACQD
(i) AP=CQ

S

ABCD ig a trapeziom in which AB || CD and
AD =BC (gee Fig. §.14). Show thal

B P
"'I. :
() £A=/B P
il £2€C=£D
(i) AABC=ABAD
D C

(iv) diagonal AC =diagonal BD
[Hing: Extend AB and draw-a line through C Fig. 8.14
parallel to DA intersecting AB produoced at B.]

K.2 The Mid-point Theorem

You have studied many properties of a triangle as well as a quadrilateral. Now let us
study vet another result which is related to the mid-point of sides of a tnangle. Perform
the following activity.

Draw a triangle and mark the mid-points E and F of two sides of the triangle. Join
the points E and F (see Fig. 8.15).

Measure EF and BC. Measure .~ AEF and 2 ABC,
What do you observe” You will Gnd that :

s,
Repeat this activity with some more triangles.

S0. you arrive at the following theorem:

EE= % BC and £ AEF = £ ABC

EF | BC
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Theorem 8.8 : The line segment joining the mid-points of two sides of a triangle
is parallel to the third side.

You can prove this theorem using the following
clue:

Observe Fig 8.16 in which E and F are mid-points
of AB and AC rgspectively and CD || BA.

AAFF = ACDF ({ASA Rule)
So, EF=DF and BE =AE=DC (Why")
Therefore, BCDE is a parallelogram. (Why7)
This gives EF || BC.

1 1
In this case, also note that EF = E Ehh= EB{J.

Can you state the converse of Theorem 8.87 Is the converse true”
You will see that converse of the above theorem is also true which is stated as
belowr:

Theorem 8.9 : The line drawn ithrough the mid-point of one side of a triangle.
parallel to another side bisects the third side.

In Fig 8.17. obhserve that E ix the mid-point of
AB. line / is passsing through I and is parallel to BC
and CM || BA. E ;
Prove that AF = CF by using the congruence of F )
A AEF and A CDF. '

Fig. 8.17

Example 6 : In A ABC, D, E and F are respectively
the mid-points of sides AB, BC and CA
(see Fig. 8.18). Show that A ABC is divided into four
congruent triangles by joining D, E and .

Solution : As I) and E are mid-points of sides AB
and BC of the triangle ABC. by Theorem 8.8, B : C

E
PRI Fie. 85.18
Similarly. DF || BC and EF || AB
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Therefore ADEF. BDFE and DFCE are all parallelograms,
Now DE is a diagonal of the parallelogram BDFE,
therefore, A BDE = A FED

Stmilarly A DAF = AFED

and A EFC = AFED

So, all the four triangles are congruent,

Example 7 : 1, m and n are three parallel lines F g
intersected by transversals p and g such that [, m . //‘ f”

and n cut off equal intercepts AB and BC on p - i
(see Fig. 8.19). Show that L. m and » cut off equal /\ /
E

b

inlercepts DE and EF on ¢ also. s = >
Solution : We are given that AB = BC and have / \A‘
i

to prove that DE = EF. ""/
Let us join A to F mtersecting m at G,

The rapezium ACFD is divided mto two triangles: Fig. 8.19
namely A ACF and A AFD,

In A ACF, it 13 given that B i5 the mid-point of AC {AB = BC})
and BG || CF  (since m || n).
So. G is the mid-point of AF  (by using Theorem 8.9)

MNow, in A AFD, we can apply the same argument as G is the mid-point of AF,
GE || AD and 50 by Theorem 8.9, E is the mid-point of DF,

ie. DE =EF.
In other words, [, m and n cut off equal intercepts on ¢ also.

EXERCISE 8.2

1. ABCDisaquadnlateral inwhich B, Q, R and 5 are
mid-points of the zides AB, BC, CD and DA
(see Fig 8.20). AC is a diagaonal. Show that ;

1
{1 BR|ACandSR=— AC

2
(i PQ=5SR
(fi) PORS is aparallelogram,
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ABCD isarthombusand P, Q. B and S are the mid-points of the sides AB, BC, C and
DA respectively, Show that the quadrilateral PQRS is a rectangle.

ABCD s a rectangle and P, O, R and 8 are mid-points of the gides AB. BC, CD and DA
regpeclively, Show thal the quadrilateral PORS is o thombus.

ADBCD is a trapezivm in which AB | TXC, BD is a diagonal and E is the mid-paint of ATY.
Aline is drawn through E parallel to AB intersecting BC at F (see Fig. 8.21). Show that
F is the mid-point of BC.

8] C

Fig. 8.21
In a parsllelogram ABCD. E and F are the o E "y
mid-points of sides AR and CID respectively
{see Fig. 8.22). Show that the ling segments AF T
and BEC trizect the disgonal B1,
Ay E B
Fig. §.22

ABC s atriangles right angled at C, A line through the mid-point M of hypotenuse AB
and parallel to BC intersecis AC at Dr. Show thal

() D is the mid-paint of AC () MP LAC

1
(i) CM=MA=ZAB
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8.3 Summary

Tn this chapter, you have studied the following points

L.
.

[~ | R SR T ]
i

A diagonal of a parallelogram divides it into two congruent triangles.

In a paraliclogram,

() opposite sides are equal (ii) opposite angles are equal

{111) diagonals bisect each other

Diagonals of a rectangle bisect each other and are equal and vice-versa,

DDiagonals of a rhombus bisect each other at right angles and vice-versa,

Diagonals of a square bisect each other at right angles and are equal, and vice-versa.

The line-segment joining the mid-points of any two sides of a triangle is parallel to the
third side and is half of it.

A line through the mid-point of a side of a triangle parallel o another side bisects the third
side.
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CIRCLES
I

9.1 Angle Subtended by a Chord at a Point

You have already studied ahout circles and its parts in Class VI

Take a line segment P() and a point R not on the line containing PQ). Join PR and QR
(see Fig. 9.1). Then 2 PRQ) is called the angle subtended by the line segment PQ) at
the point B, What are angles POQ, PRQ and PSQ called in Fig. 927 2 POQ s the
angle subtended by the chord PQ) at the centre O, £ PRQ and # PSQ) are respectively
the angles sublended by PQ at points R and S on the major and minor ares PQ.

Fig. 9.1 Fig. 9.2

Let us examine the relationship between the size of the chord and the angle
subtended by it at the centre. You may see by drawing different chords of a circle
and angles subtended by them at the centre thai the longer is the chord, the bigger
will be the angle subtended by it at the centre. What will happen if you take two
equal chords of a circle? Will the angles subtended at the centre be the same
or not?
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F
Diraw two or more equal chords of a circle and
measure the angles subtended by them at the centre A
(see Fiz. 9.3 ). You will find that the angles subtended

by them at the centre are equal. Let us give a proof ="

of this faet. "
Theorem 9.1 : Egual chords of a circle subtend

equal angles at the centre, B

Proof : You are given two equal chords AB and CD
of a cirele with centre O (see Fig.9.4). You want to
prove that £ AOB = £ COD.

In triangles AOB and COD,
0OA=0C (Radiiofacircle) 4
OB = 0D  (Radii of a circle)
AB=CD (Griven)
Therefore, AAOQOB = ACOD (SS8rule)
This gives L AO0B= £ COD - 1
{Corresponding parts of congruent tnangles) Fig. 9.4
Remark : For convenience. the abbreviation CPCT will be used in place of

*Correzponding parts of congruent tnangles’, because we use this very fequently as
vou will see.

D

MNow if two chords of a circle subtend equal angles at the centre, what can vou
say about the chords? Are they equal or not? Let us examune this by the following
activity:

Take a tracing paper and irace a circle on it Cut
it along the circle to get a disc. At its centre O, draw
an angle AOB where A, B are poinis on the circle.
Make another angle PO() at the centre equal to
ZAOB. Cut the disc along AB and PO
(see Fig. 9.5). You will get two segments ACB and
PRL) of the circle. If vou put one on the other, what
do vou observe? They cover each other, ie.. they
are congruent. S0 AB = PQ.
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Though you have seen it for this particular case, try it out for other equal angles
too. The chords will all tum out to be equal because of the following theorem:

Theovem 9.2 : If the angles subtended by the chords of a circle at the centre are
equal, then the chords are egual,

The above theorem is the converse of the Theorem 9.1. Note that in Fig. 9.4, if
you take ~ AOB = 2 COD, then

A AOB = A COD (Why?)
Can you now see that AB = CD?

EXERCISE 9.1

1. Recall that two circles are congruent if they have the same radii. Prove that equal
chords of congruent circles subiend equsl angles at their gendres,

2. Prove that if chords of congruent circles subtend squal angles at their centres, then
the chords are equal, i

|
9.2 Perpendicular irom the Cenire to a Chord :
Activity : Draw a circle on a tracing paper, Let O :
be its centre. Draw a chord AB. Fold the paper along :
a line through O so that a portion of the chord falls on JI_

the other. Let the crease cut AB at the poimt M. Then, A \Eui//' B
|
|
I

L}

£ OMA =2 OMB = 90° or OM is perpendicular 1o
AB. Des the point B coincide with A (see Fig.9.6)7

Yes it will. 50 MA =MB. Fig. 2.6

Give a proof yourself by joining OA and OB and proving the right triangles OMA
and OMB to be congruent. This example is a particular instance of the following
result:

Theorem 9.3 : The perpendicular from the centre of a civele to a chovd bisects
the chord.

What is the converse of this theorem? To write this, first let us be clear what iz
assurmed in Theorem 2.3 and what is proved. Given that the perpendicular from the
centre of a circle to a chord is drawn and to prove that it bisects the chord. Thus in the
converse, what the hypothesis is "if a line from the centre bisects a chord of
circle’ and what is to be proved is ‘the line is perpendicular to the chord’. So the
converse 1s:
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Theorem 9.4 : The line drawn through the centre of a circle to bisecr a chord is
perpendicular to the chord,

Is this true? Try it for few cases and see. You will
see that it is true for these cases. See if it is true, in
general. by doing the following exercise. We will write
the stages and you give the reasons,

Let AB be a chord of a eirele with centre O and
() is joined to the mid-point M of AB. You have to
prove that OM L AB. Join OA and OB
(see Fig, 9.7). In triangles OAM and OBM,

OA=0B (Why 7)
AM =EBM {(Why 7)
OM = OM (Cotrimon)
Therefore. AOAM = AOBM {(How 7)

This gives ZOMA = ZOMB =90° (Why 7)

9.3 Equal Chords and Their Distances from the Centre

Let AB be a line and I be a point. Since there are
infinite numbers of points on a line, if you join these
points to B, you will get infinitely many line segments
PL,. PL,, PM, PL,. PL,, eic. Which of these is the
distance of AB from P? You may think a while and
get the answer. Out of these line segments, the

perpendicular from P to AB, namely PM in Fig. 9.8, EL u >
will be the least. In Mathematics, we define this least AL/ L. M L, Lo LE
length PM to be the distance of AB from P. So you Fig. 9.8

may say that:

The length of the perpendicular from a point to a line is the distance of the
fine from the point.

Note that if the point lies on the line, the distance of the ling from the point is zero,

A circle can have infinitely many chords. You may observe by drawing chords of
a circle that longer chord is nearer to the centre than the smaller chord. You may

obgerve it by drawing several chords of a circle of different lengths and measuring
their distances from the centre. What iz the distance of the diameter, which iz the
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longest chord from the centre? Since the centre lies on it, the distance is zero. Do you
think that there is some relationship between the length of chords and their distances
from the centre? Let us see if this is so.

1)

Activity : Draw a circle of any radius on a tracing paper. Draw two equal chords
AB and CD of it and also the perpendiculars OM and ON on them from the centre
0. Fold the figure so that D falls on B and C falls on A [see Fig.9.9 (i)]. You may
observe that O lies on the crease and N falls on M. Therefors, OM = ON. Repeat
the activity by drawing congruent circles with cenires O and O' and taking equal
chords AB and CD one on each. Draw perpendiculars OM and O'N on them [see
Fig. 9.9(i1)]. Cut one circular disc and put it on the other so that AR coincides with
CD. Then you will find that O coincides with O’ and M coincides with N. In this

way you verified the following:

Theorem 9.5 : Equal chords of a circle (or of congruent circles) are equidistant
from the cenire (or centres).

Mext. it will be seen whether the converse of this theorem is true or not. For
this, draw a circle with centre O. From the centre O, draw two line segments OL
and OM of equal length and lying inside the circle [see Fig. 2.10(i)]. Then draw
chords I"() and B.S of the circle perpendicular to OL and OM respectively [see Fig
9.10(i1)]. Measure the lengths of FQ and RS. Are these different? No. both are
equal. Repeat the activity for more equal line segments and drawing the chords
perpendicular to them. This venifies the converse of the Theorem 9.5 which is stated
as follows:
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(i)
Fig. 9.10

Theorem 9.6 : Chords equidisiant from the cenire of a circle are equal in length.
We now take an example to illustrate the use of the above results:

Example 1 : If two intersecting chords of a circle make equal angles with the diameter
passing through their point of intersection. prove that the chords are equal.

Solution : Given that AB and CD are two chords of A}

a circle. with centre O intersecting at a point E. PQ

is a diameter through E, such that £ AEQ = ~ DE(Q)

(see Fig.9.11), You have to prove that AB = CD, 0
Draw perpendiculars OL and OM on chords ABand ~ ©

CD. respeciively. Now F # A
£ LOE = 180° - 90° - £ LEO = 90° - £ LEO
(Angle sum property of a tnangle) . T
= 00" - £ AEQ =90"- £ DEQ
= 90° - # MEO = £ MOE o
In triangles OLE and OME,
/LEO = / MEO (Why 7)
£ LOE= £ MOE (Froved above)
EO = EO (Common)
Therefore, A OLE = A OME (Why 7)
This gives OL= OM (CPCT)

So. AB = CD (Why )
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EXERCISE9.2

1. Two curcles of radii 5 cm and 3 cm indersect al fwo points and the distance between
their cenires 15 4 oo, Find the length of the common chord,

2, Iftwo equal chords of a circle intersect within the circle, prove that the segments of
ong chord are equal to corresponding segments of the other chord,

3. If two equal chords of a cirele inlerseet within the cirele. prove that the line
joining the point of infergection 1o the centre makes equal angles with the chords,

4. Ifaline intersects two concentric circles {circles
with the same centre) with centre O st AL B, C and
D, prove that AB=CD (see Fig. 9.12).

5. Three girls Reshma, Salma and Mandip are D

plaving o game by standing on o circle of radius
5m drawn n s park. Reshma throws a ball to
Salma, Salma to Mandip, Mandip to Reshma. [T

the distance between Reshms and Salma and
between Salma and Mandip 15 6m each, what is
the distance between Feshma and Mandip? Fig. 9.12

6.  Acircular park of radins 20m is situsted mea colony. Three boys Ankur, Syed and
Dgvid ave sitting at equal distance on itz boundary each having a toy telephone in
his hands to talk each other, Find the length of the string of cach phone.

9.4 Angle Subtended by an Are of a Circle

You have seen that the end points of a chord other than diameter of a circle cuts it into
two arcs — one major and other minor. If vou take two equal chords, what can you say
about the size of arcs? Is one arc made by [irst chord equal to the corresponding arc
made by another chord? In fact, they are more than just eqoal in length, They are
congruent in the sense that if one ar¢ 1s put on the other, without bending or twisting,
one superimposes the other completely. [

You can verify this fact by cutting the arc,
corresponding to the chord CD from the circle along
CD and put it on the corresponding arc made by equal
chord AB. You will find that the arc CD superimpose i c
the arc AB completely (see Fig. 9.13). This shows
that equal chords make congruent arcs and
conversely congruent arcs make equal chords of a
circle. You can state it as follows:

B
Fig. 9.13

If two chords of a circle are equal, then their corresponding arcs are congruent
and conversely if two arcs are congruent. then their corvesponding chords are equal.
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Also the angle subtended by an arc at the centre
is defined to be angle subtended by the comresponding
chord at the centre in the sense that the minor arc
subtends the angle and the major arc subtends the
reflex angle. Therefore, in Fig 9.14. the angle
subtended by the minor arc PO at O is ZPOQ) and
the angle subtended by the major arc PQ at O is
reflex angle POQ. r Q

In view of the property above and Theorem 9.1,
the following result is true: Fig. .14

Congruent arcs (or equal arcs) of a circle subtend equal angles at the centre.

Therefore, the angle subtended by a chord of a circle at its centre is equal to the
angle subtended by the corresponding (minor) are at the centre. The following theorem
gives the relationship between the angles subtended by an arc at the centre and at a
pomt on the circle.

Theorem 9.7 : The angle subtended by an arc at the centre is double the angle
sublended by it at any point on the remaining part of the circle.

Proofl : Given an arc PQ of a circle subtending angles POQ at the centre O and
PAQ at a point A on the remaining part of the circle. We need to prove that
£ POQ =2 £ PAQ.

(1) (i) (i)
Fig. 9.15
Consider the three different cases as given in Fig. 9.15. In (i), arc PQ is minor; in (i1,
arc PQ is a semicircle and in (iii), arc PQ is major.
Let us begin by joining AO and extending it to a point B,
In all the cases,
ZBOQ= 2 0AQ+ £ AQD

because an exterior angle of a trangle is equal 1o the sum of the two interior opposite
angles,
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Also in A OAQ,

0A=00Q {Radii of a circle)
Theretore, £ 0AQ= 2 0QA {Theorsm 7.5)
This gives ZBOQ =2 2 0AQ (0
Similarly, Z BOP =2 2 QAP @)
From (1jand (2). £ BOP+ ./ BOQ= 2{Z OAP + £ OAQ)
This is the same as LPOR=2 £ PAQ (3

For the case (iii), where PQ is the major arc, (3) is replaced by
reflex angle PO = 2 £ PAQ

Remark : Suppose we join poinis P and ( and

form a chord PQ in the above figures. Then

£ PAQ) is also called the angle formed in the
segment PAQP.

In Theorem 9.7, A can be any poimnt on the
remaining part of the circle. So if vou taks any
other point C on the remaining part of the circle
(see Fig. 9.16), vou have

Fig. 9.16
LZPOQ=2/PCQ=2 2 PAQ
Theretore, £ BCO = 2 PAQ.
This proves the following:

Theorem 9.8 : Angles in the same segment of a circle are equal.
Again let us discuss the case (ii) of Theorem 10.8 separately. Here #PAQ is an angle

1 1
in the segment, which iz a semicircle. Also, & PAQ = 5 LPOG = 3 = 180% = 907,

Il you take any other point C on the semicirele, again you gel that

£ PCQ = ¢
Therefore. yvou find another property of the circle as:

Angle in a semicircle is a right angle.

The converse of Theorem 9.8 is also true. It can be stated as:

Theovem 9.9 : If a line segment joining two poinis subtends equal angles at two
other points lying on the same side of the line containing the line segment, the
Jour points lie on a circle (ie. they are concyclic).
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You can see the truth of this result as follows:

InFig. 9.17, AB is a line segment, which subtends equal angles at two points C and D.
That is

ZACB= Z ADB

To show that the points A, B, C and 12 lie on a circle
let us draw a circle through the points A, C and B.
Suppose it does not pass through the point D, Then it
will intersect AD (or extended AD) at a point, say E
(or E").

If points A, C. E and B lie on a circle.

Z ACB= / AEB (Why?)
But it is given that £ ACB = £ ADB,
Therefore, £ AEB= £ ADB,
This is not possible unless E coincides with D. (Why?)
Similarly, E' should alzo coincide with D,

Fig. 9.17

D
9.5 Cycelic Quadrilaterals A
A quadnlateral ABCD 15 called epclic it all the four vertices
of it lie on a circle (see Fig 9.18). You will find a peculiar

property in such quadrilaterals. Draw several cyvclic
quadrilaterals of different sides and name each of these

as ABCD. (This can be done by drawing several circles " ]
of different radii and taking four points on each of them.)

Measure the opposite angles and write your chservations

in the following table. Fig. 9.18
SNo: of Quadrilateral | ZA | B |ZC | £D | ZA+£C | £LB+£D
L
2
3
4.
5
.

What do you infer from the (able?
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You find that ZA + £C = 180° and £B + £D = 180°, neglecting the error in
measurements. This venifies the following;

Theorem .10 : The sum of either pair of opposite angles of a cyclic guadrilateral
iz 180",
In fact, the converse of this theorem, which is stated below is also true.

Theovem %11 : If the sum of a pair of opposite angles of a quadrilateral is 1807,
the quadrilateral is cvelic.

You can see the truth of this thearem by following a method similar to the method
adopted for Theorem 9.9,

Example 2 : In Fig. 9.19, AB is a diameter of the circle, CD is a chord equal to the
radius of the circle. AC and BD when extended intersect at a point E. Prove that
£ AER = 607,

Solution : Join OC, OD and BC.
Triangle ODC is equilateral (Why?)
Therefore, .~ COD = 60°

1
Now, Z CBD = E £ COD  (Theorem 2.7) ;
This gives £ CBD = 30°
Again, Z ACH =80 (Why 7)
So, LBCE=180° - Z ACB=90°
Which gives £ CEB = 907 -30"=80", ie. £ ALB = 60" Fig. 9.1

Example 3 : In Fig 9.20, ABCD is a cyclic
quadrilateral in which AC and BD are its diagonals.
If # DBC =55° and ~ BAC = 45", find ~ BCD. D

Solution : £ CAD =/ DBC =35

(Angles in the same segment)
Therefore, ZDAB = £ CAD + £ BAC
= 55° +45°= 100°
But Z DAB+ ./ BCD= 180° B
{Opposite angles of a cyclic quadrilateral)
So. £ BCD = 180° — 1007 = &0"

|_'I

It 3
Fig. 9.20
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Example 4 : Two circles intersect at two points A A
and B. AD and AC are diameters to the two circles

(see Fig. 9.21). Prove that B lies on the line seocment e
DC.

I O
Solution : Join AB. \_/B\\\__/
L ABD =90° (Anglein a semicircle)
Z ABC= 907 (Angle inasemicircle)
S0, £ ABD+ ./ ABC=90"+90°=180"
Therefore, DBC is a line. That is B lies on the line segment DDC.

Example 5 ; Prove that the quadrilateral formed (if possible) by the internal angle

Fig. 9.21

bisectors of any quadrilateral is cyclic. & D
Solution : In Fig. 9.22. ABCD is a quadrilateral in
which the angle bisectors AH, BF, CF and DH of F
internal angles A, B. C and D respectively form a EAV
quadriliteral EFGH. A
Now, 2 FEH= 2 AEB = 18(F - £ EAB - ZEBA (Why?) E
B
1
=180°~ > (LA+£B) Fig. 9.22

and # FGH = Z CGD = 180° - 2 GCD - 2 GDC (Why ?)

1
= 180°~ = (£ C+£D)
1 1
Therefore, £ FEH + ZFGH = 180° — — (£ A+ ZB) +180° - > (£C+ £D)

1 1
= 360 E (£ A+ 2 B+/2 C+/2D)=360° E‘ * 360°

=360° - 180° =180
Therefore, by Theorem 9.11, the quadrilateral EFGI is cyclic, o

EXERCISE 9.3 A

1. InFig 9.23. A.Band C are theee points on a cieele
with centire O such that £ BOC = 307 and 0
£ AOB=060° IfD 18 4 point on the ciele other
than the arc ABC, find ZADC,

v
=
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'El

A chord of a cirele is equal to the radius of the Q

circle. Find the angle subtended by the chord al
apoint oo the minor arc and also i a poinl on the

major are. P

. R
InFig. 924, 2 PQR = 100°, where P, Q) smd R are R
points on a girgle with centre 0. Find .« OPR,

Fig. 9.24

I

InFig. 2.23. £ ABC = 69°, £ ACB =317, find
< BDC.

InFig. 9.26. A.B, Cand I are four points ona
circle, AC and BD) intersect at a point E such
that ~ BEC = 130%and .~ ECD = 20% Find
S BALC,

Fig. 9.26

ABCD is a cyelic quadrilateral whose diagonals intersect at a point E. If £ DBC =707,
Z BAC 8307 find .« BCD. Further, if AR =BC, find £ ECD.

1f daagonals of a cychic quadrilateral are diameters of the circle through the vertices of
the quadribateral, prove that 1t 33 a rectangle,

If the non-parallel sides of a trapezium are equal, prove that it is cyclic,



CiRCLES |20

9. Two circles intersect at two points B and C,
Through B, two line segments ABD and PBQ)
are drawn to infersect the circlez al A, D and P,
() respectively (see Fig. 9.27). Prove that
LZACP=,0CD.

Fig. 9.27

10. Tfcircles are drawn taking two sides of a triangle a5 diameters, prove that the paint of
intersection of these gircles lie on the third side.

11. ABC and ADC are two right triangles with common hypotenuse AC. Prove that
£ CAD=CBD.

12. Prove thata oyclic parallelogram is a rectangle,

9.6 Summary

In this chapler, you have studied the following points:

1.

10.

A cirele is the collection of all points in a plane, which are equidistant from a fixed point in
the plane,

Equal chords of a circle (or of congruent cireles) subtend equal angles at the centre.

If the angles subtended by two chords of a circle {or of congruent circles) at the cenire
{corresponding centres) are equal. the chords are equal.

The perpendicular from the centre of a circle to a chord bisects the chord.

The line drawn through the cenire of a circle to bisect a chord is perpendicular to
the chord.

Equal chards of a circle {or of congruent circles) are equidistant from the centro {or
corresponding centres).

Chords equidistant from the centre (or comresponding centres) ofa cirele (or of congrusnt
circles) are equal,

If two arcs of a cirele are congruent. then their comresponding chords are equal and
conversely if two chords of a circle are equal, then their corresponding arcs (minor, major)
are congruent.

Congruent arcs of a circle subtend equal angles at the gentre,

The angle subtended by an arc at the eentre is double the angle sublended by it at any
point on the remaining part of the circle,

T11. Angles inthe same segment of a cirele ave equal.
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12, Angleinasemicirele is a righl angle.
13. If a line segment joining two poinis subtends equal mgles at two other points lying on
the same side of the line containing the line segment, the four points lie on a girgle.

14. The sum of either pair of opposite angles of a cyclic quadrilateral is 180°,
15. Il zum of a pair of opposite angles of & quadrilateral is 180°, the quadrilateral is eyelic,
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Craprer 10

HERON'S FORMULA
I

10.1 Area of a Triangle — by Heron's Formula

1
We know that the arca of triangle when its height is given, is > * base * height. Now

suppose that we know the lengths of the sides of a scalene triangle and not the height.
Can you still find its area? For instance, you have a triangular park whose sides are 40
m. 32 m. and 24 m. How will you ealeulate its area? Definitely if you want to apply the
formula, you will have to calculate its height. But we do not have a clue to calculate
the height. Try doing so. If you are not able to get it, then go to the next section.

Heron was born in about 10AD possibly in Alexandria in
Egvpl. He worked im applied mathematics. His works on
mathematical and physical subjects are so numerous and
varied that he is conzidered to be an engyclopedic writer
in these fields, His geometrigal works deal largely with
problems on mensuration written in three hooks. Book T
deals with the area of squares, rectangles, triangles,
trapezoids (trapezia), various other specialised
quadrilaterals, the regular polygons, circles, surfages of
gvlinders, cones, spheres eic. In this book, Heron has
derived the famous formula for the area of a triangle in Heron (10 C.E.-75 C.E.)
terms of its three sides, Fig. 10,1

The formula given by Heron about the area of a triangle, is also known as Hero &
Sormula, It is stated as:

Area of a triangle = \[s(s—a) (s —b) (s — ¢) (1)
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where a, b and ¢ are the sides of the triangle, and s = semi-perimeter, i.e., half the
atbh+e
S

This formula is helpful where it is not possible to find the height of the triangle
easily, Letl us apply it to calculate the area of the triangular park ABC. mentioned
above (zee Fig. 10.2).

Letustake g =40 m, b=24 m, c =32 m,

perimeter of the tiangle =

40 + 24 4+ 32
g0 thal we have s = —5 m=48 m.

g—a= (48 -40)m=8m,
§—=b=(48 - 24) m =24 m. : 40 m
g—-r=(48-32)m= 16 m.

Therefore, area of the park ABC

Fig. 10.2

= .ul'.s(s'-— a)(s—b)(s-c)
J48x 8x 24 x16m’ =384m’

We see that 324+ 242 = 1024 + 576 = 1600 = 40%. Therefore, the sides of the park
make a right triangle. The largest side, i.c., BC which is 40 m will be the hypotenuse
and the angle between the sides AB and AC will be 20°.

1
We can check that the area of the park is 2 * 32 % 24 m? = 384 m?.

We find that the area we have got is the same as we found by using Heron's
formula.

Now using Heron's formula, you verify this fact by finding the areas of other
triangles discussed earlier viz,,

(i} equilateral triangle with side 10 cm.

(if} isosceles triangle with unequal side as 8 cm and each equal side as 5 cm.

You will see that

; 10+10+10
For (1), we have s = ———— c¢m = 15 cow

2
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Area of triangle = fI5(15 — 10y (15 — 10} {15 — 10) cm?

=..,||'f5x5 % 5%5 em® = 253 cm®

o B+5+5
For (ii). we have s = ~a cm =9 am

Area of triangle = \fo{9 — 8) (9 - 5) (9 - 5) em?= 9 x 1 x 4% 4em® =12 e’
Let us now solve some more examples:

Example 1 : Find the area of a triangle, two sides of which are § em and 11 em and
the perimeter is 32 ¢m (zee Fig. 10.3).

Solution : Here we have perimeter of the triangle =32 cm, g =8 cmand b= 11 cm.
Thirdsidec=32cm~(8+ 11} cm= 13 cm
Sa. 2= 32.ie.5=16cm,
g—a=(l6-8)cm=258 cm.
s—h=[16-11)cm=75 ¢cm,
F—c=(16-13}cm =73 cm. Fig. 10.3

Therefore, area of the mangle = ,Js[ﬁ' —a){s—h) {5 —c)

= ..|||lﬁx Exﬁxﬂcm3=8\|'r3_ﬂcm1

Example 2 : Atriangular park ABC has sides 120m, 80m and 50m (see Fig. 10.4). A
gardener Dhania has to put a fence all around it and also plant grass inside. How
much area does she need to plant? Find the cost of fencing it with barbed wire at the
rate of T20 per metre leaving a space 3m wide for a gate on one side.

Solution : For finding area of the park, wg have
Zy=50m+30m+ 120m= 250 m:

50 m

LE:; g§=125m
Now, s-a=(125-1200m=35m, B C
s—b=(125-R0)m=45m, € 120 m »

g—c=(125-50)m="T5m, Fig. 10.4
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Therefore, area of the park = -Jsl[.s' -a) (s —b) (s - &)

= \JLIES:-:SKJ:S:-:?Sm:’

375415 m?*
Also, perimeter of the park = AB+BC + CA=250m
Therefore, length of the wire needed for fencing = 250 m — 2 m (to be lefi for gate)

= 24T m
And so the cost of fencing = 320 = 247 = 34240

Example 3 : The sides of a triangular plot are in the ratio of 3 : 5 : 7 and 1ts perimeter
is 300 m. Find itz area.

Solution : Suppose that the sides, in metres, are 3x, 5x and 7x (see Fig. 10.5).
Then, we know that 3x + 5x + 7x = 300 (perimeter of the triangle)

Therefore, 15x = 300, which gives x = 20.

So the sides of the triangle are 3 x 20m, 5 * 20 mand 7 * 20 m

ie, 60m,100mand 140 m. 1 -

Can you now find the area [Usmg Heron's formula]? /\ Hﬂ“‘m_x
4 Fi s

We have 5 = w m= 150 m, Fig. 10.5

and area will be JIS{}{ISH— 60) (150 — 100) (150 —140) m?

= J150 % 90 x50 x 10 m?

= 150043 m?

EXERCISE 10,1

L. Atraffic signal board, indicating *SCHOOL AHEATDY'. iz an equilateral triangle with
side “o’. Find the area of the signal board, using Heron’s formula. If iis perimeter is
180 crn, what will be the area of the zignal board?
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2,

-

The triangular side walls of s Hyover have been used for adverlisements, The aides of
the walls are 122 m, 22 m and 120 m {see Tig. 10.6), The advertisements yield an
earning of T 5000 per m? per vear. A company hired one of itz walls for 3 months. How
much reat did it pav?

Fig. 10.6

There is a slide in a pack. One of its side walls has been painled in some colowr with a
megsage "KEEP THE PARK GREEN AND CLEAN™ (see Fig. 10.7 ). If the sides of the
wallare 15 m. 11 mand &m, find the area painled in calour.

KEEP THE PARK
GREEN AND CLEAN

15m

Fig. 10,7
Find the area of a triangle two zides of which are 18em and 10cm and the perimeteris
e,
Sides of a nisngle are in the ratio of 12 : 17 : 25 and itz perimeler 18 340cm. Find its area.

An isosceles triangle has perimeter 30 cio and each of the equal sides is 12 cm. Find
the area of the triangle.
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10.2 Summary

Tn this chapter, you have studied the following points |

I. Area of & triangle with its sides as a. b and ¢ 18 calcolated by using Heron™s formula.
stated as

Area of triangle = J.r{s —a)(z—h)(s-¢)
a+hb+c

hier =
where z >



SURFACE AREAS AND VOLUMES
I

11.1 Surface Area of a Right Circular Cone

We have already studied the surface areas of cube, cuboid and cylinder. We will now
study the surface area of cone.

So far, we have been generating solids by stacking up congruent figures. Incidentally.
such figures are called prisms. Mow let us look at another kind of solid which is not a
prism (These kmds of solids are called pyramids.). Let us see how we can generate
them.

Activity : Cut out a right-angled triangle ABC right angled ai B. Paste a long thick
string along one of the perpendicular sides say AB of the triangle [see Fig. 11.1{(a}].
Hold the string with yvour hands on either sides of the triangle and rotate the triangle
about the string a number of times. What happens? Do you recognize the shape that
the riangle is forming a8 it rotates around the string [see Fig. 11.1(b}]Y Does it remind
you of the time you had eaten an ice-cream heaped into a conlainer of that shape [see
Fig. 11.1 (¢} and (d)]?

3 rB
B Cr—0  CEmaac
| |
2 Wl
—_— — l'ul .'I -
W
A A
A
w W
{i) (loy {c) ()
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This is called a right circular cone. In Fig. 11.1(c)
of the right circular cone. the point A is called the
vertex, AB is called the height, BC is called the radius
and AC is called the slant height of the cone. Here B
will be the cenire of circular base of the cone. The
height, radius and slant height of the cone are usually
denoted by k. r and | respectively. Once again, let us
gec what kind of cone we can nov call a right circular
cone. Here, you are (see Fig, 11.2)! What you see in (2) ()
these figures are not right circular cones: because in
(a), the line joining its vertex to the gentre of its base
is not at right angle to the base. and in (b) the base iz
not circular.

Fig. 11.2

As in the case of cylinder, since we will be studying only about right circular cones,
remember that by “cone’ in this chapter, we shall mean a ‘right circular cone.”

Activity @ (i) Cuf out a neatly made paper cone that does not have any overlapped
paper, straight along its side, and opening it out, to see the shape of paper that forms
the surface of the cone. (The line along which you cut the cone is the slant height of
the cone which 13 represented by /). It looks like a part ol a round cake,

(1) If you now bring the sides marked A and B at the tips together, you can see that
the curved portion of Fig. 11.3 (¢} will form the circular base of the cone.

fay {b}

Fin. 11.3

(i) If the paper like the one in Fig. 11.3 (¢) is now cut into hundreds of little pieces,
along the lines drawn from the point O, each cut portion is almost a small tnangle.,
whose height 15 the slant height [ of the cone,

1
(iv) Now the area of each triangle = i base of each triangle = [.

So, area of the entire piece of paper
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sum of the areas of all the triangles

1 1 1 1
EIIII'FEIJ‘IE + Ef?sf Foeaee= EI “Jl +h +h + *“;I

1
-3 ¥ [ % length of entire curved boundary of Fig. 11.3(c)

(as b + b, + b + .. makesup the curved portion of the figure)
But the curved portion of the figure makes up the perimeter of the base of the cone

and the circumference of the base of the cone = 2nr, where r iz the base radiuz of the
cong.

1
So.|Carved Surface Area of a Cone = 3 ® | % 2mr = mel e

where r s its base radius and / its slant height. h

Note that # = #* + A* (as can be seen from Fig. 11.4), by !
applying Pythagoras Theorem. Here h is the height of the \
COnE,

Fig. 11,4
Therefore, I= Ji* + K* &

Now if the base of the cone iz to be closed, then a circular piece of paper of radius »
is also required whose area is .

So.| Total Sorface Area of a Cone = mwf + e = mr{l + r)

Example 1 : Find the curved surface area of a right circular cone whose slant height
is 10 cm and base radius is 7 cm.,

Solution : Curved surface arca = mrl

22
T * 7% 10 em?

= 220 em?

Example 2 : The height of a cone is 16 cm and its base radius is 12 cm. Find the
curved surface ares and the total surface area of the cone (Use m= 3.14).

Solution : Here, h =16 cm and »= 12 cm,
So, from P= 4+, we have

[= 16" +12° cm=20cm
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So, curved surface arca = mif
= 3,14 x 12 x 2{) cm?
= 753.6 cm?
Further, total surface area = mrl + m?
= (753.6+3.14 % 12 % 12) cmm®
(753.6 +452.16) cn?
1205.76 cm?

Example 3 : A com cob (see Fig. 11.5). shaped somewhat
like a cone, has the radius of its broadest end as 2.1 cm and
length (height) as 20 cm. If each 1 cm? of the surface of the
cob carries an average of four grains, find how many graing Fig. 11.5
you would find on the entire cob. -

Solution : Since the grains of corn are found only on the curved surface of the corn
cob, we would need to know the curved surfuce area of the comn cob to find the total
number of grains on it. In this question, we are given the height of the cone, s0 we
need to find its slant height.

Here, [=r® + B = J(2.07 +20° em

= J404.41 em=20.11 em

Therefore, the curved surface area of the corn eob = el

22
= x 2.1 20,11 em? = 132.726 cm? = 132.73 o’ (approx. )

Number of grains of corn on 1 cm? of the surface of the corn cob =4

Therefore. number of grains on the entire curved surface of the cob
=132.73 » 4 =530.92 =531 (approx.)

S0, there would be approximately 331 grains of corn on the cob.

EXERCISE 11.1

22
Assume = ET unless stated otherwize,

1. IMiameter ofthe base of a cone is 10.5 cm and its slant height is 10 om. Find its curved
surface area,

2. Tind the total surface ares of o cone, il itz slant height 12 21 m and dismeter alils base
824 m,
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3. Curved surface aren of a cone iz 308 cm® and its slant height iz 14 c¢m. Find
(i) radivs of the base and (ii} total susface area ol the cone,

4. A conigal tent is 10 m high and the radius of its base is 24 m. Find

{i) slant height of the tent,
{ii) cost of the canvas required to make the tent, if the cost of 1 oy’ canvas (8T 70,

5.  What length oftarpaulin 3 m wide will be required to make conical tent ofheight 8 m
and base radius 6 m? Azssume that the extra length of materal that will be required for
stitching marging and wastapge In cutting is approximately 20 ¢m (Use n=3:14).

6. Theslant height and baze diameter of a conical tomb are 25 m and 14 m respectively.
Find the cost of white-washing its curved surface at the rate of T 210 per 100 m?,

7. A jokei’s cap iz in the form of a right circular cone of base radivs 7 cm and height
24 ¢m, Find the area of the sheel required to make 10 such caps.

8. A bus stop is barricaded from the remaining part of the road, by using 50 hollow
cones made of recyeled cardboard. Each cone hias 2 base diameter of 40 cm and height
1 m. If the cuter side of each of the cones is to be painted and the cost of painting is
T 12 per mé, what will be the cost of painting all these copes? (Use & = 3.14 and take

04 =1.02)

11.2 Surface Area of a Sphere

What is a sphere? Is it the same as a circle? Can you draw a circle on a paper? Yes.
you can, because a circle is a plane closed figure whose every point lies at a constant
distance (called radius) from a fixed point, which is called the centre of the circle.
Now if you paste a string along a diameter of a circular disc and rotate it as you had
rotated the triangle in the previous section, vou see a new solid (see Fig 11.6). What
does it resemble? A ball? Yes, It is called a sphere,

Fig. 11.6
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Can you guess what happens to the centre of the circle, when it forms a sphere on
rotation? Of course. it becomes the centre of the sphere. So. a sphere is a three
dimensional figure (solid figure). which is made up of all points in the space,
which lie a1 a constani distance called the radius. from a fixed poini called the
centre af the sphere.

Note : A sphere is like the surface of a ball. The word solid sphere is used for the
solid whose surface is a sphere.

Activity : Have you ever played with a top or have you at least watched someone
play with one? You must be aware of how a string is wound around it. Now. letus take
4 Tubber ball and drive a nail into it. Taking support of the nail, let us wind a siring
around the ball. When you have reached the *fullest’ part of the ball, use pins to keep
the string in place, and continue to wind the string around the remaining part of the ball,
till you have completely covered the ball [see Fig. 11.7(a)]. Mark the starting and
finishing points on the string, and slowly unwind the string from the surface of the ball,

Now, ask your teacher to help you in measuring the diameter of the ball, from which
vou easily get its radius. Then on 4 sheet of paper. draw four circles with radius equal
to the radius of the ball. Start filling the cireles one by one, with the string you had
wound around the ball [see Fig. 11.7{(b)].

Fig. 11.7

What have you achieved in all thig?

The string, which had completely covered the surface area of the sphere. has been
used to completely fill the regions of four circles, all of the same radius as of the sphere,

So, what does that mean? This suggests that the surface area of a sphere of radius »

= 4 times the area of a circle of radius F= 4 = (x #)

So. Surface Area of a Sphere =4 w »*
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where # is the radius of the sphere.

Iow many faces do you see in the surface of a sphere? There is only one, which iz
curyved.

MNow, let us take a solid sphere, and slice it exactly “through
the middle’ with a plane that passes through its centre. What
happens to the sphere?

Yes. it gets divided into two equal parts (see Fig. 11.8)! What
will each half be called? It is called a hemisphere. (Because
*hemi’ also means “half”)

And what about the surface of a hemisphere? Iow many faces does it have?

Fig. 11.8

Two! There iz a curved face and a flat face (base).

The curved surface area of & hemisphere is half the surface area of the sphere, which

1
is E of 4nrd,

Theretore, | Curved Surface Arca of a Hemisphere = 2r/

where 7 is the radius of the sphere of which the hemisphere iz a part.

Now taking the two faces of a hemisphere. its surface area 2m? +

So.| Total Surface Area of a Hemisphere = 3nr

Example 4 : Find the surface area of a sphere of radius 7 cm.
Solution : The surface area of a sphere of radias 7 cm would be

22
4m? =4 % = ® 7% 7cm?=616 cm?

Example 5 : Find (i) the curved surface area and (ii) the total surface ared of a
hemisphere of radius 21 em.

Solution : The curved surface area of a hemisphers of radius 21 em would be

=2x2=2% % x21 %21 em?=2772 em?
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(11} the total surface area of the hemisphere would be
22
Inrt=3x - #21 =21 cm!=4158 em?®

Example 6 : The hollow sphere, in which the circus motorcyelist performs his stunts,
has a diameter of 7 m. Find the area available to the motorcyclist for riding,

Solution : Diameter of the sphere = 7 m. Therefore, radius is 3.5 m. So, the nding
space available for the motoreyclist is the surface area of the “sphere’ which is
given by

22
dppt=4 = ? *x315%35m*

=154 m?

Example 7 : A hemispherical dome of a building needs to be painted
(see Fig. 11.9). If the ¢circumference of the base of the dome is 17.6 m, find the cost of
painting it, given the cost of painting is T 5 per 100 cm?,

Solution : Since only the rounded surface of the dome is to be painted, we would need
to find the curved surface area of the hemisphere to know the extent of painting that
needs to be done. Now, circomference of the dome = 17.6 m. Therefore, 17.6 = 2nr,

So. the radius of the dome = 17.6 = m=28m

*
The carved surface area of the dome = 2m? J\
22 e

=2 % ) *28%28m? y b

=49 28 m! . |
Now, cost of painting 100 ¢m? is T 5.
So, cost of painting 1 m* =3 500 .I
Therefore, cost of painting the whole dome

=3 3500 = 4928
= T 24640

Fig. 1.9

EXERCISE 11.2

22 :
Assume 1= ~?- , unless stated otherwise.

1. Find the surface area of a sphere of radius:
(i 105em (i) 5.6¢m (i} tdem
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2,

8!

11.3 Volume of a Right Circular Cone

In earlier classes we have studied the volumes of
cube, cuboid and cylinder

InFig 11.11, can vou see that there is a right circular
cylinder and a right circular cone of the same base
radius and the same height?

Find the surface area of a sphere of dismeter:
{1 ldem (i) 21em fiif} 3.5m

Find the total surfage area of a hemisphere of radius 10 om. (Use n=3.14)

The radius of @ spherical balloon increases from 7 om to 14 ¢m &3 aiz is being pumped
into it. Find the ratio of surface areas of the balloon in the twa cases.

A hemispherical bowl made of brasgs has inner diameter 10.5 cm. Find the cost of
tin-plating it on the inside at the rate of T 16 per 100 cor,

Find the radive of & sphere whose surlace area is 154 cm?,

The diameter of the moon 1= approximaiely one fourth of the diameter of the earth,
Find the ratio of their surface areas.

A hemispherical bowl is made of sieel, 0.25 ¢m thick. The inner radius of the bowl is
3 cm. Find the outer curved surface area of the howl,
A right cireular cylindes jusi encloses a sphere of
radius r(zee Fig, 11.10). Find

(i) surface area of the sphere,

(i} curved surface arca of the cylinder,

{iii) ratio of the areas obtained in (i) and (ii).

Fig. 11.11

Axtivity : Try to make a hollow cylinder and a hollow cone like this with the same
base radius and the same height (see Fig. 11.11). Then, we can try outl an experiment
that will help us, to see practically what the volume of a right circular cone would be!

(a)

1<l
Fig. 11.12
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S0, let us start like this.

Fill the cone up to the brim with sand once, and empty it into the cylinder. We find
that it fills up only a part of the cylinder [see Fig. 11.12(a)].

When we fill up the cone again o the brim, and empty it into the cylinder, we see
that the cylinder is still not full [see Fig. 11.12({b)].

When the cone is filled up for the third time, and emptied into the cylinder, if can be
seen that the cyvlinder is also full to the brim [see Fig. 11.12(c}].

With this, we can safely come to the conclusion that three times the volume of a
cone, makes up the volume of a cylinder. which has the same base radius and the
same height as the cone. which means that the volume of the cone is one-third the
volume of the cylinder.

1
50, Yolume of a Cone = Em‘.&

where r is the base rading and & is the height of the cone.

Example 8 : The height and the slant height of a cone are 21 cm and 28 cm respectively.
Find the volume of the cone.

Solution : From P = + K* we have

r= P -1 =28 212 em = 7T em

| v
So. volume of the cone = En;f*h = ; ® %x 77 x T x 21 em?

= 7546 em?

Example ¥ : Monica has a piece of canvas whose area is 551 m?, She vses it to have
a conical tent made, with a base radius of 7 o Assuming that all the stitching marging
and the wastage incurred while cutting, arnounts o approximately 1 m?, find the volume
of the tent that can be made with it.

Solution : Since the area of the canvag = 551 m? and area of the canvas losi in
wastage is | m?, therefore the area of canvas available for making the tent is
(351 = 11 m? = 550 m?.

Now, the surface area of the tent = 350 m? and the required base radius of the conical
fent=7m

Note that a tent has only a curved surface (the floor of a tent is not covered by
canvas!!).
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Therefore, curved surface area of tent = 350 m*.

That 13, nrl = 550
22

o, T xTxl= 53

550
ar, i= e 25m
Now, B=s P2+ i
Therefore, h= B -1 = 28 -7 m=f625 - 49m =576m

=24dm

l 2

1
So, the volume of the conical tent = Eﬂrlﬁ =3 x? XxTxTx24m’= 1232 m?,

EXERCISE 11.3

22
Assume | = ? . unless stated otherwise,

Find the volume of the right circular cone with

(i) radius6em, height 7 em () radiusg 3.5 cm, height 12 cm
Find the capacity in hires of a conical vessel with

(i) radiog 7 cm, slant height 25 cm (i) height 12 em, slant height 13 om

The height of a cone 35 15 cm. If its volume is 1570 eng?, find the radius of the base.
{(Usem=3.14)

If the volume of a right circular cone of height 9 e is 48 mem®, find the diameter of its
base,

A conical pit of top diameter 3.5 m iz 12 m deep. What is its capacity in kiloliwes?

The valume of 2 right circular cone is 9856 cm?. Tf the diameter of the base is 28 cin.
find

(i} height of the cone (i) slant height of the cone

(iil) curved surface area of the cone

Aright ifiangle ABC with sides 5 cm, 12 cmand 13 cmis revolved about the side 12 cm,
Find the volome of the solid 20 obtained.

Tf the triangle ABC in the Question 7 ahove is revolved about the side 5 cm, then find
the volume of the solid so obtained. Find also the ratio of the volumes of the two
solids obtained in Cuestions 7 and 8,

A heap of wheat s in the form of a cone whose diameter is 10.5 m and heaght is 3 m,

Find itz volnie. The heap is fo be covered by canvas to protect it from rain. Find the
area of the canvas reguired,
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11.4 Velume of a Sphere

Now, let us see how to go about meaguring the volume of a sphere. First, take two or
three spheres of different radii, and a container big enough to be able to put each of
the spheres into it, one at a time. Also, take a large trough in which you can place the
container. Then, fill the container up to the brim with water [see Fig, 11.13{a}].
Now, carefully place one of the spheres in the container. Some of the water from
the container will over flow into the trough in which it is kept [see Fig. 11.13(b)].
Carefully pour out the water from the trough into a measuring cylinder (i.¢., a graduated
cylindrical jar) and measure the water over flowed [see Fig. 11.13(c)]. Suppose the
radius of the immersed sphere is 7 (you can find (he radivs by measuring the diameter

4
of the sphere). Then evaluate 3 mr. Do you find this value almost equal to the
measure of the volume over flowed?

i ] L ELE T COT

~N

(a)] (k) (c)
Fig. 11.13

Once again repeat the procedure done just now, with a different size of sphere,

Find the radius R of this sphere and then calculate the value of %ﬂRJ- Once again this

value is nearly equal to the measure of the volume of the water displaced {over flowed)
by the sphere. What does this tell us? We know that the volume of the sphere is the
same as the measure of the volume of the water displaced by it, By doing this experment
repeatedly with spheres of varying radii, we are getting the same result. namely, the

4
volume of a sphere is equal to 3" times the cube of its radius. This gives us the idea
that

4
Volume of a Sphere = —3—::"

where r is the radius of the sphere.

Later, in higher claszes it can bg proved alzo. But af this stage, we will just take it
#s irue.
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Since a hemisphere is half of a sphere, can you guess what the volume of a

; . o el 2
hemisphere will be? Yes. it is 5 of 5 nrt = Errr".

1 .,
50, | Volume of a Hemisphere = E!I:r‘

where »1s the radius of the hemisphere.

Let us take some examples to illustrate the use of these formulae.
Example 10 ; Find the volume of a sphere of radius 11.2 cm.

4
Solution : Required volume = 3 rrd

- gu%xnzxuzxnz om? = 5887.32 om’?

Example 11 : A shot-putt is a metallic sphere of radius 4.9 cm. If the density of the
metal is 7.8 g per em?, find the mass of the shot-putt.

Solution : Since the shot-putt is a solid spheie made of metal and its mass 1s equal to
the product of its volume and density, we need to find the volume of the sphere.

4
Now, volume of the sphere = E*IU*'3

= ix%x49x49x49m

3
= 493 ¢m? (nearly)

Further, mass of 1 cm?® of metal is 7.8 g
Therefore, mass of the shot-putt =78 = 493 ¢
= 384544 g =3 85 kg (nearly)

Example 12 : A hemispherical bow] has a radius of 3.5 cm. What would be the
volume of water it would contain?

Solutien : The volume of water the bow| can contain

= —"]Tra

3

2 22
= ;KTK35H35K35 cm® = 89.8 em?
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EXERCISE 11.4
22 ,
Agsume 1= e unless stated otherwise,

1. Find the volume of a sphere whose radius is
i) 7em {ii) 0.63m

2. Find the amount of water displaced by a solid spherical ball of diameter
(i} 28cm ) 02lm

3. The dizmeter of a metallic ball is 4.2 cm. What is the mass of the ball, if the density of
the metal is 8.9 g per c®?

4. The diameter of the moon is approximately one-fourth of the diameter of the earth.
What fraction of the volume of the eacth is the volume of the moon?

5. Howmany litres of milk can a hemispherical bowl of diameter 10.5 cm hold?

6. A hemispherical lank is made up of an fron sheet T em thick. I the inngs radius is 1 m.,
then find the volume of the iron used 1o malke the (ank,

7. Find the volume of a sphere whose surface area is 154 em?,

8. A dome of a building is in the form of a hemisphere. From inside, [t was white-washed
at the cost of T4985.60. If the cost of white-washing 15 ¥ 20 per square metre, find the
() inside surlace area of the dome, () volume of the air inside the dome.

9, Twenty seven solid iron spheres, each of radius r and surface area 8§ are melted to
form a sphere with surface area §°, Find the
(i) radivs r® of the new sphers, (i) tatio of 8 and 8"

10. A capsule of medicine is in the shape of a sphere of dismeter 3.5 mm. How much

medicine {(in mm?) iz needed (o fill thiz capsule?

11.5 Summary

In this chapter, you have studied the following points:

1.
2.
3
+

sl

Curved surface area of a cone = mrf

Total surface area of a right circular cone =mrlf + a7, e e (I +7)
Surface arca of a sphere of radios r=4 7 ¢

Curved surface arca of a hemisphere = 27

Total surface area of a hemisphere =3m-

1
Volume of a cone = Em‘h

4
Volume of a sphere of radius r= Eﬂ‘r"

2
Volume of a hemisphere = 3" r

[Here. letters /. b, k. a. r, etc. have been used in their usual meaning. depending on the
context.]
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STATISTICS
I

12.1 Graphical Representation of Data

The representation of data by tables has already been discussed. Now let us turn our
attention to another representation of data, 1.., the graphical representation. Itis well
said that one picture is bettet than a thousand words. Usually comparisons among the
individual items are best shown by means of graphs. The representation then becomes
easier to understand than the actual data. We shall study the following graphical
representations in this section.

{A) Bar graphs

(B) Histograms of uniform width, and of varying widths

{C) Frequency polygons
{A) Bar Graphs

In earlier classes. you have already studied and constructed bar graphs, Here we
gshall discuss them through a more formal approach. Recall that a bar graph is a
picterial representation of data in which usually bars of uniform width are drawn with
equal spacing between them on one axis (say, the x-axis), depicting the variable, The
values of the variable are shown on the other axis (say. the p-axis) and the heights of
the bars depend on the values of the vanable,

Example 1 : In a particular section of Class IX. 40 students were asked about the
months of their birth and the following graph was prepared for the data so obtained:
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Fig. 12.1
Observe the bar graph given above and answer the following questions:
(i) How many students were born in the month of November?

(ii) Inwhich month were the maximum number of students born?

Solution : Note that the variable here iz the *month of birth’. and the value of the
variable 15 the *Number of students bom’,

(1) 4 students were born in the month of November.
(ii) The Maximum number of students were born in the month of August.
Let us now recall how a bar graph is constructed by considering the following example,

Example 2 : A family with a monthly income of ¥ 20,000 had planned the following
expenditures per month under various heads:

Table 12.1
‘Heads Expenditure
(in thousand rupees)
Grogery 4
Education of children 5
Miscellaneous i

Diraw a bar graph for the data above,



STATIRTICS 153

Solution : We draw the bar graph of this data in the following steps. Note that the unit

in the second column is thousand rupees, Sc, ‘4" against ‘grocery” means T4000.

1. We represent the Heads (variable) on the horizontal axis choosing any scale,
since the width of the bar is not important. But for clarity, we take equal widths
for all bars and maintain cqual gaps in between. Let one Head be represented by
one tnit.

2. We represent the expenditare (value) on the vertical axis. Since the maximum
expenditure iz ¥5000, we can choose the scale as 1 unit = 1000,

3. To represent our tirst Head, i.e.. grocery. we draw a rectangular bar with width
1 unit and height 4 units.

4.  Similarly, other Heads are represented leaving a gap of 1 unit in between two
consecutive bars.

The bar graph is drawn in Fig. 12.2.
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Fig.12.2

Here, you can easily visualise the relative characteristics of the data at a glance, e.g.,
the expenditure on education is more than double that of medical expenses. Therefore,
In some ways it serves as a better representation of data than the tabular form.
Activity 1 : Continuing with the same four groups of Activity 1, represent the data by
suitable bar graphs,

Let us now see how a frequency distribution table for continuous class intervals
can be represented graphically.
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(B) Histogram

This 15 a form of representation like the bar graph, but it is used for continuous class
intervals. For instance, consider the frequency distribution Table 12.2, representing

the weights of 36 students of a class:

Table 12.2
Weights (in kg) Number of students

30.5-35.5 g
35.5-40.5 [
A0.5-455 15
45.5-505 3
50.5-555 1
55.5-605 z

Total 36

Let us represent the data given above graphically as follows:

(i} Werepresent the weights on the horizontal axis on a suitable scale. We can choose
the scale as 1 cm= 3 kg. Also. since the firsi class interval is starting from 30.5
and not zero, we show it on the graph by marking a kink or a break on the axis.

(i) We represent the number of students (frequency) on the vertical axis on a suitable
scale. Since the maximum frequency is 15, we need to choose the scale o
accomodate this maximum frequency.

(iii) We now draw rectangles (or rectangular bars) of width equal to the class-size
and lengths according to the frequencies of the corresponding class intervals. For
example, the rectangle for the class interval 30.5 - 355 will be of width 1 cm and

length 4.5 cm.

{iv} In this way, we obtain the graph as shown in Fig, 12.3:

baTHEMATICE
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Mumber of Students

305 355 405 45%F 505 5355 605 655

Weights (inkg) ——>

Fip. 113

Observe that since there are no gaps in between consecutive rectangles. the resultant
graph appears like a solid figure. This is called a histogram, which is a graphical
representation of a grouped frequency distribution with continuous classes. Also, unlike
a bar graph, the width of the bar plays a significant role in its construction,

Here, in fact, areas of the rectangles erected are proportional to the corresponding
frequencies. However, since the widths of the rectangles are all equal, the lengths of
the rectangles are proportional to the frequencies, That 15 why, we draw the lengths
according to (iii) above.

Now, consider a sttuation different from the one above.

Example 3 : A teacher wanted to analyse the performance of two sections of students
in & mathematics test of 100 marks. Looking at their performances, she found (hat a
few students got under 20 marks and a few got 70 marks or above. So she decided to
group them into intervals of varying sizes as follows: 0 - 20, 20 - 30, . . ., 60 - 70,
70 - 100. Then she formed the following table:
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Table 12.3

A histogram for this table was prepared by a student as shown in Fig. 12.4.
F
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Fig. 12.4

Carefully examine this graphical representation. Do you think that it correctly represents
the data? No, the graph is g:wmg us a misleading picture. As we have mentioned
carlier, the areas of the re: 5 ampmpomumlmﬂmﬁ‘ﬁqugnmamw
Earlier this problem did not arise. because the widihs of all the rectangles were equal.
But here, since the widths of the rectangles are varying, the histogram above does not
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give a correct picture, For example. it shows a greater frequency in the interval
70 - 100, than in 60 - 70, which is not the case.

So, we need to make certain modifications in the lengths of the rectangles so that
the arsas are again proportional to the frequencies.

The steps to be followed are as given below:

l. Selectaclass interval with the minimurm class size. In the example above, the
minimum class-size is 10,

2. The lengths of the rectangles are then modified to be proportionate to the
class-size 10.

For instance, when the class-size is 20, the length of the rectangle is 7. So when
7
the class-size is 10, the length of the rectangle will be %0 »10="13.5.

Similarly, proceeding in this manner, we gei the following table:

Table 12.4

Marks Frequency | Widthof | Length of the rectangle
the class

7

0-20 7 20 20 X 10=3.5
10

20-30 10 10 — x 10=10
10
10

30 -40 10 10 10 ® 10=10
20

40 - 50 20 1] E » 10=20

50-60 20 10 % x 10=20

. 15

60 - 70 15 ] 10 * 10=15
8 .

70 - 100 8 30 30 % 10=2.67
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Since we have calculated these lengths for an interval of 10 marks in each case,
we may call these lengths as “proportion of students per 10 marks mterval®,

S0, the correct histogram with varying width is given in Fig. 12.5.
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Fig. 12.5

(C) Frequency Polygon

There 15 vet another visval way of representing quantitative data and its frequencies.
This is a polygon, To see what we mean, consider the histogram represented by
Fig. 12.3. Let us join the mid-points of the upper sides of the adjacent rectangles of
this histogram by means of line segmenis, Let us call these rd-points B, C, D, E.F
and G. When joined by line segments, we obtain the figure BCDEFG (sec Fig. 12.6).
To complete the polygon, we assume that there is a class interval with frequency zero
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before 30.5 - 35.5, and one after 55.5 - 60.5, and their mid-points are A and IL
respectively. ABCDEFGH is the frequency polygon comrespending to the data shown
in Fig, 12.3. We have shown this in Fig. 12.6.
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Fig. 12.6

Although, there exists no class preceding the lowest class and no class succeeding
the highest class, addition of the two class mtervals with zero frequency enables us to
make the area of the frequency polygon the same as the area of the histogram. Why
is this so? (Hint : Use the properties of congruent triangles.)

Now, the question arises: how do we complete the polygon when there is no class
preceding the first class? Let us consider such a situation,



| &0 bfaTHEMATICE

Example 4 : Consider the marks, out of 100, obtained by 51 students of aclassina
test. given i Table 12.5.

Table 12.5

Marks Number of students

0-10 5
10-20 10
20-30
30- 40
40-50
50-60
60 -70
70 - 80
B0-90
o0 - 100
Total

Draw a frequency polygon corresponding to this frequency distribution table.

Solution : Let us first draw a histogram fos this data and mark the mid-points of the
tops of the rectangles as B, C, D, E, F, G, H, [, ], K, respectively. Here, the tirst class is
0-10. So, to find the class preceeding 0-10, we exlend the horizontal axis in the negative
direction and find the mid-point of the imaginary class-interval (- 10) - 0. The first end
point, 1.€., B 18 joined to this mid-point with zero frequency on the negative direction of
the horizontal axis. The point where this line segment meets the vertical axis is marked
ag A. Let L be the mid-peint of the class succeeding the last class of the given data.
Then OABCDEFGHIJKL is the frequency polygon. which is shown in Fig. 12.7.
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Frequency polygons can also be drawn independently without drawing
histograms. For this. we require the mid-points of the class-intervals used in the data.
These mid-points of the class-intervals are called class-marks.

To find the class-mark of a class interval, we find the sum of the upper limit and
lower limit of a class and divide it by 2. Thus,

Upper limit + Lower limit
2

Class-mark =

Let us consider an example,

Example 5 : In a city. the weckly observations made in a study on the cost of living
index are given in the following lable:

Table 12.6
Cost of living index Number of weeks

140 - 150 =
150 - 160 10
160 - 170 20
170-180 9
180-190 6
190 -200 2

Total 52

Diraw a frequency polvgon for the data above (without consiructing a histogram),

Solution : Since we want to draw a frequency polygon without a histogram, let us find
the class-marks of the classes given above, that is of 140 - 150, 150 - 160,....

For 140 - 150, the upper limit =150, and the lower limit = 1440
150 +140 290

2 2
Continuing in the same manner. we find the clags-marks of the other classes as well.
S0, the new table oblained i5 as shown in the following table:

So. the class-mark = = 145,
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Table 12.7

Classes Class-marks Frequency
140-150 145 3
150 - 160 155 10
160-170 165 L
170- 180 175 9
180 - 190 185 6
190 - 200 195 2

Total 52

We can now draw a frequency polygon by plotting the class-marks along the horizontal
axis, the frequencies along the vertical-axis, and then plotting and joining the points
B(145, 5), C(155.10), D(165, 20). E(175, 9), F(185. 6} and G(195. 2) by line zegments.
We should not forget to plot the point corresponding to the class-mark of the class
130 - 140 (just before the lowest class 140 - 150) with zero frequency, that is,
A{135.0), and the point H (205, 0) occurs immediately afier G195, 2). So. the resultant
frequency polygon will be ABCDEFGH (see Fig. 12.8),
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Frequency polygons are used when the data is continuous and very large. It is
very useful for comparing two different sets of data of the same nature. for example.
comparing the performance of two different sections of the same class.

EXERCISE 12.1

L A survey conducted by an organisation for the cause ol illness and death among
the women between the ages 15 - 44 (in yeais) worldwide, found the following

figures {in %a):
S.No. | Causes Female fatality rate (%)
E Reproductive health conditions &
2 Neuropsychiatric conditions 254
3. Injuries 124
4 Cardiovascular conditions 43
5 Respiratory conditions 41
& Other cavses 2240

{ij Represent the information given above graphically,

{f} Which condition is the major cause of women’s ill health and death worldwide?

{iii) Try lo find out, with the help of your teacher, any lwo factors which play a major
role in the canse in (i) above being the mujor canse.

2. The following data on the number of girls (to the nsarest ten) per thowsand boys in
different sections of Indian soviety is given below.

Section

Number of girls per thousand boys

Scheduled Caste (SC)
Scheduled Tribe (ST)
Non SC/ST

Backward districte
Non-backward districis
Rural

Urban

S 88831

910
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(i) Repiesent the information above by a bar graph,
{ii} In the classroom discuss whatl conclusions can be arrived at from the graph,

Given below are the seats won by different political parties in the polling outcome of
a gtate assemhbly elections:

Political Party | A B te D E F
Seats Won 75 i 7 n 10 37

(i} Diraw a bar graph to represent the polling results,
(i) Which pelitical party won the maxinmum number of seats?

The length of 40 leaves of a plant are measured correct fo one millimetre, and the
obtained data is represented in the following table;

Length {in num) Number of leaves

118-126
127-135
136- 144
145-153
154- 162
163-171
172-180

ph.upwmm

{i) Draw a histogram to represent the given dara, [Hint; First make the class intervals
continugns]

{if} Iz there any other suitable geaphical representation for the same data?

{m} Iz it eoirect to conclude that the maximum number of lsaves are 153 mm long?
Why!

The following table gives the life rimes of 400 neon lamps:

Life time (in hours) Number of lamps
300-400
500-600
700- 800
300- 900
G00- 1000

ZRBEESYE

|
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( Represen he siven information it he help of s histogram.
{ii) How many lamps have a life time of more than 700 hours?

6. The following table gives the disiribution of students of two sections avvording to
the marks obtained by them:

Represent the marks of the students of bath the sections on the same graph by two
frequency polygons. From the twa polygons compare the performance of the two
sections.

7. Therunsscored by two tearns Aand B on the first 60 balls in a cricket match are given

Represent the data of both the teams on the same graph by frequency polygons.
[Hint : First make the class intervals continuous. |



166

8. A random survey ol the number of children ol various age groups playing in a pack

was found

ag followe:

Age (in years)

Number of children

1-2
2-3
3.5
KL
7-10
10=-15
15-17

S YR aowowm

Draw a histograma o represent the data above.

9. 10§ swmames were randomly picgked up from alocal telephone directory and a frequency
distnbution of the number of letters in the Engligh alphabet in the surnames was found

as follows:
Number of letters Number of surnames
1- 4 6
4- 6 30
6-8 A
2-12 16
12 -20 4

{i} Draw a histogram to depict the given information,

{{) Wrile the class interval in which the maxiraum number of surnames lie,

12.2 Summary

In this chapter, you have studied the following points:

1. How data can be presented graphically in the form of bar graphs, histograms and frequency

polygoms.
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PROOFS IN MATHEMATICS
L

Al Introduction

Suppose yvour family owns a plot of land and
there is no fencing around it, Your neighbour
decides one day to fence off his land. Afer
he has fenced his land, you discover that a
part of vour family’s land has been enclosed
by hizs fence. How will you prove to vour
neighbour that he has tried to encroach on
vour land? Your first step may be to seck the
help of the village elders to sort out the
difference in boundaries, But, suppose opinion
15 divided among the elders, Some feel you are right and others fe<] your neighbour is
right. What can you do? Your only option is to find a way of establishing vour claim for
the boundaries of your land that is acceptable to all. For example, a government
approved survey map of vour village can be used, if necessary in a court of law, to
prove (claim) that you are correct and vour neighbour 1s wrong.

Let us look at amother situation. Suppose your mother has paid the electricity bill
of your house for the month of August, 2005. The bill for September, 2005, however,
claims that the bill for August has not been paid. How will you disprove the claim
made by the electricity department? You will have to produce a receipt proving that
vour August bill has been paid.

You have just seen some examples that show that in our daily life we are often
called upun to prove that a certain statement or claim is true or false. However, we
also accept many statements without bothering to prove them. But, in mathematics
we only accept a statement as true or false (except for some axioms) if it has been
proved to be so, according to the logic of mathematics.
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In fact, proofs in mathematics have been in existence for thousands of years, and
they are central to any branch of mathematics. The first known proof is believed to
have been given by the Greek philosopher and mathematician Thales. While
mathematics was cenfral to many ancient civilisations like Mesopotamia, Egypt, China
and India, there is no clear evidence that they vsed proofs the way we do today.

In this chapter, we will look at what a statement is, what kind of reasoning iz
involved in mathematics. and what a mathematical proof consists of.

AL.2 Mathematically Acceptable Statements

In this gection, we shall trv to explain the meaning of a mathematically acceplable
statement. A *statement’ is a sentence which is not an order or an exclamatory sentence,
And. of course, a statement is not a question! For example.

“What is the colour of your hair?™ is not a statement, it is a question,

“Please go and bring me some waler,” is a request or an order, not a statement,
“What a marvellous sunset!” is an exclamatory remark, not a statement.
However, “The colour of your hair is black™ 1s a statement,

In general, statements can be one of the following:

s glwaps true

* always false

s ambiguous

The word ‘ambiguous” needs some explanation, There are two situations which
make a statement ambiguous. The first situation is when we cannot decide if the
statement is always true or always false. For example. “Tomorrow is Thursday™ is
ambiguous, since enough of a context is not given to us to decide if the statement is
true or false.

The second situation leading to ambiguity is when the statement is subjective, that
18, it i3 true for some people and not true for others. For example, “Dogs are intelligent”
is ambiguous because some people believe this is true and others do not.

Example 1 : Stale whether the following stalements are always true. always [alse or
ambiguous. Justify your answers.

(i} There are 8 davs in a week.
(i) It is raining here.

(i) The sun sets in the west.
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(iv)  Gawriis akind girl,

(v) The product of two edd integers is even.

(vi) The product of two even natural numbers is even.

Solution :

(i}  This statement is always false, since there are 7 davs in a week.

(i) This statement is ambiguous. since it is not clear where “here” is.

(i) This statement i always rue. The sun sets in the west no matter where we live.

(iv) This statement is ambiguous. since it is subjective—Gauri may be kind to some
and not to others.

{v) This statement is always false. The product of two odd integers is always odd.

(wi) This statement is always true. However, to justify that it is true we need to do
some work. It will be proved in Section Al.4.

As mentioned before. in our daily life, we are not so careful aboul the validity of
statements. For example, suppose your fiiend tells you that in July it rains evervday in
Manantavadi, Kerala. In all probability, vou will believe her, even though it may not
have rained for a day or two in July. Unless you are a lawyer, vou will not argue with
her!

As another example, consider statements we %
often make tw each other like “it is very hot today”,
We easily accept such statements because we know

the context even though these statcments are - ’
ambiguous. ‘Tt is very hot today”® can mean different
things to different people because whart is very hot

for a person from Kumaon may not be hot for a person
from Chennai.

But a mathematical statement cannot be ambiguous. In mathematics, a statement
is onlv acceptuble or valid, if it is either true or false. We say that a statement is
true, if it is always true otherwize it is called a false statement.

For example, 5 + 2 = 7 is always true, so "5 + 2 = 7’ is a true statement and
5+ 3 =7 is a false statement.
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Example 2 : State whether the following statements are true or false:
(i} The sum of the interior angles of a triangle is 180°,

(iiy Every odd number greater than | is prime,

(iii) For any real number x, 4x + x = 5x,

(iv) For every real number x, 2x > x.

(v) For every real number x, x* > x.

(wi) If a quadrilateral has all its sides equal, then it is a square.
Solution :

(i} This statement is true. You have already proved this in Chapter 6.
(ii) This statement is false; for example, 9 is not a prime number.

(iii) This statement is true,

(iv) This statement is false; for example. 2 > (-1)=-2, and - 2 iz not greater than — 1.

. . ] l L. 1
{v) This statement is false; for example, [E]’ =3 and P not greater than 5

(vi) Thiz statement is false, since a thombus has equal sides but need not be a square.

You might have noticed that to establish that a staternent is not true aceording to
mathematics. all we need to do is to find one case or example where it breaks down,
So 1 (i1}, since 9 is not a prime, il 15 an cxample that shows that the statement “Every
odd number greater than | is prime™ is not true. Such an example, that counters a
statement, 1s called a counter-example. We shall discoss counter-examples in greater
detail in Section A1.5.

You might have also noticed that while Statements (iv), (v) and (vi) are false, they
can be resiated with some conditions in order to make them true.

Example 3 : Restate the following statements with appropriate conditions. so that
they become true statements.

(i} For every real number x, 2x > x,

(i) For every real number x, ¥* > x.

(iit) If you divide a number by itself, you will always get 1.

(iv) The angle subtended by a ¢hord of a circle at a point-on the circle iz 907,
(v) Tfa quadrilateral has all its sides equal, then it is a square.
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Solution :

(i) Ifx>0,then 2x>x

(iiy fx=0orx=l, then x!=x

(iii) If you divide a number except zero by itselt, you will always get 1.

(iv) The angle subtended by a diameter of a circle at a point on the circle is 0%,
(v} If a quadrilateral has all its sides and interior angles equal. then it is a square,

EXERCISE Al.1
1. State whether the following statements are always true. always false or ambiguous,
Justify vour answers.
(i) Thers are 13 months in a vear.
(i) Diwali falls ona Friday,
(iii} The temperature in Magadi is 26° C,
{iv) The eacth has one moon,
{v) Dogs can fy
{vi) February has only 28 days,
2, Siate whether the following starements are troe or talse, Give reasons for your answers,
(i) Thesum of the interior angles of a quadrilateral is 3507,
{ii} Foranyreal numbery, ¥ =0,
(ii) A rhombuos is aparallelogram.,
(iv) The sum of two even numbeis is sven,
{¥) The sum of two odd numbers 15 odd.

3. Restate the following statements with appropriate conditions, so that they become
[rue sialements,

(i) Al prime numbers are odd,

(i} Two times a real number is always sven,
(i) Foranyx, 3r+1 =4,

{iv) Foranyx,x* =0,

{v] Ineveryiriangle, a median is alse an angle bizecior

AL3 Deductive Reasoning

The main logical tool used in establishing the truth of an unambiguous statement is
deductive reasoning. To understand what deductive reasoning 1s all about. let us
begin with a puzzle for yvou to solve.
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You are given four cards. Each card has a number printed on one side and a letter
on the other side.

A vV 6 5

Suppose you are told that these cards follow the rule:
“If a card has an even number on one side, then it has a vowel on the other side.”

What is the smallest number of cards vou need to turn over to check if the rule
is true?

Of course, you have the option of turning over all the cards and checking. But can
you manage with turning over a fewer number of cards?

Notice that the statement mentions that a card with an even number on one side
has a vowel on the other. It does not state that 4 card with a vowel on one side must
have an even number on the other side. That may or may not be s0. The rule also does
not state that a card with an odd number on one side must have a consonant on the
other side. It may or may not,

S0, do we need (o turn over “A’? Nao! Whether there 1s an even nurnber or an odd
number on the other side, the rule still holds.

What about *5'7 Again we do not need to tuen it over, because whether there is a
vowel or a consonant on the other side, the rule still holds.

But you do need to turn over V and 6. If' V has an even number on the other side,
then the rule has been broken. Similarly, if 6 has a consonant on the other side, then the
rule has been broken.

The kind of reasoning we have used to solve this puzzle is called deductive
reasoning. I is called *deductive’ because we arrive at (i.e.. deduce or infer) a result
or a statement from a previously established statement using logic. For example, in the
puzzle above, by a series of logical arguments we deduced that we need to tum over
only V and 6.

Deductive reasoning also helps us to conclude that a particular statement is true,
because it is a special case of a more general statement that is known to be true. For
example, once we prove that the product of two odd numbers is always odd. we can
immediately conclude (without computation) that 70001 = 134563 is odd simply because
70001 and 134563 are odd.
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Deductive reasoning has been a part of human thinking for centuries. and is used
all the time in our daily life. For example, suppose the statements “The flower Solans
blooms. only if the maximum temperature is above 28% C on the previous day™ and
“Bolaris bloomed in Imaginary Valley on 15th September, 20037 are true. Then using
deductive reasoning, we can conclude that the maximum temperature in [imaginary
Valley on 14th September, 2005 was more than 28° .

Unfortunately we do not always use correct reasoning in our daily life! We often
come to many conclusions based on faulty reasoning. For example, if your friend does
not smile at vou one day, then you may conclude that she is angry with you, While it
may be true that “if she is angry with me, she will not smile at me”, it may also be true
that “if she has a bad headache. she will not smile at me”. Why don’t you examine
some conclusions that you have arrived at in vour day-to-day existence, and see if
they are based on valid or [aulty reasoning?

EXERCISE Al2
1. Tlse deductive reasoning to answer the following:

(il Huomans are mammals. All mammals are vertebrotes. Based on these two
statements, what can you conclude sbout humans?

(i} Anthony is abarber. Dinesh had his hair cul. Can you concluds that Antony cut
Dinesh’s hair?

{iii) Martians have red longues. Gulag is a Marian, Based on thess two statemenls,
what can you conclude about Gulag?

{iv) If it rains for more than four hours on a particular day, the gutters will have o be
cleaned the pext dav. It has rained for & hours today, What can we conclode
about the condition of the gullers tomorrow?

(v) Whatis the fallacy in the cow’s reasoning in the cartoon below?

All dogs have tails,
I have a tail.

Therefore I am a
dog.

)
Ll —
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2.  Once again vou are given four cards. Each card hag a number printed on one side and
a letter on the other side. Which are the only two cards you need (o turn over o check
whether the following rule holds?

“If a card has & consonant on oneg side, then it has an odd numbsar on the other side ™

B 3 U 8

Al.4 Theorems, Conjectures and Axioms

So far we have discussed statements and how to check their validity. In this section.
you will study how to distinguish between the three differemt kinds of statements
mathematics is built up from. namely. a theorem, a conjecture and an axiom.

You have already come across many theorems bhefore. So, what is a thearem? A
mathematical statement whose truth has been established (proved) is called a theorem.
For example, the following statements are theorems, as you will see m Section A 1.5,

Theorem ALl : The sum of the interior angles of a triangle is 1807,
Theorem A1.2 @ The product of two even natigral numbers is even.

Theorem A1.3 : The product of any three consecutive even natural numbers is
divisible by 16,

A conjecture 15 a statement which we believe is true. based on our mathematical
understanding and experience, that is, our mathematical intuition. The conjectare may
turn out to be true or false. If we can prove it, then it becomes a theorem.
Mathematicians often come up with conjectures by locking lor patlerns and making
intelligent mathematical guesses. Let us look at some patterns and see what kind of
intelligent guesses we can make.

Example 4 : Take any three consecutive even numbers and add them, say,
2+4+6=12,4+6+8=18,6+8+10=24 8+10+12=30,20+22 + 24=2066.
Iz there any pattern you can guess in these sums? What can you conjecture about
them?

Solution : One conjecture could be :

(i} the sum of three consecutive even numbers is even.

Another could be :

(if) the sum of three consecutive even numbers is divisible by 6.
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Example 5 : Consider the following pattern of numbers called the Pascal’s Triangle:

Ling Sum of numbers

1 1 1
2 1 1 2
3 1 2 I 4
+ | 3 3 | 5
5 L <4 fi -+ 1 16
6 | 5 10 10 3 | 32
-

8

What can you conjecture about the sum of the numbers in Lines 7 and 87 What
about the sum of the numbers in Line 217 Do vou see a pattern” Make a guess aboult
a formula for the sum of the numbers in line ».

Solution : Sum of the numbers in Line 7=2 x 32 = 4 = 2¢
Sum of the numbers inLinge 8 =2 % 64 = 12§ =27
Sum of the numbers in Ling 21 = 2%

Sum of the numbers in Ling = 2*!

Example 6 : Consider the so-called triangular numbers T

®
@
e ©
®
& @ ° ® ®
® ® ® o o ® @ ® ® ®
LA T, T, T,

Fig.Al.l

The dots here are arranged in such a way that they form a tmangle. Here T, = 1.
T,=3T,=6.T,=10, and so on. Can you guess what T_is? What about T,? What
about T 7
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Make a conjecture about T .
Tt might help if you redraw them in ihe following way,

[] | | |

T, L T, T,
Fip. Al1.2
X Swb
Solution :T5= [+2+3+4+5=15= —'2—

E
=1

T,=1+2+3+4+5+6=21=

_onx {n+1}

2
A favourite example of a conjecture that has been open (that is. it has not been
proved to be true or false) is the Goldbach conjecture named after the mathematician
Christian Goldbach (1690 — 1764). This conjecturs states that “every even integer

greater than 4 can be expressed as the sum of two odd primes.” Perhaps vou will
prove that this result is either true or falze, and will become famous!

You might have wondered — do we need to prove everything we encounter in
mathematics, and if not, why not?

Why do I have to
prove everything I
say|
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The fact is that every area in mathematics is based on some statements which are
assumed to be true and are not proved. These are “self-evident truths™ which we take
to be true without proof. These statements are called axioms. In Chapter 5, you would
have studied the axioms and postulates of Euclid. (We do not distinguish between
axioms and postulates these days.)

For example, the first postulate of Euclid states:

A straight line may be drawn from any paint to any other point.
And the third postulate states:

A circle may be drawn with any cenire and any radius.

These statements appear to be perfectly true and Buelid assumed them to be true,
Why? This is because we cannot prove everything and we need to start somewhere.
We need some statements which we accept as true and then we can build up our
knowledge using the rules of logic based on these axioms,

You might then wonder why we don’ just accept all statements to be true when
they appear self-evident. There are many reasons for this. Very ofien our intuition can
be wrong, pictures or patterns can deceive and the only way to be sure that something
is true is to prove it. For example. many of us believe that if a number iz multiplied by
another, the result will be larger than both the numbers. But we know that this is not
always true: for example. 5 x 0.2 = 1, which is less than 5.

Also. loolkcat the Fig. A1.3. Which line segment is longer, AB or CD7

AL SE
Line segment AB
Cr <

Line segment CD

Fig.Al13

It turns out that both are of exactly the same length, even though AB appears
shorter!

You might wonder then, about the validity of axioms. Axioms have been chosen
based on our mtuition and what appears to be self-evident. Therefore, we expect them
to be true. However, it is possible that later on we discover that a particular axiom is
not true. What is a safeguard against this possibility? We take the following steps:

(i) Keep the axioms to the bare minimum. For instance. based on only axioms
and five postulates of Euclid, we can derive hundreds ol theorems,
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(i) Malke sure the axioms are consistent.

We say a collection of axioms is inconsistent, if we can use one axiom to
show that another axiom is not true, For example, consider the following two
statements. We will show that they are inconsistent.

Statementl: No whole number is equal to its successor.
Statement 2: A whale number divided by zero is a whole number.

{Remember, division by zero is not defined. But just for the moment, we
assume that it is possible, and see what happens.)

From Statement 2, we get — = a , where a is some whole number. This

0
implies that, 1 =0. But thiz disproves Statement 1, which states that no whole

number i§ equal Lo its successor.

(iif) A false axiom will, sooner or later, result in & coniradiction. We say that there
is a contradiction, when we find a statement such that, both the statement
and its negation arve true. For example, consider Statement 1 and Statement
2 above once again.,

From Statement 1. we can derive the result that 2 2 1.

Now look at x? — &%, We will factorise it in two different ways as follows:
(i) x*—x*=x(x —x)and

(ii) x> —x'=(x + 2)(x —x)

S0, xlx —x) = {x + x)(x —x).

From Statement 2. we can cancel (x — x) from both sides.

We get x = 2w, which in tum implies 2 = 1.

So we have both the statement 2 # 1 and its negation, 2 = 1, true. This is a
contradiction. The contradiction arose because of the false axiom, that a whole number
divided by zero is a whole number,

So. the statements we choose as axioms require a lot of thought and insight. We
must make sure they do not lead to inconsistencies or logical contradictions. Moreover,
the choice of axioms themselves, sometimes leads us to new discoveries. From Chapter
3, you are familiar with Euclid’s fifth postulate and the discoveries of non-Euclidean
geometries. You saw that mathematicians believed that the fifth postulate need not be
a postulate and is actually a theorem that can be proved using just the first four
postulates, Amazingly these attempis led to the discovery of non-Euclidean geometries.

We end the section by recalling the differences between an axiom, a theorem and
a conjecture. An axiom i= a mathematical statement which is assumed to be true
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without proof; a conjecture is a mathematical statement whose truth or falsity is vet
to be established: and a theorem is a mathematical statement whose truth has been
logically established.

EXERCISEAL3
I. Take any three conseculive even numbers and find their product; for example,
2xd R 6=48 4% &+ §=192, and so on. Make three conjectures aboul these products.
2. (o back to Pascals triangle.
Line1:1=11"
Line2:1 1=11}
Line3:12 1=11?

bake o conjecture about Line 4 and Line 5. Does your conjecture hold? Does youor
conjeciore hold for Line 6 1007

3. Lei usg look al the riangular numbers (see Fig ALZ) again, Add two conseculive
triangular numbers. Forexample. T +T,=4. T+ T.=8 T+T =16.

What about T, + T, 7 Make a conjecturg about T, | +T..
4. Loolcat the following pattern:
=1
114=121
1113=12321
1111¥=1234321
L11114= 123454321
balke 3 conjeciure aboul each of the following:
1111112 =
1111111%=
Check if your conjecture is true,
5. List five axioms {postulates) used in this book,

ALS What is a Mathematical Proof?

Let us now look at various aspects of proofs. We start with understanding the difference
between verification and proof. Before you studied proofs in mathematics, you were
mainly asked to verify statements.

For example, vou might have been asked to verify with examples that “the product
of two even numbers is even”, So you might have picked up two random even numbers.
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say 24 and 2006, and checked that 24 = 2006 =48144 12 even. You might have done so
for many more examples.

Also, you might have been asked as an activity to draw several triangles in the
class and compute the sum of their interior angles. Apart from errors due to
measurement, you would have found that the interior angles of a triangle add up o
1807,

What is the flaw in this method? There are several problems with the process of
verification. While it may help you to make a statement you believe is frue, you cannot
be suwre that il is true in all cases. For example, the multiplication of several pairs of
even numbers may lead us to guess that the product of two even numbers is even,
However. it does not ensure that the product of all pairs of even numbers is even. You
cannot physically check the products ol all possible pairs of even numbers. If you did.
then like the girl in the cartoon, you will be calculating the products of even numbers
for the rest of your life. Similarly, there may be some triangles which you have not yei
drawn whose interior angles do not add up to 180°, We cannot measure the interior
angles of all possible triangles.

242 » 3002 =

3248 x 5468 =
726484, even

17760064 , even

Atage 8 % At age 16

12466 x 3474 = 3306884 x 45676
43306884, even 1978085233584, even

At age 36 %’ At age 86
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Moreover., verification can often be misleading. For example, we might be tempted
to conclude from Pascal’s triangle ((Q.2 of Exercise A 1.3), based on earlier verifications,
that 11°= 15101051, But in fact 11° =161051.

So. vou need another approach that does not depend upon verification for some
cases only. There is another approach, namely “proving a statement®. A process
which can establish the truth of a mathematical statement based purely on logical
arguments iz called a mathematical proof.

In Example 2 of Section Al.2, you saw that to establish that a mathematical
staternent is [alse, it is enough to produce a single counter-example. So while it is not
enough to establish the validity of a mathematical statement by checking or verifying
it for thousands of cases. it is enough to produce one counter-example to disprove a
gtatement (1.e., to show that something is false). This point is worth emphasising.

Girls don’t
climb trees.

Ib show that a mathematical statement is false, it is enough to find a single
counter-example.

So. 7+ 5= 12 is a counter-example to the statement that the sum of two odd
numbers is odd,

Let us now look at the list of basic ingredients in a proof
(i} To prove a theorem. we should have a rough idea as to how to proceed.

(i) The information already given tous in a theorem (i.e., the hypothesis) has to
be ¢learly understood and used.
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(1)

(iv)

For example, in Theorem A 1.2, which states that the product of two even
numbers 15 even. we are given two even natural numbers; So, we should use
their proparties, In the Factor Theorem (in Chapter 2), you are given a
polynomial p(x) and are told that p{a) = 0. You have to use this to show that
{x— «) is a factor of p(x). Similarly, for the converse of the Factor Theorem,
you are given that {x — a) i a factor of p(x), and you have to use this hypothesis
to prove that p(a) =0.

You can also use constructions during the process of proving a theorem.
For example, to prove that the sum of the angles of a triangle is 180°. we
draw a line parallel to one of the sides through the vertex opposite to the side,
and use properties of parallel lines.

A pioofl is made up of a successive sequence of mathematical statements.
Each statement in a proof iz logically deduced from a previous statement in
the proof, or from a theorem proved earlier, or an axiom, or our hypothesis,

The conclusion of a sequence ol mathematically true statements laid out in a
logically correct order should be what we wanted to prove, that is, what the
theorem claims.

To understand these ingredients, we will analyse Theorem A1.1 and its procf. You
have already studied this theorem in Chapter 6. But first, a few comments on proofs in
geometry. We often resort to diagrams to help us prove theorems, and this is very
important. However, each statement in the proof has to be established using only
logic. Very often, we hear students make statements like “Those two angles are
equal because in the drawing they look equal™ or “that angle must be 90%, because the
two lines look as if they are perpendicular to each other”. Beware of being deceived
by what you see {remember Fig A1.3)! .

So now let us go to Theorem Al. 1.

Theorem ALl : The sum of the intferior angles of a trigngle is 180°.
Proof : Consider a triangle ABC (see Fig. A1.4).
We have to prove that £ ABC + £ BCA + £ CAB = 180° (1)

D A E

"3 e
b -

FigAld



Paonrs in MaTuemarics |83

Construct a line DE parallel 1o BC passing through A, {2)
DE is parallel to BC and AB is a transversal,
So, £ DAB and £ ABC are alternate angles. Therefore, by Theorem 6.2, Chapter 6,

they are equal, i.e, £ DAB =2 ABC (3}
Similarly, ~# CAE= 2 ACB (4)
Therefore. # ABC + ~ BAC+ Z ACB =~ DAB +4 BAC + Z CAE (5)
But ~ DAB +< BAC + £ CAE = 1807, since they form a straight angle. (6)
Hence, £ ABC + £ BAC+ £ ACB = 180°. (7)

Now, we comment on each step of the proof.

Step 1 : Qur theorem is concerned with a property of triangles, so we begin with a
triangle.

Step 2 : This 15 the key idea — the intuitive leap or understanding of how to proceed so
as to be able to prove the theorem. Very often geometric proofs require a construction.

Steps 3 and 4 : Here we conclude that ~ DAE = 2 ABC and ~ CAE = 2 ACB. by
using the [act that DE is parallel to BC {our construetion), and the previously proved
Theorem 6.2, which states that if two parallel lines are intersected by a transversal,
then the aliernale angles are equal.

Step 5 : Here we use Euclid's axiom (see Chapter 5) which states that: “If equals are
added to equals. the wholes are equal” fo deduce

L ABC+ S BAC+H A ACB = 2 DAB +2 BAC + 2 CAL.

That is, the sum of the interior angles of the triangle are equal to the sum of the angles
on a straight line.

Step 6 : Here we use the Linear pair axiom of Chapter 6, which states that the angles
on a straight line add up to 180°, to show that £ DAB +£ BAC + £ CAE = 1807,

Step 7 : We use Buclid’s axiom which states that “things which are equal to the same
thing are equal to cach other™ to conclude that £ ABC + £ BAC +
£ AUB = 2 DAB+2 BAC + 2 CAE = 180°. Notice that Step 7 is the claim made in
the theorem we set out to prove.

We now prove Theorems Al.2 and Al.3 without analysing them.

Theorem Al.2 : The product of two even natural numbers js even.
Proof : Letx and y be any two even natural mumbers,

We want to prove that xp is even,
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Since x and y are even, they are divisible by 2 and can be expressed in the form
x = 2m, for some natural number m and = 2n, for some natural number a.
Then xy =4 man, Since 4 mp iz divisible by 2, so is xp.

Therefore, xy is even.

Theorem A1.3 : The product of any three consecutive even natural numbers iz
divisible hy 16,

Prool @ Any three consecutive even numbers will be of the form 2n, Zn + 2 and
2n + 4, for some natural number #». We need to prove that their product
2n(2n +2)(2n + 4) is divisible by 16.
Now. 2n(2n+ 2M2n+4)=2n 2 2n+1) % L(n + 2)
=2x2x2mn+ 1}n+2)=8n(n+ 1)(n+2).
Now we have two cases. Either » is even or odd. Let us examine each case.
Suppose » 18 even : Then we can write n = Zm, for some natural number .,
And, then 2n(2n + 2)(2n +4) =8n(n + 1)(n + 2) = 16m(2m + 1)(2m + Z).
Therefore, 2n(2n + 2)(2r + 4) is divisible by 16.
Next, suppose # is odd. Then » + 1 is even and we can write n + 1 = 2r, for some
natural number r.
We then have : 2n(2n + 2Y(2n + 4) = 8nin + 1){n + 2)
=82r-1) 2 2r=2r+1)
=16M2r— 1)}{2r+ 1)
Therefore, 2n(2n +2)(2n +4) is divisible by 16,
So. in both cases we have shown that the product of any three consecutive even
numbers is divisible by 16,

We conclude this chapter with a few remarks on the difference between how
mathematicians discover results and how formal rigotous proofs are written down. As
mentioned above, each proof has a key intuitive idea (sometimes more than one).
Intuition is central to a mathematician’s way of thinking and discovering results, Very
often the proof ol a theorem comes to a mathematician all jumbled up. A mathematician
will often experiment with several routes of thought, and logic, and examples, before
she/he can hit upon the correct solution or proof. It 1s only after the creative phase
subsides that all the argumenis aie gathered together to form a proper proof

It is worth mentioning here that the great Indian mathematician Srinivasa
Ramanujan used very high levels of intuition o arrive at many ol his statements, which
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he claimed were true. Many of these have turned
out be true and are well known theorems. However,
even to this day mathematicians all over the world
are struggling to prove (or disprove) some of his claims

(conjectures).
Srimivasa Ramanujan
(1887-1920)
Fig. A1.5
EXERCISEALA4
1. Find counter-examples to disprove the following statements:

.

(i) I the corresponding angles in two lnangles are equal, then the irangles ate
congruent,

(i) A guadrilateral with all ides equal is a square,
(1) A quadrilateral with all angles equal is 2 square,

{iv) Forintegers aand b, (/o® + 5% =a+h

(v} 2Zn*+ 11 iz aprime for all whole numbers i,

(wv) wf—m+411isaprme for all posiave integers n,

Take your favourite proof and analyse it step-by-step along the hnes disconssed in
Section A 1.5 (what is given. what has been proved, what theorems and axioms have
been used, and so on).

Prove that the sum of 1wo odd numbers is-even.

Prove that the product of two odd numbezs 15 odd.

Prove that the sum of three consecutive even numbers is divizible by &.

Prove that infinitel y many points lie on the line whose equation 13 y = 2,

{Hint : Consider the point (7, 2n) lorany inleger n.)

You must have had a friend who muost have told you to think of a number and do
various things to it, and then without kmowing vour original number, telling you what
numnber you ended up with. Here are two examples. Examine why they work,

(i) Choose a number. Double il. Add nine. Add your original number. Divide by
three. Add four. Subtract your original nomber. Your result is seven,

(i) Write down any three-digit number (for example, 4252 Make a six-digil number by
repeating these digits in the same order (423423). Your new number is divisible by
T, 1 land 13,
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ALS Summary

In this Appendix, vou have studicd the following poinis:

]l
Z

In mathematics, a statement is only acceptable it it is either always true or always false,

To show that a mathematical stalement is false, it iz enough lo find a single counter-
example.

3. Axioms are statements which are assumed to be true without proof,

TI‘

A conjecture 15 & statement we believe is true based on our mathematical intuition, but
which we are yet to prove,

A mathematical 2taterment whose truth hag been established (or proved) iz called a theorem,

. The mam logical tool In proving mathematical statementz is deductive reasoning,

A proofis made up of a successive sequence of mathematical sintements, Fach statement
in a proofis logically deduced from a previouly known statement, or from a theorem proved
earlier, or an axiom, or the hypathesis,
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INTRODUCTION TO MATHEMATICAL MODELLING

A 2.1 Introduction

Right from your earlier classes, you have been solving problems related to the
real-world around you. For example, vou have solved problems in simple interest using
the formula for finding it. The formula (or equation) is a relation between the interast
and the other three quantities that are related to it, the principal, the rate of interest and
the period. This formula is an example of a2 mathematical model. A mathematical
model is a mathematical relation that describes some real-life situation.

Mathematical models are used to solve many real-life situations like:

e launching a satellite.

» predicting the arrival of the monsoon.,

= controlling pollution due to vehicles.

s reducing traffic jams in big cities,

In this chapter, we will introduce you to the process of construeting mathematical
models, which is called mathematical modelling. In mathematical modelling, we
take a real-world problem and write it as an equivalent mathematical problem. We
then sclve the mathematical problem, and miterpret its solution in terms of the
real-world problem. After this we see to what extent the solution is valid in the context

of the real-world problem. So, the stages involved in mathematical modelling are
formulation, solution, interpretation and validation.

We will start by looking at the process you undertake when solving word problems,
in Section A2.2. Here, we will discuss some word problems that are similar to the
ones you have solved in your earlier classes, We will see later that the steps that are
used for solving word problems are some of those used in mathematical modelling
also.
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In the next section. that 1s Section A2.3, we will discuss some simple models.

In Section A2 4, we will discuss the overall process of modelling, its advantages
and some of its limitations.

A2.2 Review of Word Problems

In this section, we will discuss some word problems that are similar to the ones that
you have solved in your earlier classes. Let us start with a problem on direct vanation,

Example I :1travelled 432 kilometres on 48 litres of petrol in my car. 1 have to go by
my car 1o a place which is 180 km away. How much petrol do I need?

Solution : We will list the steps involved in solving the problem,

Step 1 : Formulation : You know that farther we travel, the more petrol we
require, that is. the amount of petrol we need varies directly with the distance we
travel.

Petrol needed for travelling 432 kin =48 lilres
Petrol needed for travelling 180 km =7
Mathematical Description : Let
¥ = distance T travel
¥ = petol I need

y varies directly with x.

So, y = kx, where k is a constant.
I can travel 432 kilometres with 48 litres of petrol,
So, ¥ = 48, x =432,
v 48 1
Therefore, K= '} = :ﬁ'ﬁ = E
Since ¥=kx,
therefore, yi= %x (1)

Equation or Formula (1) describes the relationship between the petrol needed and
distance travelled.

Step 2 : Solution : We want o find the petrol we need to travel 180 kilometres:
so, we have to find the value of y when x = 180, Putting x = 180 in (1), we have
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Step 3 : Imterpretation : Since y = 20, we need 20 litres of petrol to travel
1280 kilometres.

20

Did it occur to you that you may not be able to use the formula (1) in all situations?
For example. suppose the 432 kilomeires route is through mountains and the 180
kilomeires route is through flat plains. The car will use up petrol at a faster ratg in the
first route, so we cannot use the smme rate for the 180 kalometres route, where the
petrol will be used up at a slower rate. So the formula woeks if all such conditions that
affect the rate at which petrol is used are the same in both the trips. Or, if there is a
difference in conditions, the effect of the difference on the amount of petrol needed
for the car should be very small. The petrol used will vary directly with the distance
travelled only in such a situation. We assumed this while solving the problem.

Example 2 : Suppose Sudhir has invested T 15,000 at 8% simple interest per year.
With the return from the investment, he wants to buy a washing machine that costs
T 19.000. For what period should he invest T 15,000 so that he has enough money to
buy a washing machine?

Solution : Step 1 : Formulation of the problem : Here, we know the principal and
the rate of interest. The interest 1s the amount Sudhir needs in addition to 15,000 to buy
the wushing machine. We have (o find the number of years.

. . . Fur
Mathematical Deseription : The formula for simple interest is [ = 100

where P = Principal,
n = Number of years,
r % = Rate of interest
I = Interest earned
Here, the principal= T 15.000
The money required by Sudhir for buying a washing machine =7 19,000
So. the inferest to be eamed = 7 (19.000 - 15,000}
= 74.000
The number of years for which T 15.000 is deposited = n
The interest on T 15,000 for » years al the rate 0of 8% =1
15000 = n = 8

| =
Then, I 100
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50, I= 1200n (§8]

gives the relationship between the number of years and interest, if T 15000 is invested
at an annual interest rate of 8%,

We have to find the period in which the interest earned is ¥ 4000.
Putting 1 =4000 in (1). we have

4000= 1200n (2)
Step 2@ Solution of the problem : Solving Equation (2). we get
4000 |
=
1200 3

1
Step 3 @ Imterpretation : Since n = 35 and one third of a year is 4 months,

Sudhir can buy a washing machine after 3 years and 4 months,

Can you guess the assumptions that you have to make m the example above? We
have to assume that the interest rate remains the same for the period for which we

calculate the interest, Otherwise, the formulal= % will not be valid. We have also

assured that the price of the washing machine does not increase by the time Sudhit
has gathered the money.

Example 3 : A motorboat goes upstream on a river and covers the distance between
two towns on the riverbank in six hours. It covers this distance downstream in five
hours, If the speed of the stream 1s 2 lan/h, find the speed of the boat in still water.

Solution : Step 1 : Formulation : We know the speed of the river and the time taken
to cover the distance between two places. We have to find the speed of the boat in
still water.

Mathematical Description : Let us write x for the speed of the boat, ¢ for the time
taken and y for the distance travelled. Then

¥=ix (1
Let d be the distance between the two places.
While going upsiream, the actual speed of the boai

= speed of the boat — speed of the river.
because the boat is travelling against the flow of the river.
3o, the speed of the boat upstream = (x — 2} km/h
It takes 6 hours to cover the distance between the towns upstream. So, from (1),
we gel d= 6(x - 2) (2}
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When going downstream. the speed of the river has to be added to the speed of the
boat.

So. the speed of the boat downstream = (x + 2) kan/h
The boal takes 5 hours to cover the same dislance downstream. So.
d= 5(x+2) (3)
From (2) and (3), we have
5{x +2)=6{x-2) (4)
Step 2 : Finding the Solution
Solving for x in Equation (4). we getx= 22,
Step 3 : Imterpretation
Since x = 22, therefore the speed of the molorboal in still water is 22 km/h,

In the example above, we know that the speed of the river is not the same
everywhere, It flows slowly near the shore and faster at the middle. The boat starts at
the shore and moves to the middle of the river. When it is close to the destination. it will
slow down and move closer to the shore. So, there is a small difference between the
spead of the boat at the middle and the speed at the shore. Since it will be close to the
shore for a small amoumnt of time, this difference in speed of the river will affect the
speed only for a small period. So, we can ignore this difference in the speed of the
river. We can also ignore the small variations in speed of the boat. Also. apart from the
speed of the river, the friction between the water and surface of the boat will also
affect the actual speed of the boat, We also assume that this effect is very small.

S0, we have assumed that
1. The speed of the river and the boat remains constant all the time.

2. The effect of friction between the boat and water and the friction due to air is
negligible.
We have found the speed of the boat in still water with the assumptions
{(Aypotheses) above.

As we have seen in the word problems above, there are 3 steps in solving a
word problem. These are

1. Formulation : We analyse the problem and see which factors have a major
influence on the solution to the problem. These are the relevant factors. In
our first example, the relevant factors are the distance travelled and petrol
consumed. We ignored the other factors like the nature of the route, driving
spead, etc. Otherwise, the problera would have been more difficult to solve.
The factors that we ignore are the irrelevant factors.
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We then describe the problem mathematically, in the Torm of one or more
mathematical equations.

Solution : We find the solution of the problem by solving the mathematical
cquations obtained in Step 1 using some suitable method.

Interpretation : We sece what the solution obtained in Step 2 means in the
context of the original word problem.

Here are some exercises for you. You may like to check your understanding of
the steps involved in solving word problems by carrying out the three steps above for
the following problems.

EXERCISE A2.]

In each of the following probleras, clearly state what the relevant and irrelevant factors are
while going through Steps 1, 2 and 3 given abave.

]‘

Suppose a company needs a compwier for some peried of time, The company can
either hire a computer for T 2,000 per month or buy one for T 23,000, Ifthe company
has to use the computer for a long periad, the company will pay such a high rent, that
buying a computer will be cheaper, On the other hand, if the company has to vse the
computer for say, just one month, then hiring a computer will be cheaper. Find the
rumber of months beyond which it will be cheaper to buy a computer,

Suppose a car starts from a place A and travels at & speed of 40 km/h towards another
place B, At the same instance, anothsr car starts frorm B and travels towards A al a
spead of 30 kmdh, I the distance between A and B is 100 km, afler how much time will
the cars meel?

The moon is about 3, 84,000 lom from the earth, and its path around the earth is nearly
cireular. Find the speed at which it orbits the earth, assuming that it orbits the earth in
24 hours. (Usen=3.14)

A family pave T 1000 for eleotricily on 8o average in those months in which 11 does noi
use 8 water heater, In the months in which it uses 8 waler heater, the average electriolty
bill is ¥ 1240. The cost of using the water heater is T 8.00 per hour, Find the average
mumber of hours the water heater 18 used in 2 day.

A3 Some Mathematical Maodels

S0 far, nothing was new in our discussion. In this section, we are going to add another
step to the three steps that we have discussed earlier. This step is called validation:
What does validation mean? Let us see, In a real-life situation, we cannot accepl a
model that gives us an answer that does not match the reality. This process of checking
the answer agamst reality, and modifying the mathematical description if necessary, is
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called validation. This is a very important step in modelling. We will introduce you to
this step in this section.

First, let us look at an example, where we do not have to modify our model after
validation.

Example 4 : Suppose vou have a room of length 6 m and breadth 5 m. You want to
cover the floor of the room with square mosaic tiles of side 30 ecm. How many tiles
will you need? Solve this by constructing a mathematical model.

Solution : Formulation : We have to copsider the area of the room and the area of
a tile for solving the problem. The side of the tile is (.3 m. Since the length is 6 m, we

6
can fit in —— = 20 tiles along the length of the room in one row (see Fig A2.1.).
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Since the breadth of the room 15 5 metres, we have EIES- =16.67. S0, wecan fitin

16 tiles in a column. Since 16 < 0.3 =438.5 - 4.8 =10.2 metres along the breadth wall
not be covered by tiles. This part will have to be covered by cutting the other tiles. The
breadth of the floor left uncovered, 0.2 metres, is more than half the length of a tile,
which 18 0.3 m. So we cannot break a tile into two equal halves and use both the halves
to cover the remaining portion.

Mathematical Description : We have:
Total number of tiles required = (Number of tiles along the length
* Number of tiles along the breadth) + Number of tiles along the uncovered area

(1)
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Solution ; As we said above, the number of tiles along the length is 20 and the
number of tiles along the breadih is 16. We need 20 morz tiles for the last row. Substituting
these values in (1}, we get (20 = 16)+ 20 =320 + 20 = 340.

Interpretation : We need 340 tiles to cover the floor.

Validation : In real-life, yvour mason may ask you to buy some extra liles to
replace those that get damaged while cutting them to size. This number will of course
depend upon the skill of your mason! But, we need not modify Equation (1) for this.
Thiz gives you a rough idea of the number of tiles required. So, we can stop here.

Let us now look at another situation now,

Example 5 ; In the year 2000, 191 member countries of the U N. signed a declaration.
In this declaration, the countries agreed to achieve certain development goals by the
year 2015, These are called the millennium development goals. One of these goals
is to promote gender equality. One indicator for deciding whether this goal hag been
achieved is the ratio of girls to boys in primary, secondary and tertiary education,
India, as a signatory to the declaration, is committed to improve this ratio. The data for
the percentage of girls who are enrolled in primary schools is given in Table A2.1.

Table A2.1
Year Enrolmemnt
(in %)

1991-92 419
196203 42.6
1993-94 42.7
1994-95 29
1995-96 43,1
199697 432
199798 435
1998-99 435
1999-2000 43.6*
2000-01 43.7¢
2001-02 44 1%

Source : Fducational statistics, webpage of Department of Education, GO/,

* indicatey thai the dara is provigional
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Using this data, mathematically describe the rate at which the proportion of girls enrolled
in primary schools grew. Also. estimate the vear by which the enrolment of @irls will
reach 504

Solution : Let us first convert the problem into a mathematical problem.

Step 1 : Formulation : Table A2.1 gives the enrolment for the years 1991-92,
1992-93, etc. Since the students join at the beginning of an academic yvear. we can
take the years as 1991, 1992, etc. Let us assume that the percentage of gitls who join
primary schools will continue to grow at the same rate as the rate in Table A2.1. So,
the mumber of years is important. not the specific years. (To give a similar situation,
when we find the simple interest for, say, T 1500 at the rate of 8% for three vears, it
does not matter whether the three-vear period is from 1999 to 2002 or from 2001 to
2004. What is important i5 the interest rate in the vears being considered). Here also.
we will see how the enrolment grows after 1991 by comparing the number of years
that has passed alier 1991 and the enrolment. Let us take 1997 as the Oth vear, and
write 1 for 1992 since 1 year has passed in 1992 after 1991, Similarly, we will write 2
for 1993, 3 for 1994, etc. So, Table A2.1 will now lool like as Table AZ.2.

l'able AZ2.2

Year Enrolment
(in %)
0 41.9
1 426
2 427
3 429
4 431
5 432
6 435
7 435
8 43.6
9 43.7
10 44.1
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The increase in enrolment is given in the following table :

lahle A2.3
Year Enrolment Increase
(in %)
0 41.9 0
i 42,6 0.7
2 42.7 0.1
3 429 02
4 431 02
5 432 0.1
6 435 0.3
7 435 0
B 436 0.1
9 437 0.1
10 441 0.4

At the end of the one-year period from 1991 to 1992, the enrolment has increased
by 0.7% from 41.9% to 42.6%. At the end of the second year, this has increased by
0.1%, from 42.6% to 42.7%. From the table above, we cannot find a definite relationship
between the number of years and percentage. But the increase is fairly steady. Only
in the first year and in the 10th year there is a jump. The mean of the values is

0.7401+02+02401+403+0+0.1+0.1+04

10

=0.22

Let us agsume that the enrolment sieadily increases at the rate of (.22 per cent.

Mathematical Description : We have assumed that the enrolment increases

steadily at the rate of 0.22% per year,

So. the Enrolment Percentage (EF) in the first year=41.9+0.22
EP in the second year=41.9+ 022+ 022=419+2 = 0.22

EP in the third year=41.9+ 022+ 022+ 022=419+3 = 022
S0, the enrolment percentage in the nth year=41.9 + 0220, forn = 1. (1)
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Now, we also have to find the number of years by which the enrclment will reach
50%. So. we have to find the value of » in the equation or formula

50=419+022n (2)
Step 2 : Solution : Solving (2) for n, we gel

50-419 21
022 0.22
Step 3 : Interpretation @ Since the number of years is an integral value, we will
take the next higher integer, 37. So. the enrolment percentage will reach 50% in
1991 + 37 = 2028,

In a word problem. we generally stop here. But, since we are dealing with a real-
life situation, we have to see (o whal extent this value matches the real situstion.

Step 4 : Validation: Let us check if Formula (2) is in agreement with the reality.
Let us find the values for the years we already know, using Formula (2), and compare
it with the known values by finding the difference. The values are given in Table A2.4,

=368

H=

Table A2.4
Year Enrolment Values given by (2) Difference
(in %) (in %) (in %)
0 41.9 41.90 0
1 426 4212 0.48
2 42.7 4234 0.36
3 429 42,56 0.34
4. 4.1 42.78 0.32
5 432 43.00 0.20
6 435 43.22 0.28
7 435 4344 0.06
g 436 43.66 ~0.06
9 4.7 43 88 ~0.18
10 441 4410 0.00

As you can see. some of the values given by Formula (2) are less than the actual
values by about 0.3% or even by (.53%. This can give rise to a dilference of about 3 to
§ years since the increase per year is actually 1% to 2%. We may decide that this
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much of a difference is acceptable and stop here. In this case. (2) is our mathematical
model.

Suppose we decide that this error is quite large. and we have to improve this
model. Then we have to go back to Step 1, the formulation, and change Equation (2).
Let us do s0.

Step 1 : Reformulation : We still assume that the values increase steadily by
0.22%, but we will now introduce a correction factor to raduce the error. For this, we
find the mean of all the errors. This is

0+ 048 +036+034+032+02+ 028+ 0.06— 0.06 - 0.18+ 0 s
10 B

We take the mean of the errors, and correct our formula by this value,

Revised Mathematical Description : Let us now add the mean of the emors fo
our formula for enrolment percentage given in (2), So. our corrected formula is:

Enrolment percentage in the wth year =419+ 0220+ 0.18 = 42.08 + 0.22n, for
=l (3)

We will also modify Equation (2) appropriately. The new equation for n is:
50=42.08 +0.22n €))
Step 2 @ Altered Solution : Solving Equation (4) for n. we get

50 - 42,08 7.92

— =36
0.22 0.22

n=

Step 3 : Interpretation: Since » = 36. the enrolment of girls in primary schools
will reach 50% in the vear 1991 + 36 = 2027,

Step 4 : Validation: Once again, let us compare the values got by using Formula
{4) with the actual values. Table A2.5 gives the companson.
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Table A2.5
Year Enralment Values | Difference Values Difference
{in %) given between given between
by (2) values by (4) values

0 41.9 41.90 0 419 0

i 426 4212 0.48 423 k2

2 427 4234 0.36 42.52 018

3 42.9 42.56 0.34 42.74 0.16

4 43.1 42,78 032 42,96 0.14

5 432 43.00 0.2 43.18 0.02

6 43.5 4322 0.28 434 0.1

7 43,5 43.44 0.06 43.62 -0.12

8 43.6 43.66 ~0.06 43.84 —0.24

9 43.7 43 88 — 1B 44.06 — D36
10 44.1 44.10 0 4428 ~0.18

As you can see, many of the values that (4) gives are closer to the actual value
than the values that (2) gives. The mean of the errors is 0 in this case,

We will stop our process here. So, Equation {4) is our mathematical description
that gives a mathematical relationship between years and the percentage of enrolment
of gitls of the total enrolment. We have constructed a mathematical model that describes
the growth.

The process that we have followed in the situation above is called
mathematical modelling.

We have tried to construct a mathematical model with the mathematical tocls that
we already have. There are better mathematical tools for making predictions from the
data we have. But, they are beyond the scope of this course. Our aim in constructing
this model iz to explain the process of modelling to you, not to make accurate predictions
at this stage.

You may now like to model some real-life situations to check your understanding
of our discussion so far. Here is an Exercise for you (o try,
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EXERCISEA2.2

1. We have given the timings of the gold medalists o the 400-meive race from the (ime the
event was included in the Olympics, in the table below. Consiruct & mathematical model
relating the years and timings. Use it to estimate the timing m the next Olympics.

Table A2.6
Year Timing (in seconds)
1964 5201
1968 5203
1972 5108
1976 4923
1980 4888
1984 4883
1988 4865
1992 4883
1956 4825
2000 4911
2004 4941

A2.4The Process of Modelling, its Advantages and Limitations

Letus now conclude our discussion by drawing out aspects of mathematical modelling
that show up in the examples we have discussed. With the background of the earlier
sections. we are now in a position to give a brief overview of the steps involved in
modelling.

Step 1 : Formulation : You would have noticed the difference between the
formulation part of Example | in Section A2.2 and the formulation part of the model
we discussed in A2.3. In Example 1, all the information is in a readily vsable form. But,
in the model given in A2.3 this is not s0. Further, it took us some time to find a
mathematical description. We tested our first formula. but found that it was not as
good as the second one we got. This 18 usually true in general. i.e. when trying to
maodel real-life situations; the fivst model usnally needs to be revised. When we are
solving a real-life problem, formulation can require a lot of time. For example, Newton's
thiree laws of motion, which are mathematical descriptions of motion, are sinple enough
to state. But, Newton arrived at these laws after studying a large amount of data and
the work the scientists before him had done,
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Formulation involves the following three steps

(i) Stating the problem : Often. the problem 15 stated vaguely. For example.
the broad goal is to ensure that the enrolment of boys and girls are equal. This
may mean that 50% of the total number ot boys of the school-going age and
50% of the girls of the school-going age should be enrolled. The other way is
to ensure that 50% of the school-going children are girls. In our problem, we
have used the second approach.

(ii) Tdentifying relevant factors : Decide which quantities and relationships
are important for our problem and which are unimportant and can be neglected.
For example, in our problem regarding primary schools enrolment, the
percentage of girls enrolled in the previous year can influence the number of
girls enrolled this vear. This is because, as more and more girls enrol in
schools, many more parents will feel they also have 10 put their daughters in
schools. But, we have ignored this factor because this may become important
only after the enrolment crosses a certain percentage. Also, adding this factor
may make our model more complicated.

(iii) Mathematical Description : Now suppose we are clear about what the
problem is and what aspects of it are more relevant than the others, Then we
have 1o find a relationship between the aspects involved in the form of an
equation, & graph or any other suitable mathematical description. If it is an
equation, then every important aspect should be represented by a variable in
our mathematical equation.

Step 2 : Finding the solation : The mathematical formulation does not give the
solution, We have to solve this mathematical equivalent of the problem. This is where
your mathematical knowledge comes m useful.

Step 3 : Interpretating the solution : The mathematical solution is some value
or values of the variables in the model. We have to go back to the real-life problem and
see what these values mean in the problem.

Step 4 : Validating the solution : As we saw in A2.3, after finding the solution
wie will have to check whether the solution matches the reality. IF it matches, then the
mathematical model is acceptable. 1f the mathematical solution does not match, we go
back to the formulation step again and try (o improve our model.

This step in the process is one major difference between solving word problems
and mathematical modelling. This is ong of the most important step in modelling that is
missing in word problems. Of course. it is possible that in some real-life situations, we
do notl need to validate our answer because the problem is simple and we get the
correct solution right away. This was so in the first model we considered in A2.3.
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We have given a summary of the order in which the steps in mathematical modelling
are carnied cutn Fig. A2 .2 below. Movement from the validation step to the formulation
step is shown using a dotted arrow. This is hecanse it may not be necessary to carry
out this step again.

Formulation of the . Solution of the
problem problem

Checkingfvalidating Interpretation of the
the solutien | solution

e 9
I."Lg.."k.'..--

Now that yvou have studied the stages involved in mathematical modelling, letus
discuss some of its aspects.

The aim of mathematical modelling is to get some useful information about a real-
world problem by converting it into a mathematical problem. This is especially useful
when it is not possible or very expensive to get information by other means such as
direct observation or by conducting experiments,

You may also wonder why we should undertake mathematical modelling? Let us
loolk at some advantages of modelling. Suppose we want to study the corrosive
cifect of the discharge of the Mathura refimery on the Taj Mahal. We would not like to
carry out experiments on the Taj Mahal directly since it may not be safe to do s0. Of
course, we can use a scaled down phyvsical model, but we may need special facilities
for this, which may be expensive. Here is where mathematical modelling can be of
great use.

Again, suppose we want to know how many primary schools we will need after 5
years, Then, we can only solve this problem by using a mathematical model, Similarly,
itis only through modelling that scientists have been able to explain the existence of so
many phenomena.

You saw in Section A2.3, that we could have tried to improve the answer in the
second example with betier methods, But we stopped because we do not have the
mathematical tools. This can happen in real-life also. Ofien, we have 1o be satisfied
with very approximate answers, because mathematical tools are nol available, For
example, the model equations used in modelling weather are so complex that
mathematical tools to find exact solutions are not available.
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You may wonder to what extent we should try to improve our model. Usually. to
improve it. we need to take into account more factors. When we do this. we add more
variables to our mathematical equations. We may then have a very complicated model
that is difficult to use. A model must be simple enough to use. A good model balances
two factors:

1. Accuracy, i.e., how close it is to reality.
2. Ease of use

For example, Newton’s laws of motion are very simple, but powerful enough to
model many phyzical situations.

So. is mathematical modelling the answer to all our problems? Not quite! It has its
limitations.

Thus, we should keep in mind that & model is only a simplification of a real-
world problem, and the two are not the same, It is something like the difference
between a map that gives the physical features of a country, and the country itself We
can find the height of a place above the sea level from this map, but we ¢annot find the
characteristics of the people from it. So. we should use a model only for the purpose it
i3 supposed to serve, remembering all the factors we have neglected while consiructing
it. We should apply the model only within the limits where it is applicable. In the later
classes, we shall discuss this aspect a little more.

EXERCISEA23

1. How are the solving of word problems that you come across in texthooks different
from the process of mathematical modelling?

2, Suppose you want tominimise the waiting time of vehicles at a traffic junction of four
roads. Which of these factors are important and which are not?

(i) Price of petrol,
{ii} The rate at which the vehicles arrive in the four different roads,

(i) The propertion of slow-moving vehicles like ¢ycles and rickshaws and fast moving
vehicles like cars and motorcycles,
ALS Summary
In this Appendix, you have studied the following points :
1. The steps involved in solving word problems.
2. Construction of some mathematical models.
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3. The steps imvolved in mathematical modelling given in the box below,

1, Formuolation :
(i) Stating the question
(i) Identifying the relevant factors
(iii) Mathematical description
2. Finding the solution.
3. loterpretation of the solution in the context of the real-world

4. Checking/validating to what extent the model is a good
representation of the problem being stodied,

4. The aims, advantages and limitations of mathematical modelling.
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EXERCISE 1.1

0 00
1. Yes. 0= T denominator g can also be taken as negative mteger,

2. There can be infinitely many rationals betwen numbers 3 and 4, one way is (0 take them

3=£‘4 ﬂ Then the six numbeis ars EE Ez—jg E
6+ 1 G+1 ST I B R
3 30 4 49 31 32 33 34 35
4. E_E __E - Therefore, five rationals are 50" 30° 50° 50° 50

4, (1) True, since the collsction of whole numbers contaios all the natural numbers,
{iiy False, for example —2 iz niot & whels number.

(i} Falze, for example % is a vational nuraber but not 2 whole number.

EXERCISE 1.2
1. i) True,since collection of real numbers is made up of rational and irrational mumbers.
(i) False, no negative number can be the square root of any natical number,
(i) False, torexample 2 is real but not irrational.

2. No. Forexample, v& =2 is a ralional number.

3. Repeat the procedure as in Fig. 1.8 several times. First obtain ¥4 and then 5 ,
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EXERCISE 1.3

L. (i} 0.36, teominating. (i) 0.09, non-terminuting repealing.
(i} 4.125 temrmmating. {iv) 0.230769 , non-terminating repeatng.
(v} 0.18 non-terminating repeating. (vi) (L8225 tenminating,

2 E=lx £=ﬂ_285'?14, E =3 >q1—= 0428571, i =4xl=ﬂ.51’£423,
7 7 : T T T 7
3 _sx Lo o71azss § _6xL—pgsTian
TRE * q RS
- 6 2

)] “g [Letr=0660...5010x=6.606., .0, 10xr=6+x or, x= ; = ‘5 ]
Lo o1
5 0 35

4, 1[Leix=0999%_.8c10x=559%... on Wxr=05%+x o x=1]

5. 005BR235294117647

6, The prime factorisation of ¢ has only powers of 2 or powers of 5 or both.

7. 0.01001000100001. .., 0.20200200020000%. . ., 0.003000300003. ..
8. 0.75075007500075000075. . ,0.767076700767000767. ., 0.308008000800008. ..
9. (i) and (v) ircational: (ii). (iii) and (iv) rational.

.zl
3!

EXERCISE 1.4

(i) HDrational (it} Rational (iii) Rational (iv} Trrational
(v) Imational
M 6+3J2+2/3+4/6 (i) 6 (i) 7+ 2410 @) 3

There is no coniradiction. Remember that when vou measure a length with a scale or any
other device, vou only get an approximate rational value. S0, you may not realiss that
either ¢ or 4 is irrational,

Refer Fig. 1.17.
7 [ T
(i) % i 7 +46 (i) V5 3 2 (iv) J';
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EXERCISE 1.5

1 - S
® 8 @2 @3 2027 @4 @8 v (25) 3 =(5) 7 =5 ‘]

LE]

1
(i) 25 (i) 3% (iii) 114

EXERCISE 2.1

(1) and (i1) are palymomisls 0 one vanable. (v) is 2 palynomial m three variables,

(iif), {iv) are not polynomials, because in each of these exponent of the variable is not a

whole number,

M1 iy -1 i) E

(iv) 0

3. 3% 4; 2 3" (You can writ2 some more polynomials with different coefficients.)

4. M 3 (i) 2 {iii) 1
5. (1) quadratic (i) cubic (Hii) guadratic
(v} linear {vi) quadratic (viip cubic

EXERCISE 2.2

L 3 (i) —6 {iii} —3

¥ 113 (i) 2,4,4 (iif) €, 1,8

3 (1) Yes (i} No (hi} Yes
(v) Yes (vi) Yes

{wii) — X ig & Zero. but 2 iz not a zero of the polynomial

V3 V3
M -5 @ 5 i)

(v} 0 (vi) 0 (vii) —g

(iv) 0
(iv) lincar

(iv) ~1,0.3
(1) Yes

(vili) Mo

(iv 2
) 3
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EXERCISE 2.3
L. {x—= [}z afactor of (1), but not the factor of (i1}, {11] and {iv),
I (0 Yes (i) Mo {ii} Yes
3
3.0 2 i) —(2 ++2) (i) 2 -1 () 5
4. [0 (Gx-1{dr-1) () (x+3)(2r+1) () (e+3)(3x-2) (W) (x+1)}{3x-4)
50 (x=-Dx-DE+D (i) (x+ 1+ 1)x-5)
(i) (r+1)iz+2)(x+10) {ivi -1+ D2+

EXERCISE 2.4

@ x+ldx+40 () xf—2x— 80 (1} G - 3x 20
o

@) ¥~ (v) 9 4t

i 1102 (i) 9120 {iii} D984

(M Gx+yGx+)) @) Qy-12p-1) (i) [I*%J[I‘%J
i) 22+t + 162+ 4+ Loy + Baz
(i) et+y?+2—day—2yr+daz
(i} e’ +H?+4z0- 1209+ 12y Baz
(V) 9a*+498 + ¢~ 42qb + 14be ~ bac
(%) dxi+ 252+ 92 200y 30yz+ 12xz
.r]: b? EIIEJ‘

I
} —+-—+l————h+—
M) % T g 4 2

(0 (Ze+3p—dz) (2e+ 3y d2) (i) (~V2x+ p+ 2422)(~2x+ e 2422)

(i) &+127+6x+] (i) Ba® - 276 - 36ath+ 5dal?

o 2y 3o 9 o B3 pan AP
(1) Rx+4x’+zx+l (v} % 2,;,_1-' ¥
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10,
11.
11,
3.
14.

L5.

L.

i ST02ew (i) 1061208 (1) 99401 1992

) (2a+B)2a+b)2a+h) (i} (2a—b){2a—B)2a—Bb)

(iil) (3 5a)(3—5a)(3 - 5a) (iv) (4a— 3b)(4a - 3b)(4a—3b)

o -2 2or-

(i) {33+ 523 (92 4 2524 — 15) (i) (dem—Ta) (16m® + 497+ 28mn)
(Fx+y+£) (I +37+ 22— 3y — vz — 3x2)

Simiplify RHS.

Putx +y+z=01n [dentity VIIL

i -1260.Leta=-12.b=T, c=5 Herea + b+ ¢ =0. Use the result givenin 13,
(Hy 16380

(i) Om=possible answeris : Length = 5a — 3. Breadth =52 -4

(i) o= possible answer is ; Leagth= Ty — 3, Breadth= 5y +4

(i) Ums pozsible angweris: 3, x andx— 4.

(i) Oms possible angweris: 4 3p+5 and y— 1.

EXERCISE 3.1

Consider the lamp as a point and table as a plane,
Choose any two perpendicular edges of the table,
Measure the distance of the lamp from the longer
edge, suppose il is 25 ¢m. Again, measure the
distance of the lamp from the shorrer edge. and
suppose it i2 30 cm. You can wrile the position of the
lamp as {30.25) or {25, 30). depending on the order
you fix,
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2.

L.

3

2

The Street plan is shown in figure given below,

-

hr

= e R e
R A R
= B B =
th g 0owh o
Ao A A A
') E
el 11 ssiees
I5.4
< S > Birect 4
4,71
< g3 > Street 3
< > Street 2
< i > Sireet |
We - i *»E
Cl v & v v v
W
5

Both the cross-streets are marked in the figure above, They are wriguely found because
of the two reference lines we have used for locating them,

EXERCISE 3.2
(i} Thex-axizandthey-axis (ii) Quadrants (i) The origin
@ (-3.2) ({55 @GHE (VG (M6 (vi)-3 (vid)(0.5) (viii) (-3,0)

EXERCISE 4.1
x—2y=10

() 2x+3y—935=0:a=2.b=3.c=— 933

: ¥ L,

() x- 5 0= =14 5 a=-10
({il) -2x+3p—-6=0a=-2,b=3,c=-6
(v} 1lx—3p+0=0;a=1,5=-3,¢=0
v 2x+3p+0=0;a=2,b=5¢=10

(i) Jx+0y+2=0ia=3.b=0.0=2

(vii) O.x+1.3-2=0,a=0,b=1,c=-2
(vill)-2x +0.y+5=0a=-2,h=0,c=5
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EXERCISE 4.2
(1i1), becauss for every valoe of x, there 18 a corresponding value of y and vice-versa,

(0 (0.7).(1,3).(2.3). 4.~ 1)

(i (1,9-m) (0,9 (-1.9+m), {%-UJ

(i) (0,0, (4 13, (-4, 1, [2, %]

i) No (i) No (iii) Yes {iv) No (v) No
7
EXERCISE 5.1
1. (i) False. This can be seen visually by the student,

{ii} False, This contradicts Axiom 5.1,

({iil) Tre. (Postulate 2)

{tv) True, If you superimpose the region bounded by one circle on the other, then they
coincide. So, their centres and boundaries coincide, Therefore, their radii will
coincide,

(v} Trug The first axiom of Euelid,

3, There are several undefined terms which the student should bist. They are consistent,
becanse they deal with two difforent sitwations — (1) 3ays that grven tweo points A and

B. there iz a point C lying on the line in between them; (ii) 3ays that given A and B, you

can take C not lying on the line through A and B,

These ‘postulates® do not follow from Euclid®s postulates. However, they Tollow from

Axiom 5.1,

4. AC= BC

So, AC+AC= BC+AC (Equals are added to equals)

ie., 2AC= AR (BC +AC coincides with A}

Therefore, Al= %ﬁB

5. Make atemporary assumption that different points C and I are two mid-points of AB,

Mow, vou show thal points C and 1D are not two different poins.

6. AC=BD (Giver) (1)

AC= AR+BC  (PointB lieg betwesn Aand C) (2}
BD=BC+CD  (Point C ligs between B and 1Y) (3}
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Substituting (2} and (3} in (1). you get
AB+BC=DBC+CD
So, AB=CD (Subtracting equals from equals)
7. Since thiz is true for apy thing in any part of the world. this is a universal truth,
EXERCISE 6.1
L. 30°. 2508 2. 126° 4. Sum ofall the angles af a poinr= 360"
5 LQ03=780R+ R0 and ZPOS=2POR -2 S0R. 6. 1227 302"
EXERCISE 6.2
1. 1267 2, 126°.36°. 547 3, ar 4. 50077
5. Angle of incidence = Angle of reflection. At point B, draw BE | PQ and at poial C.
draw CF L RS,
EXERCISE 7.1
1. They arcegual 6. ZBAC=-DAE
EXERCISE 7.2
6. AB(D=sBCA+ -~ DCA=/B+-D 7. eachisof45”
EXFRCISE 7.3
3. (i) From (i}, £ ABM = 2 PQN
EXERCISE 8.1
3. (i)FromADAC and ABCA, show 2 DAC =~ BCAand £ ACD = CAB, ete.
(i) Show < BAC=.BCA, using Theorem 3 4,
EXERCISE 8.2
2. ShowPORS is a parallelogram. Also show PO | AC and PS || BID. So, &2 P = 907,
5. AECF iz a parallelogram. So, AF || CE. etc.
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EXERCISE 9.1
Prove exacily as Theorsm 2.1 by considering chords of congruent circles,

Use SAS axiom of congruence to show the congrmenes of the two triangles,

EXERCISE 9.2
& cm. Firsr show that the line joining cenfres is perpendicular to the radivs of the
emaller circle and then thar comunon chord is the diameter of the smaller circle,

If AB, CD are equal chords of a circle with centre O intersecting at E. draw
perpendiculars OB on AB snd ON on CD and join OE. Show that right triangles OME
and ONE are congruent,

Proceed as in Example 2. 4. Draw perpendicular OM on AD,
Represent Reshma, Salma and Mandip by B, 8§
and M respectively, Let KR = x m (see figure).

1
Area of A ORS =Ex = 5, Also, area of A ORE =

éRS!0L=%¥ﬁ¥4.

Find x and henge RM.,
Use the propertics of an equilateral tnangle ind also Pythagoras Theorem,

EXERCISE%.3
457 2. 150°.30° 3 1r
80 5 11¢ 6. ~BCD=80"and ~ ECD=30"

Diraw perpendicolars AM and BN on CD (AB || CD and AB = CD). Show
AAMD = ABNC. This gives 2 C= < Dand, therefore, £ 4+ C= 180",

EXERCISE 10.1

lga-l. 900.3 e 2, T1650000 3. 2042 m?

2111 em? 5. 9000 cm? 6. 9415 em?
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EXERCISE 11.1

I. 165em! 2, 12445Tm’ 3. ()7 em (i)462 cm?

4. (i)26m (T 137280 5. 63m 6. T1155

7. 5500cm? 8. T 3B4.34 (approx.)
EXERCISE 11.2

L () 1386cm® (i) 39424 cm? (fi) 2464 e

2. (@) 6loen? (i) 1386 cmd (i) 38.5m?

. D2 em? 4. 1:4 5. 2772

6. 33cm T b e 8 17325c?

9. @) 4md (i) 4R (i) 1:1
EXERCISE 11.3

1. ([264cm® (i) 154cm? 2. (12321 (i) %!

3. 10cm 4. Bem 5. 385K

6. (148 o (i) 50 em (1i)) 2200 cot T. 100 o 8. 240mem’; 5: 12

9, B6.625xm’, 99,825 m?
EXERCISE 11.4

I :
L (ij1437 Y e (id) 1.05 m (approx.)
2 . 1
2. (j11498 3 ot (0000485l m" 3, 34530 g(approx.) 4 o
5. 0.303/(approx.) . 0.06348 m* {approx.)
2
T 1?95 cm? 8. (24948 m®  (1i)523 .9 r* (appron.) 9, (i)3r (i)1:9
10, 2246 mm® (approx. )
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EXERCISE 12.1
3. (i) PatyA 4. (ii) Frequency polygon (iii) No

5. (ii) 184

Now, you can draw the histogram, using these lengths,

(i) 6-8
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EXERCISE Al.1

(i) False. There are 12 months ina year,

(i} Ambiguoes. In a given vear, Diwali may or may not fall on a Friday,

(i) Ambigunous. Al some time in the year, the temperature m Magadi, may be 267 C.
(iv) Always true,

(v} False. Dogs cannot Oy

{vi) Ambiguous, Ina leap year, February has 29 days,

(i} False, The sum of the interios angles of a quadrilateral is 3607,

(i) Teoe {iii) Tiue (v} True

(vi TFalse, forexample, 7+ 5= 12, which iz not an add number,

(I} All prime numbeis greater than 2 are odd. (1) Two times a natural number is
always even. (iii) Foranyy>=1,3z+1>=4, (iv) Foranvx =0, =0,

(v) Inan equilateral triangle, s median is also an angle biseclor,

EXERCISEAL2

(i) Humans are vertcbrates. (i) No. Dinesh could have got his hair cut by anybody
else. (iii) Gulaghas ared tongue, {iv) We conclude that the gutters will have to
be cleaned tomorrow,  {v) All animals having tails need not be dogs. For example,
animals such as buffaloes, monkeys, cats, etc. have tails but are not dogs.

You need to turn over B and 8. If B has an even number on the other side, then the rule
has been broken. Sirailarly, if § has a consonant on the other side, then the e has
been broken.

EXERCISE A1.3

Three possible conjectures are:

(i) The product of any throe consecntive oven numbers is even. (i) The product
of any three consecubive even numbers is divisible by 4. (ii1) The product of any
three consecutive even numbers is divisible by &,

Line4:1331=11* Line3:1464 [=11* the conjectare holds for Line 4 and Line 5;
No, because 115+ 15101051,

T AT =25=5 T T =a

LI11T12=12345654321 ¢ 11111112 =1234567654321

Student’s own answer. For example. Euclid’s postulates.
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EXERCISEAlA4

(i) You can give any two (tiangles with the same angles but of different sides.
(it} A rhorabus has equal sides bul may not be a square,

ity A rectangle has equal angles but may not be 8 square,

{iv) Fora=23and b =4, the statement 15 not true,

(v} Fors=11,2s*+11= 253 whichis not a prime.

(vi) Form=4dl,n"—n +41 iznot o pitme,

Student's own answer,

Let x and y be fwo odd oumbers. Then x = 2 +1 for some natural number m and
= 2n+ 1 for sorme natural numbes #,

x+y=2{m~+n+ ) Therefore, x + yis divisible by 2 and is even,
See Q3. x=m+12n+ 1)=2 2mn+m+n)+ |,
Therefore, » v is not divisible by 2, and 50 it is odd,

Let Zn, 2n + 2 and 2Zn + 4 be three consecutive even mumbers. Then their sum is
&{n+ 17, which 1s divisible by 6.

(i} Letvour ariginal number be n, Then we are doing the following operations:

In%9

B-2n—=2nt9=2n+ 9+n=3n+t0— =pt3antIitd=ntT—

nt+T-n=7,

(i} Mote that 7 = 11 » |3 = 1001, Take any three digit number say. abe. Then
ahe s | (0] =ahecabe. Therefore, the six digit number abeabe is divisible by 7, 11
and |3,

EXERCISE A2.1
Step 1: Formulation :

The relevanl faciors are the lime period for hiring a compuiter, and the lwo cosls given
to us. We assume that there it no significani change in the cost of purchasing or
hiring the computer, So, we real any such change as lirelevant. We also treat all
brands and generations of compulers as the same, 1.6 these differences are also
irrelevant.

The expense of hiring the compurer for ¥ months is T 2000x. Ifthis becomes more fhan
the cost of purchasing a computer, we will be beiter off buying a computer. 5o, the
equation is '

20002 =235000 (1)
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25000 1
2000 2.3

Step 3 : Interpretation : Since the cost ol hiring a computer becomes more after 12,3
months, it is cheaper to buy a computer. if vou have to use il for more than 12 months.

Step 2 Solution : Solving (1), x=

Stepl : Formulation : We will assume thal cars travel al 2 constant spesd. So, any
change of speed will be treated as irrelevant. [lthe cars meet afier x hours. the first car
would have travelled a distance of 40x km from A and (he second car would have
travelled 30x km, so that it will be at a distance of (100 — 30x) km from A, So the
equation will be 40x = 100 - 30x. ie. 70x = 100.

100
Siep 2 : Solution : Solving the equation. we getx = e

Step 3 Interpretation : % is approximately 1.4 hours, Se, the cars will meet after
1.4 hours.
Stepl: Formumlation : The speed at which the moon orbits the earth is

Length of the orbit

Time taken

Step 2 : Solotion : Since the orbit is nearly circular, the length is 2 « m x 384000 km
=2411520km
The moon takes 24 hours to complete one orbit.

_ 2411520

So, speed = 100480 km/hour.

Step 3 ¢ Interpretation @ The speed is 100480 km/h.

Formulation : An assumption is that the difference in the bil] is only because of using
the water heater.

Leat the average number of hours for which the water heater is used=x

Difference per month due to using water heater="T 1240 T 1000 =7 240

Cost of using water healer for one hour =% 8

Sa, the cost of using the water heater for 30 days=8 % 30 = x

Alzo, the cost of using the waler heater for 30 days = Differance in bill due (o uzing
water haater

So, 240x = 240

Solution : From this equation, we getx = 1.

Lnterpretation : Sincex = 1, the water heater is used for an average of 1 howr in a day,
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EXERCISEA2.2

1. We will not discuss anv particular selution here. You can vse the same method as we
used in last example, or any other method you think is suitable.

EXERCISEA23

L. We have already mentioned that the formulation part coold be very detailed in real-
life situations. Also, we do oot validate Lhe answer In word problems, Apart from this
word problem have s "correct answet”. This need not be the cage in real-life situations.

2. The important facters are {11} and {ii1). Here (1) is not an important factor although it
can have an effect op the mumber of vehicles sold.
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